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o f  v e l o c i t y  a r e  r e d u c e d  t o  a n  e l l i p t i c  f o u r t h  o r d e r  p a r t i a l  
d i f f e r e n t i a l  e g u a t i o n #  a b i h a r n o n i c  e q u a t i o n .
As a r e s u l t  o f  t h e  r a p i d l y  v a r y i n g  p r e s s u r e  g r a d i e n t s
i n  t h e  e n d  r e g i c r s  c f  t h e  c h a n n e l #  t h e  e x a c t  a n a l y t i c a l  
s o l u t i o n  f c r  t h e  e g u a t i o n  c f  m o t io n  i s  n o t  p o s s i b l e .  To 
s o l v e  t h e  t i h a r m c n i c  e q u a t i o n #  t w o  f i n i t e  d i f f e r e n c e
n u m e r i c a l  m e t h o d s  a r e  c o n s i d e c d #  a n d  t h e i r  r e l a t i v e  m e r i t s
x
a r c  c r i t i c a l l y  e x a i i n e d  cn  a  t e s t  p r o b l e m .  The b i h a r m o n i c  
e q u a t i o n  i n  c y l i n d r i c a l  c o o r d i n a t e s  f o r  a  z e r o  h e l i x  a n g l e
t w i n  s c r e w  c h a n n e l  i s  s o l v e d  b y  a  c o u p l e d  p a i r  o f  P o i s s o n  
e q u a t i o n s #  w h i l e  t h e  d i r e c t  i t e r a t i v e  a e t h o d  i s  e m p lo y e d  f o r  
t h e  a o d e l s  i n  r e c t a n g u l a r  c o o r d i n a t e s .
An e x p c r i a e n t a l  s i m u l a t i o n  u n i t  w as  b u i l t  t o  t e s t  t h e  
z e r c  h e l i x  a n g l e  t w i n  s c r e w  a o d e l s .  M o t io n  p i c t u r e s  o f  
p o ly w a x  p a r t i c l e s  i n  1 0 0 0  c p  s i l i c o n e  o i l  were  t a k e n  t o  
o b t a i n  e x p e r i m e n t a l  v e l c c i t y  p r o f i l e s #  an d  t h e  r e s u l t s
c o m p a r e d  w e l l  w i th  t h o s e  o b t a i n e d  by t h e  c y l i n d r i c a l  m o d e l .  
The d e s c r e p a n c i e s  i n  t h e s e  r e s u l t s  d u e  t o  l e a k a g e  o f  f l u i d
i n  a n d  c u t  c f  t h e  c h a n n e l  were  a n a l y s e d  by f i t t i n g  t h e
e x p e r i a e n t a l  v e l o c i t y  d a t a  by  l e a s t  s q u a r e s  a n d  c a l c u l a t i n g  
t h e  f l o w  r a t e  b a s e d  upon  t h e  e x p e r i a e n t a l  v e l o c i t y  p r o f i l e .
T h e  c y l i n d r i c a l  i c d e l  i s  c o m p a re d  w i t h  t h e  f l a t  p l a t e  
m o d e l s  f c r  a z e r o  h e l i x  a n g l e  c a s e #  a n d  t h e  c u r v e d  b o u n d a r y  
f l a t  p l a t e  m o d e l  i s  t h e n  e x t e n d e d  t o  a  n o n z e r o  h e l i x  a n g l e
t w i n  s c r e w  e x t r u d e r  c h a n n e l .  N u m e r i c a l  r e s u l t s  a r e  o b t a i n e d
f o r  0# 15# 30# an d  U5 d e g r e e  h e l i x  a n g l e  c h a n n e l s  i n  t h e  
c o - r o t a t i n g  a s  w e l l  a s  c o u n t e r - r o t a t i n g  mode o f  o p e r a t i o n .  
F r c a  t h e  p r e d i c t e d  v e l c c i t y  p r o f i l e s #  t h e  t o t a l  s h e a r  s t r a i n
d i s t r i b u t i o n  a c r o s s  t h e  c h a n n e l  d e p t h  i s  c a l c u l a t e d  by 
f o l l o w i n g  s e v e r a l  s t r e a m l i n e s ,  and  b a s e d  o n  t h e s e  r e s u l t s #  
m i x i n g  i n  a t w i n  s c r e w  e x t r u d e r  i s  a n a l y z e d .
I n  c r d e r  t o  c o m p a re  a i x i n g  i n  a  s i n g l e  s c r e w  t o  t h a t  i n  
a t w i n  s c r e w  e x t r u d e r #  t h e  n i d d l e  p a r t  o f  t h e  c h a n n e l  w i d t h  
a n d  l e n g t h  i s  c o n s i d e r e d .  F o r  a  t w i n  s c r e w  c h a n n e l #  a
x i
u n i f o r m  s t r a i n  d i s t r i b u t i o n  i s  f o u n d  a s  o p p o s e d  t o  t h e
w i d e l y  v a r y i n g  s t r a i n  d i s t r i b u t i o n  i n  a s i n g l e  s c r e w
e x t r u d e r  a n d  i s  p r c b a b l y  r e s p o n s i b l e  f o r  t h e  b e t t e r  n i x i n g  
i n  t w i n  s c r e w  e x t r u d e r s .  A l s o ,  a  phenom enon  c a l l e d
" s p l i t t i n g "  i s  f o u n d  w h ic h  g r e a t l y  i m p r o v e s  n i x i n g  i n  t w i n
s c r e w  e x t r u d e r s  by p r o v i d i n g  a d i v i d i n g  a n d  c o n b i n i n g  a c t i o n  
f o r  t h e  f l u i d .
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E x t r u s i c n  i s  cu e  o f  t h e  m o s t  i m p o r t a n t  f o r m i n g  
t e c h n i g u e s  c f  p o ly m er  p r o c e s s i n g .  More  t h e r m o p l a s t i c s  a r e  
c o n v e r t e d  i n t o  u s e f u l  p r o d u c t s  by e x t r u s i o n  t h a n  b y  a n y  
o t h e r  m e th o d  £ 2 4 ] .  C l a s t i c  f i l m ,  p i p e ,  r o d ,  a n d  p l a s t i c  
c o a t e d  w i r e  a n d  p a p e r  a r e  a  few e x a m p l e s  of  c o m m e r c i a l l y  
i m p o r t a n t  p r o d u c t s  m a n u f a c t u r e d  by e x t r u s i o n  p r o c e s s e s .
The w ord  " e x t r u d e "  o r i g i n a t e s  i n  t h e  L a t i n  w o r d s  " e x "  
( o u t )  an d  " t r u d e r e "  ( t o  t h r u s t )  ,  an d  t h u s ,  i t  c l o s e l y  
d e s c r i b e s  t h e  p r o c e s s  i t s e l f  a s  " s h a p i n g  b y  f o r c i n g  t h r o u g h  
an  e x i t  o p e n i n g  c a l l e d  t h e  d i e "  [ 3 6 ] .  T h i s  i s  a c c o m p l i s h e d ,  
g e n e r a l l y ,  by  a sc rew  r o t a t i n g  i n  a  c y l i n d r i c a l  b a r r e l .  The 
f e e d  t o  t h e  e x t r u d e r  may be s o l i d  o r  i t  may s o m e t i m e s  be
l i g u i d .  « h e n  f e d  by a s c l i d ,  i t  i s  c a l l e d  a s  a p l a s t i c a t i n g  
e x t r u d e r  w h i l e  i f  i t  i s  f e d  by a  l i g u i d ,  i t  i s  t e r m e d  a m e l t
e x t r u d e r .  F c r  a p l a s t i c a t i n g  e x t r u d e r ,  s o l i d  f e e d  may be 
com posed  o f  h c m o p c l y m e r s , c o p o l y m e r s ,  o r  p o l y m e r  b l e n d s .  
T he  f e e d  i s  i n t r o d u c e d  a t  o n e  end o f  t h e  e x t r u d e r ,  and  a s  i t  
a d v a n c e s  a l c n g  t h e  e x t r u d e r  l e n g t h ,  i t  i s  m e l t e d ,
h o m o g e n iz e d  ( o r  r e a c t e d  i f  t h e  e x t r u d e r  i s  u s e d  a s  a 
r e a c t o r ) ,  a n d  t r a n s p o r t e d  to  t h e  d i e  a t  h i g h  p r e s s u r e  and
t e m p e r a t u r e  f o r  f o rm in g  i n t o  p r o d u c t .
I n  a p l a s t i c a t i n g  e x t r u d e r ,  a s  t h e  f e e d  a d v a n c e s  a l o n g
t h e  e x t r u d e r  l e n g t h  t c v a r d s  t h e  d i e ,  i t  p a s s e s  t h r o u g h  t h e
X
t h r e e  d i s t i n c t  z o n e s  ( F i g : 1 . 1 ) .  The f i r s t  z o n e ,  t h e  s o l i d  
c o n v e y i n g  z c n e ,  k e g i n s  a t  t h e  f e e d  i n l e t ;  an d  s o l i d  f e e d  
moves f o r v a r d  i n  t h e  f e r n  c f  a p l u g .  I n  d o i n g  s o ,  t h e  
f r i c t i c n a l  f c r c e s  b e t w e e n  t h e  b a r r e l  s u r f a c e  a n d  t h e  s o l i d  
p lu g  s u b j e c t  t i e  s c l i d  p a r t i c l e s  t o  c o n s i d e r a b l e  s h e a r ;  a n d  
t h e y  a r e  c c n s e g u e n t l y  c r u s h e d  t o  s m a l l e r  s i z e .  The s o l i d  
c o n v e y i n g  z c r e  e x t e n d s  t c  a p c i n t  w h e re  t h e  s o l i d  p a r t i c l e s  
j u s t  b e g i n  t c  m e l t .  T h e n ,  t h e  n e x t  z o n e ,  w h e r e  t h e  s o l i d  
p o ly m e r  and  i t s  m e l t  c o e x i s t s ,  b e g i n s .  T h i s  z o n e  e x t e n d s  
o v e r  a m a j o r  p a r t  o f  t h e  e x t r u d e r  and  i s  c a l l e d  t h e  m e l t i n g  
z o n e  o r  t i e  t r a n s i t i c c  z c n e .  b e l t i n g  o f  t h e  s o l i d  p a r t i c l e s  
i s  c a u s e d  by t h e r m a l  e n e r g y  a p p l i e d  t o  t h e  p o l y m e r  by 
c o n d u c t i o n  t h r c u g b  t h e  h o t  b a r r e l  s u r f a c e  f rom  e x t e r n a l  
h e a t e r s  and  by c c n v e r s i o n  c f  m e c h a n i c a l  e n e r g y  t o  h e a t  
t h r o u g h  v i s c c c s  d i s s i p a t i o n  i n  t h e  v i s c o u s  m e l t s .  The 
m e l t i n g  z c n e  i s  v e r y  i m p o r t a n t  s i n c e  t h e  b e h a v i o r  o f  t h e  
p o ly m e r  i n  t h i s  r e g i c n  h a s  a  p r o f o u n d  e f f e c t  on b o t h  t h e  
e x t r u d e r  p e r f o r m a n c e  a n d  t h e  e x t r u d a t e  q u a l i t y .  The l a s t  
z o n e ,  t h e  m e l t  c o n v e y i n g  z c n e  c r  t h e  m e t e r i n g  z o n e ,  b e g i n s  
a t  t h e  p c i n t  w here  a l l  s c l i d  p a r t i c l e s  a r e  c o m p l e t e l y  m e l t e d  
and  e x t e n d s  t o  t h e  o u t l e t  c f  t h e  e x t r u d e r ,  t h e  d i e .  I n  t h i s  
z o n e ,  t h e  i e l t  i s  h o m o g e n i z e d  an d  d e l i v e r e d  t o  t h e  d i e  a t
h i g h  p r e s s u r e  a n d  t e s p e r a t u r e  f o r  f o r m i n g  i n t o  a  f i n i s h e d  
p r o d u c t .  Of c c u r s e ,  f o r  a  m e l t  e x t r u d e r ,  t h e  m e l t  c o n v e y i n g
zone  e x t e n d s  f r c m  t h e  f e e d  end a l l  t h e  way up t o  t h e  d i e  o f  
t h e  e x t r u d e r  s i n c e  t t e r e  i s  nc s o l i d  p r e s e n t  { 3 6 ] .
U n t i l  t h e  e a r l y  n i n t e e n  f o r t i e s ,  t h e  d e s i g n  o f
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e x t r u d e r s  r e g a i n e d  a m e c h a n i c a l  a r t .  With  r a p i d l y  e x p a n d i n g  
p l a s t i c  m a r k e t s  and  r i s i n g  l a b o r  and  p r o c e s s i n g  c o s t s ,  a 
g r e a t  d e a l  o f  i n t e r e s t  d e v e l o p e d  among s c i e n t i s t s ,  
e n g i n e e r s ,  and  p r o c e s s  w o r k e r s  i n  u n d e r s t a n d i n g  t h e  
p r i n c i p l e s  o f  e x t r u s i o n  o p e r a t i o n ;  a n d  c o n s e q u e n t l y ,  m odern  
e x t r u s i o n  t h e o r y  was  d e v e l o p e d  [ 6 ] .  A t  l e a s t  p a r t  o f  t h e  
p l a s t i c a t i n g  p r o c e s s  c a n  11011 be  d e s c r i b e d  b y  m a t h e m a t i c a l  
r e l a t i o n s h i p s  t h r c u g h  t h e  a p p l i c a t i o n  o f  t h e o r i e s  d e v e l o p e d  
i n  r h e o l c g y ,  t h e r m o d y n a m i c s ,  an d  f l u i d  d y n a m i c s .
E a r l y  p l a s t i c  e x t r u s i o n  w as  a l m o s t  e x c l u s i v e l y  c a r r i e d  
o u t  t y  s i n g l e  s c r e w  m a c h i n e s .  H o s t  o f  t h e  f l u i d  i n  t h e  m e l t  
c o n v e y i n g  2 c n e  o f  a s i n g l e  s c r e w  i s  c o n t a i n e d  i n  t h e  c h a n n e l  
fo rm ed  b e t w e e n  t h e  b o t to m  ( t h e  s c re w  r o o t )  a n d  s i d e s  o f  t h e  
s c r e w  c h a n n e l  ( t h e  f l i g h t s )  an d  t h e  b a r r e l  s u r f a c e  
( F i g : 1 . 1 ) .  B e c a u s e  o f  t h e  r o t a t i o n  o f  t h e  s c r e w ,  t h e  f l u i d  
i s  c o n t a i n e d  w i t h i n  a s y s t e m  t h a t  h a s  b o t h  a  m o v in g  b o u n d a r y  
( t h e  s c r e w  r o o t  a n d  t h e  c h a n n e l  f l i g h t s )  a n d  a s t a t i o n a r y  
b o u n d a r y  ( t h e  b a r r e l  s u r f a c e )  ; h e n c e  d r a g  f l o w  i s  
e s t a b l i s h e d  i s  t h e  f l u i d  d u e  t o  i t s  v i s c o s i t y .  I t  i s  t h i s  
d r a g  f l o w  w h ich  e n a b l e s  t h e  s i n g l e  s c r e w  e x t r u d e r  t o  
t r a n s p o r t  t h e  v i s c o u s  m a t e r i a l  f ro m  t h e  f e e d  e n d  t o  t h e  d i e .
The f l o w  t h r o u g h  t h e  e x t r u d e r  c a n  be r e d u c e d  b y  r e s t r i c t i n g  
t h e  d i e  w h ich  r e s u l t s  i n  a  " b a c k  f l o w "  o r  p r e s s u r e  f l o w  o f
t h e  f l u i d .  T h i s  p r e s s u r e  f l o w  o p p o s e s  t h e  d r a g  f l o w  and  
t h u s  a l t e r s  t h e  v e l c c i t y  p r o f i l e  i n  t h e  c h a n n e l  w i th  a  n e t  
e f f e c t  o f  d e c r e a s i n g  t h e  f l e w  r a t e  a n d  i n c r e a s i n g  t h e  
m i x i n g .  When t h e  d i e  i s  c o m p l e t e l y  c l o s e d ,  t h e  p r e s s u r e
f l a w  e q u a l s  t h e  d r a g  f l o u  and  t h e  n e t  d i s c h a r g e  b e c o m e s  z e r o  
[ 2 4 ] .
The f l u i d  p a r t i c l e s  cn  t h e  b a r r e l  s u r f a c e  and  o n  t h e  
s c r e w  r c c t  f c r  an y  d e g r e e  c f  p r e s s u r e  f l o w  do n o t  move i n  
t h e  a x i a l  d i r e c t i o n  a t  a l l *  w h i l e  t h o s e  c o n t a i n e d  i n  t h e  
s p a c e  b e t w e e n  t h e  b a r r e l  s u r f a c e  an d  t h e  s c r e w  r o o t  d o .  
E x c e p t  f o r  t h e  no n e t  d i s c h a r g e  c o n d i t i o n *  t h e  maximum a x i a l  
v e l o c i t y  c c c u z s  a t  t h e  c e n t e r .  Thus* t h e  f l u i d  p a r t i c l e s  
b e t w e e n  t h e  b a r r e l  s u r f a c e  a n d  t h e  s c r e w  r o o t  h a v e  a w i d e  
v a r i e t y  c f  r e s i d e n c e  t i m e s  s o  t h a t  t h e  h e a t  a n d  w o rk
*
t r e a t m e n t  t o  t h e  f l u i d  p a r t i c l e s  v a r i e s  o v e r  a  wide r a n g e .  
Thus*  i t  i s  v e r y  d i f f i c u l t  t o  p r o d u c e  a  h o m o g e n e o u s  p r o d u c t .  
A l s o ,  b e a t  s e n s i t i v e  m a t e r i a l  r e q u i r i n g  a v e r y  s h o r t  
r e s i d e n c e  t i m e  w i t h  a n a r r c w  d i s t r i b u t i o n  c a n  n o t  b e  
e f f e c t i v e l y  p r o c e s s e d  i n  a  s i n g l e  s c r e w  d e v i c e  £ 2 6 ] .  
A n o t h e r  i m p o r t a n t  3 i m i t a t i o n  o f  s i n g l e  s c r e w  e x t r u d e r  i s  
t h a t  f c r  good  n i x i n g  t h e  d i e  h a s  t o  be c l o s e d  t o  so m e
d e g r e e *  t h u s  s a c r i f y c i n g  t h e  t h r o u g h p u t  r a t e  [  3 6 ] .
W ith  t h e  e n c r m c u s  g r o w t h  c f  t h e  p l a s t i c  i n d u s t r y *  new 
t o u g h e r *  a n d  s p e c i a l i z e d  m a t e r i a l s  -  h o m o p o ly m e rs*  
c o p o l y m e r s *  and  v a r i o u s  b l e n d s  -  h a v e  t o  be p r o c e s s e d  a t  
c o n d i t i o n s  e n a b l i n g  v e r s  a c c u r a t e  t e m p e r a t u r e  c o n t r o l *  
u n i f o r m  r e s i d e n c e  t i n e *  a n d  b e t t e r  m i x i n g  [ 2 6 ] .  A d i f f e r e n t  
t y p e  o f  e x t r u d e r *  t h e  t v i n  s c r e w  e x t r u d e r  o f f e r s  a l l  o f  
t h e s e  p r o c e s s i n g  c a p a b i l i t i e s ;  a n d  c o n s e q u e n t l y  t h e y  h a v e  
becam e mere i s p c r t a n t  i n  t h e  p l a s t i c  i n d u s t r y  f o r  p r o d u c t i o n  
o f  h i g h  q u a l i t y  p r o d u c t s .  The i n c r e a s e d  p o p u l a r i t y  o f  t w i n
scc€W e x t r u d e r s  i s  d e m o n s t r a t e d  by t h e  s t a t i s t i c a l  a n a l y s i s  
o f  e x t r u s i o n  m a c h i n e s  i n  u s e  t o d a y  i n  t h e  U n i t e d  s t a t e s
[ 2 9 ] .  A c c o r d i n g  t o  t h i s  s u r v e y ,  t w i n  s c r e w s  h a v e  been  
r e f l a c i n g  s i n g l e  s c r e w s  i n  many e x t r u s i o n  p r o c e s s e s  
i n c l u d i n g  m a n u f a c t u r i n g  s h e e t s ,  p i p e ,  r o d s  an d  p r o f i l e s ,  
w i r e  a n d  c a b l e  c o a t i n g s ,  t e x t i l e  f i b e r ,  l a y  f l a t  o r  q u e n c h e d  
f i l m ,  b l c w n  f i l m ,  p e l l e t i z i n g ,  e x t r u s i o n  c o a t i n g  an d
f l e x i b l e  t u b i n g .
I n  t h e  t v i n  s c r e w  d e v i c e ,  i n s t e a d  o f  a  s i n g l e  s c r e w  
r o t a t i n g  i n  a t i g h t l y  f i t t e d  b a r r e l ,  t w o  s c r e w s  r o t a t e  i n  a 
t i g h t l y  f i t t e d  f i g u r e  " S "  s h a p e d  b a r r e l  ( F i g : 1 . 2 ) .  There*
a r e  d i f f e r e n t  k i n d s  c f  t w i n  s c r e w  e x t r u d e r s  i n  u s e  t o d a y
w h ic h  c a n  be c l a s s i f i e d  i n t o  two m a jo r  g r o u p s  -  i n t e r n e s h i n g  
and  n o n i n t e r a e s h i n g .  I n  a n  i n t e r n e s h i n g  t w i n  s c r e w  e x t r u d e r  
( F i g : 1 . 3 ) ,  t h e  l a n d  ( t h e  f l i g h t  c r e s t )  o f  e i t h e r  s c r e w
v i r t u a l l y  c o n t a c t s  t h e  s c r e w  r o o t  o f  t h e  o t h e r ;  w h i l e  i n  a
n o n i n t e r m e s h i n c  t w i n  s c r e w  e x t r u d e r  t h e  l a n d s  o f  o n e  s c re w  
j u s t  c l e a r  t h e  l a n d s  o f  t h e  o t h e r .  E a c h  o f  t h e s e  tw o  m a j o r
g r o u p s  c a n  be f u r t h e r  s u b d i v i d e d  a s  t o  t h e  mode c f  r o t a t i o n
o f  t h e  tw o  s c r e w s .  When b o t h  s c r e w s  r o t a t e  i n  t h e  same
d i r e c t i c n ,  t h e y  a r e  t e r m e d  c o - r o t a t i n g  w h i l e  i f  t h e y  r o t a t e  
i n  o p p c s i t e  d i r e c t i o n s ,  t h e y  a r e  r e f e r r e d  t o  as  
c o u n t e r - r o t a t i n g  ( F i g : 1 . 3 ) .  C c - r o t a t i n g  c a n  be  e i t h e r  f o r  
b o t h  s c r e w s  moving c l o c k w i s e  o r  a n t i c l o c k w i s e  w h i l e  
c o u n t e r - r o t a t i r g  c a n  be  e i t h e r  w i t h  o n e  s c r e w  t u r n i n g
c l o c k w i s e  a n d  t h e  o t h e r  a n t i c l o c k w i s e ,  o r  v i c e  a  v e r s a .  The
d i f f e r e n c e s  b e t w e e n  t h e  c o - r o t a t i n g  a n d  t h e  c o u n t e r - r o t a t i n g
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t w i n  s c r e w  e x t r u d e r s  f r c m  t h e  p r o c e s s i n g  p o i n t  o f  v i e w  v i l l  
b e  c o n s i d e r e d  l a t e r  i n  t h i s  c h a p t e r .
S i n c e  t h e r e  i s  a c r e  i n t e r e s t  i n  a s i n g  i n t e r n e s h i n g  t w i n  
s c r e w  e x t r u d e r s  i n  i n d u s t i r a l  p r o c e s s e s  a s  c o m p a r e d  t o  t h e  
n o n i n t e r m e s h i n g  o n e s ,  t h e  i n t e r m e s h i n g  t w i n  s c r e w  e x t r u d e r s  
w i l l  c n l y  l e  c o n s i d e r e d  h e r e .  I n  an  i n t e r m e s h i n g  t w i n  
s c r e w ,  t h e  c h a n n e l  f c r n e d  b e tw e e n  t h e  s c r e w  f l i g h t s  i s  
v i r t u a l l y  s e a l e d  o f f  by t h e  l a n d  o f  t h e  s e c o n d  s c r e w  a t  t h e  
p o i n t s  o f  i n t e r s e c t i o n s  c f  t h e  two and  by t h e  s u r r o u n d i n g  
b a r r e l  on t h e  o u t s i d e .  B e c a u s e  o f  t h e s e  c o n f i n e d  c h a n n e l s ,  
a s  o n e  s c r e w  r c t a t e s  a l l  p a r t i c l e s  l o c k e d  i n  i t s  c h a n n e l  a r e  
p u s h e d  f o r w a r d  c o n t i n u o s l y  a n d  u n i f o r m l y  b y  t h e  l a n d s  o f  t h e
s e c o n d  s c r e w  a t  t h e  i n t e r n e s h i n g  p o i n t .  The m e l t ,  f o r  a 
n o n l e a k a g e  c a s e ,  c a n  n o t  s t i c k  t o  t h e  s c r e w  r o o t  b e c a u s e  on e  
s c r e w  c o n t i n u c s l y  w ip e s  t h e  e t h e r .  I n  t h e  s i n g l e  s c r e w ,  on 
t h e  o t h e r  h a n d ,  a  c o n t i n u e s  h e l i x  s h a p e d  c h a m b er  o r  c h a n n e l  
e x i s t s  o v e r  t h e  e n t i r e  s c r e w  l e n g t h ,  an d  a s  d e s c r i b e d  
e a r l i e r ,  f l u i d  p a r t i c l e s  s i t t i n g  on t h e  s c r e w  r o o t  a n d  on 
t h e  b a r r e l  s u r f a c e  do n e t  move i n  t h e  a x i a l  d i r e c t i o n  a t  
a l l .
P r a u s e  [ 2 6  3 p c i n t e d  o u t  t h e  d i f f e r e n c e  b e t w e e n  
i n t e r m e s h i n g  t w i n  s c re w  a n d  s i n g l e  s c r e w  e x t r u d e r s  v e r y  
c l e a r l y  by g i v i n g  an e x a m p l e  o f  a s t e e l  b a l l .  When p l a c e d  
i n  t h e  f e e d  c p e E in g  c f  a  s i n g l e  s c r e w  w i t h  t h e  f e e d  end 
r a i s e d  and  t h e  s c re w  s t a t i o n a r y ,  t h e  b a l l  r o l l s  t h r o u g h  t h e  
h e l i x  c h a n n e l  a l l  t h e  way down t o  t h e  d i e  w i t h o u t  b e i n g  
o b s t r u c t e d .  I f  t h e  same e x p e r i m e n t  i s  r e p e a t e d  w i t h  t h e
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f e e d  end  l o w e r e d  en o u g h  a n d  t h e  s c r e w  r o t a t i n g ,  t h e  b a l l  
n e v e r  moves  up t h e  e x t r u d e r .  I n  a  t w i n  s c r e w ,  o n  t h e  o t h e r  
h a n d ,  when t h e  f e e d  en d  i s  s l i g h t l y  r a i s e d  a n d  t h e  s c r e w s  
a r e  s t a t i o n a r y ,  t h e  b a l l  r o l l s  down t h e  c h a n n e l  o f  o n e  s c r e w  
c n l y  o n e  s c r e w  t u r n ,  i t s  m o t i o n  b e i n g  i n t e r r u p t e d  a t  t h e  
p o i n t  w h e re  t h e  s e c o n d  s c r e w  i n t e r m e s h e s  w i t h  t h e  f i r s t .  
Thus  t h e  h a l l  t r a v e l s  t h e  l e n g t h  o f  o n e  p i t c h  o r  l e a d .  How, 
i f  t h e  t w i n  s c r e w  f e e d  end  i s  l o w e r e d  a n d  t h e  s c r e w s  a r e
r o t a t e d ,  t h e  s t e e l  h a l l  c a n  n o t  r o l l  b a c k  due  t o  g r a v i t y  
b e c a u s e  i t  i s  p u s h e d  f o r w a r d  by t h e  i n t e r m e s h i n g  l a n d s  o f
t h e  s e c o n d  s c r e w  t o w a r d s  t h e  r a i s e d  d i e .
T h i s  d i f f e r e n c e  i n  e x t r u s i o n  p r i n c i p l e  h a s  i m p o r t a n t  
c o n s e g u e n c e s  f o r  m i x i n g .  As d e s c r i b e d  by Todd [ 3 7 ] ,  i n  a  
s i n g l e  s c r e w  e x t r u d e r ,  t h e  m a t e r i a l  n e x t  t o  t h e  b a r r e l  i s  
h e a t e d  t c  i t s  m e l t i n g  p o i n t  and  f u r t h e r  s c r a p p e d  a n d  
a c c u m u l a t e d  t y  t h e  l e a d i n g  e d g e  o f  t h e  s c r e w  f l i g h t .  T h i s  
a c t i o n  p r o v i d e s  sem e b l e n d i n g  c f  i n g r e d i e n t s .  A f t e r  m e l t i n g
i s  c o m p l e t e ,  t h e  s c r e w s  d r a g  m a t e r i a l  f o r w a r d  a n d  d e v e l o p  
t h e  p r e s s u r e  r e g u i r e d  f c r  f l o w  t h r o u g h  t h e  d i e .  T h i s  
p r e s s u r e  f l e w  l e a d s  t c  a n  i n c r e a s e d  e n e r g y  r e g u i r e m e n t  a n d  a  
n o n u n i f o r m  p r o d u c t  t e m p e r a t u r e  which  may be d e t r i m e n t a l  t o  
t h e  p o l y m e r .  H i g h e r  t e m p e r a t u r e s  a l s o  c a u s e  a  l o w e r  
v i s c o s i t y  w i t h  l e s s  e f f i c i e n t  u t i l i z a t i o n  o f  s h e a r  f o r c e s  
f o r  d i s p e r s i o n .  Thus  t h e  d i s p e r s i o n  i n  a s i n g l e  s c r e w  
e x t r u d e r  i s  l a r g e l y  due  t o  t h e  h i g h  s h e a r  f o r c e s  d u r i n g  
m e l t i n g  an d  t h e  r e l a t i v e  m c t i c n  o f  s c r e w  and t h e  b a r r e l .  
F u r t h e r m o r e ,  b e c a u s e  t h e  r e s i d e n c e  t i m e  d i s t r i b u t i o n  v a r i e s
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f rom  a  v e r y  low v a l u e  f o r  seme p a r t i c l e s  t o  an a l m o s t  
i n f i n i t e  v a l u e  f o e  t h o s e  n e x t  t o  t h e  r o o t  a n d  t h e  b a r r e l  
s u r f a c e *  u n i f o r m  n i x i n g  o f  a l l  i n g r e d i e n t s  c a n  n o t  be
a c h i e v e d  e f f e c t i v e l y .  I n  a  t w i n  s c r e w  e x t r u d e r *  however* 
m a t e r i a l  moves b a c k  an d  f o r t h  f r o m  o n e  h a l f  o f  t h e  n 8 H 
s h a p e d  b a r r e l  t c  t h e  o t h e r *  t w i c e  e a c h  r e v o l u t i o n *  t h e r e b y  
p r o v i d i n g  a d i v i d i n g  a n d  c o m b i n i n g  a c t i o n  f o r  e f f e c t i v e  
c o m p o u n d i n g .
B e c a u s e  o f  t h e  p o s i t i v e  c o n v e y i n g  a c t i o n  c a u s e d  b y  t h e  
l a n d  o f  c n e  s c r e w  i n t e r s e c t i n g  t h e  r o o t  o f  t h e  o t h e r ,  t h e r e  
a r e  no d e a d  z c r e s  c r  c c r n e r s  i n  an  i n t e r n e s h i n g  t w i n  s c re w  
e x t r u d e r .  l h i s  m eans  t h a t  n e a r l y  a l l  p a r t i c l e s  s p e n d
a p p r o x i m a t e l y  t h e  sam e a m o u n t  c f  t i m e  t r a v e l l i n g  t h r o u g h  t h e
t w i n  s c r e w  e s t r u d e r *  and  t h e  r e s u l t i n g  n a r r o w  r e s i d e n c e  t i m e  
d i s t r i b u t i o n  c f  f l u i d  p a r t i c l e s  o f f e r s  a n u m b e r  o f
p r o c e s s i n g  b e n e f i t s .  F i r s t *  a l l  f l u i d  p a r t i c l e s  r e c e i v e  t h e  
same work  and  h e a t  t r e a t m e n t  a n d  t h e  f i n a l  p r o d u c t  i s  more
homogenecGS t h a n  w cu ld  r e s u l t  i n  a  s i n g l e  s c r e w  e x t r u d e r  
w i t h  i t s  c c n t i n u c c s  c h a n n e l .  I n  a d d i t i o n *  d u r i n g  t h e  
e x t r u s i o n  o p e r a t i o n *  v o l a t i l e  m a t e r i a l s  c o n t a i n e d  i n  t h e  
p o l y m e r  a r e  o f t e n  r e m o v e d  t h r o u g h  a  s m a l l  h o l e  i n  t h e  b a r r e l
c a l l e d  t h e  v e n t p c z t ;  d u e  t c  t h e  n a t u r e  o f  t h e s e  c o n f i n e d  
c h a n n e l s  c f  a t w i n  s c r e w  e x t r u d e r *  o n l y  t h e  m a t e r i a l  i n  t h e  
c h a n n e l  u n d e r  t h e  v e n t p o r t  i s  i n  t h e  d e c o m p r e s s i o n  z o n e  [ 1 ]*
so  t h a t  t h e  b a r r e l  v e n t i n g  o p e r a t i o n  c a n  be c o n t r o l l e d  
e f f e c t i v e l y .  I n  a  s i n g l e  sc rew *  on t h e  o t h e r  han d *  t h e  
h e l i x  s h a p e d  c h a n n e l *  a n d  t h e r e f o r e  t h e  d e c o m p r e s s i o n  zone*
r u n s  o v e r  t k e  e n t i r e  s c r e w  l e n g t h , s o  t h a t  t h e  b a r r e l  v e n t i n g  
o p e r a t i o n  c a n  n e t  be  s c  e a s i l y  c o n t r o l l e d .  The c l o s e d  
c h a n n e l  c f  a t w i n  s c r e w  e x t r u d e r  a l s o  m eans  t h a t  t h e  m e l t  
v i s c o s i t y  a n d  t h e  d i e  p r e s s u r e  d c  n o t  a f f e c t  t h e  m e l t  
m o v e m e n t ,  a n d  b e n c e  t k e  m e l t  d i s c h a r g e  i s  p r a c t i c a l l y  s u r g e  
f r e e ,  f u r t h e r i r o r e  t h e  e x t r u s i o n  o p e r a t i o n  c a n  b e  c a r r i e d  
o u t  s u c c e s s f u l l y  o v e r  a wide r a n g e  o f  m e l t  v i s c o s i t i e s .  I n  
a  s i n g l e  s c r e w ,  t h e  c o n t i n u o u s  h e l i x  s h a p e d  c h a m b e r  r e s u l t s  
i n  t h e  m e l t  movement b e i n g  s e n s i t i v e  t o  b o t h  t h e  b a c k  
p r e s s u r e  and  t k e  m e l t  v i s c o s i t y  [ 1 ]*
Good m i x i n g  o f  f l u i d  p a r t i c l e s  o f  a  m a t e r i a l  o r  
m a t e r i a l s  i s  knewn t o  be d e p e n d e n t  upon  t h e  a m o u n t  o f  s h e a r  
s t r a i n  [ 3 6 ]  e x e r t e d  cn  t h e  f l u i d  p a r t i c l e s ,  w h e re  t h e  s h e a r  
s t r a i n  i s  t h e  t c t a l  p r o d u c t  o f  s h e a r  r a t e  a n d  t h e  
c o r r e s p o n d i n g  t i m e  i n t e r v a l s  e v e r  w h ic h  t h e  s h e a r  i s  im p o s e d  
upon a  f l u i d  p a r t i c l e .  A n i x i n g  p r o c e s s  i n  which  a f l u i d  
p a r t i c l e  i s  r e d u c e d  t c  s m a l l e r  s i z e  p a r t i c l e s  i s  c a l l e d  a
m i c r o s c o p i c  n i x i n g  p r o c e s s  w h i l e  o n e  i n  w h ic h  m a t e r i a l s  a r e  
m ix ed  t o g e t h e r  d u e  t o  a b l e n d i n g  a c t i o n  i s  t e r m e d  a 
m a c r o s c o p i c  m i x i n g  p r o c e s s  [ 2 t , 2 7 ] .  The m ix in g  a c t i o n  i n  a 
s i n g l e  s c r e w  u r i t  d e p e n d s  m a in ly  u p o n  t h e  back  p r e s s u r e  an d  
t h e  r e s u l t i n g  b a c k  f l e w  i n  t h e  m e t e r i n g  s e c t i o n .  I n  t h e  
t w i n  s c r e w  m a c h i n e ,  h o w e v e r ,  a d d i t i o n a l  m ix in g  o c c u r s  a t
p o i n t s  where  t h e  s c r e w s  i n t e r m e s h  a n d  s i n c e  t h e  m a t e r i a l  
e n c o u n t e r s  t k e  h i g h  s h e a r  r a t e s  t h e r e  which  a r e  r e s p o n s i b l e  
f o r  t h e  m i c r o s c o p i c  m ix in g  o r  d i s p e r s i o n  a c t i o n  [ 2 6 , 2 7 ] .  I n  
a d d i t i o n  to  t h e  m i c r o s c o p i c  m i x i n g  a t  t h e  i n t e r m e s h i n g
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p o i n t y  m a t e r i a l  i s  a l s o  b e i n g  e x c h a n g e d  f ro m  o n e  s c r e w  t o  
t h e  o t h e r  s o  t h a t  b l e n d i r g  c r  n a c r o s c o p i c  n i x i n g  i s  a l s o  
a c h i e v e d .  E e c a u s e  c f  t h e  co m b in e d  m i c r o s c o p i c  a s  w e l l  a s  
m a c r o s c o p i c  n i x i n g ,  t w i n  s c r e w  e x t r u d e r s  p r o v i d e  a  b e t t e r  
o p p o r t u n i t y  c f  s i n i n i z i n g  t h e  n e e d  f o r  r e m o v a l  o f  e x c e s s  
f r i c t i o n a l  b e a t  ( 1 ] .  T h e r e f o r e ,  i n  many m ix in g  p r o c e s s e s ,  
t h e  i n p u t  p o w e r  r e q u i r e m e n t  i s  s i g n i f i c a n t l y  l e s s  i n  a  t w i n  
s c r e w  s y s t e m  t h a n  f o r  a s i n g l e  s c r e w  m a c h i n e  [ 1 ] .
The p r o c e s s  c f  c o m p o u n d in g  i s  a r e s u l t  o f  m i c r o s c o p i c  
a s  w e l l  a s  o a c r c s c c p i c  n i x i n g  in  w h ic h  v a r i o u s  i n g r e d i e n t s  
a r e  s i m u l t a n e o u s l y  d i s p e r s e d  a n d  b l e n d e d  t o g e t h e r  t o  f o r m  a 
h o m o g e n eo u s  n i x t u r e  on seme d e f i n a b l e  s m a l l  s c a l e .  
E f f e c t i v e  c o m p o u n d in g  c a n  b e  a c h i e v e d  by  s u p p l y i n g  j u s t  
e n o u g h  e r e r g y  s o  t h a t  a  u n i f o r m  p r o d u c t  q u a l i t y  i s  
m a i n t a i n e d .  S i n c e  a t w i n  s c r e w  e x t r u d e r  o f f e r s  an  e x c e l l e n t  
o p p o r t u n i t y  f o r  m i c r o s c o p i c  a s  w e l l  a s  m a c r o s c o p i c  m i x i n g ,  
i t  h a s  beccme i n c r e a s i n g l y  p o p u l a r  a s  an e f f e c t i v e  
c o n t i n u o u s  c o m p o u n d in g  m a c h i n e  f o r  many i n d u s t r i a l  
a p p l i c a t i o n s  [ 1 4 ] .  F o r  i n s t a n c e ,  f o r  g l a s s  r e i n f o r c e d  
t h e r m o p l a s t i c  com pounds  w h e r e  h o m o g e n e i t y  i s  t h e  m o s t  
i m p o r t a n t  r e q u i r e m e n t ,  t w i n  s c r e w  e x t r u d e r s  s u c c e s s f u l l y  
h a n d l e  t h i s  t a s k .  G ra s  [ 1 4 ]  a n d  Todd [ 3 7 ]  p o i n t e d  o u t  t h e
i m p o r t a n t  b e n e f i t s  t h a t  t w i n  s c r e w s  o f f e r  r e l a t i v e  t o  s i n g l e  
s c r e w  m a c h i n e s  f o r  r e i n f c r c e d  p l a s t i c  c o m p o u n d i n g .
F u r t h e r m o r e ,  t h e y  a r e  r e p l a c i n g  r o l l  m i l l s  on w h ic h  
t h e r m c s e t s  w ere  p r e v i c u s l y  p r o c e s s e d .  A l l o y i n g  o f  d i f f e r e n t  
p o l y m e r s  which  a r e  s t r u c t u r a l l y  d i s s i m i l a r  o r  i n c o m p a t i b l e
r e q u i r e s  s u b s t a n t i a l  s h e a r  f o r  b l e n d i n g  a t  c l o s e l y
c o n t r o l l e d  u n i f o r m  t e m p e r a t u r e  c o n d i t i o n ,  a n d  a  n a r r o w  
r e s i d e n c e  t i n e  d i s t r i b u t i o n .  S i n g l e  s c r e w s  c a n  n o t  m e e t
t h e s e  r e g u i r e m e n t s  w h i l e  t w i n  s c r e w  c o n p o u n d e r s  c a n  h a n d l e  
a l l o y i n g  p r o c e s s e s  s u c c e s s f u l l y  by p r o v i d i n g  c o n t r o l l e d  
s h e a r  and  h e a t  e x p c s c r e  t i n e s  which  c a n  be l i m i t e d  t o  a  f e w  
s e c o n d s  and a l s o  by p r o v i d i n g  s h e a r  r a t e s  a s  h i g h  a s  2 0 , 0 0 0  
s e c  - 1  .
I n  a d d i t i c n  t c  c o m p o u n d in g ,  t h e r e  a r e  many o t h e r  a r e a s ,  
a s  r e p o r t e d  t y  b a c k  [ 2 3 ] ,  a n d  G r a s  [ 1 4 ] ,  w h e r e  t w i n  s c r e w s
o f f e r  i m p o r t a n t  b e n e f i t s .  The p o s i t i v e  c o n v e y i n g  a c t i o n ,
i m p r o v e d  k i n e t i c s  and  h e a t  t r a n s f e r ,  a n d  c o m p l e t e l y  s e l f  
w i p i n g  o p e r a t i o n  o f  t w i n  s c r e w  e x t r u d e r s  o f f e r  i m p r o v e d  
h o n o g e n i 2 a t i c n  c f  r e s i n s  a n d  f i b e r s ,  b e t t e r  w e t t i n g  o f  
f i b e r s ,  d e p e n d a b l e  v o l a t i l e  r e m o v a l ,  a n d  c l o s e ,  a c c u r a t e  
c o n t r o l  c f  g l a s s  c o n t e n t .  f i e c l a m a t i o n  o f  p o l y e s t e r s  a n d  
n y l o n  f i b e r  s c r a p s  b a s e d  o n  t w i n  s c r e w  t e c h n o l o g y  r e s u l t e d  
i n  s i g n i f i c a n t  s a v i n g s  f c r  p r o d u c e r s  o f  p l a s t i c  f i b e r s  a n d  
f i l m s .  G e n e r a t i o n  c f  h i g h  e x t r u s i o n  p r e s s u r e s  w i t h  a v e r y  
s h o r t  b a c k u p  l e n g t h  i s  a n o t h e r  f e a t u r e  o f  t w i n  s c r e w
e x t r u d e r s  p r o v i d i n g  p r o c e s s i n g  f l e x i b i l i t y .  T h u s ,  f o r  
i n s t a n c e ,  i n  a w e l l  d e s i g n e d  t w i n  s c r e w  s y s t e m ,  e x t r u s i o n
p r e s s u r e s  o f  3C00 t o  5GQC p s i  c a n  b e  e a s i l y  g e n e r a t e d  o v e r  a  
s c r e w  l e n g t h  c f  2 - 3  d i a m e t e r s .
I n  a d d i t i c n  t o  t h e  b e n e f i t s  o f  t w i n  s c r e w  e x t r u d e r s  
d i s c u s s e d  i n  t h e  p r e c e d i n g  p a r a g r a p h s , t h e r e  a r e  a l s o  som e
l i m i t a t i o n s .  l h e  m cs t  c b v i o u s  on e  i s  t h a t  t h e y  a r e  much
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m o re  e x p e n s i v e  t h a n  s i n g l e  s c r e w s  b e c a u s e  o f  t h e  c o m p l e x  
d e s i g n  c f  t h e  s c r e w s  t h e m s e l v e s  a n d  t h e  t h r u s t  b e a r i n g s  
[ 2 8 , 1 4 , 2 6 ] .  e t h e r  l i m i t a t i o n s  i n c l u d e  s u s c e p t i b i l i t y  t o  
g u i c k e r  l e a d i n g ,  l e w  b u l k  d e n s i t y  o f  p r e b l e n d e d  m a t e r i a l  
i n f l u e n c i n g  t h e  t h r o u g h p u t  r a t e ,  a n d  l o w  s p e e d s .  To 
o v e r c o m e  seme c f  t h e s e  s h o r t c o m i n g s ,  m a n u f a c t u r e r s  o f  t w i n  
s c r e w  m a c h i n e s  have  s i m p l i f i e d  t h e  d e s i g n  a n d  i n c r e a s e d  t h e  
t h r o u g h p u t  r a t e s  fcy vacuum v e n t i n g  t o  r emove  e n t r a p p e d  a i r
f r o m  f e e d  s t o c k  [ 1*1] .
As d i s c u s s e d  p r e v i o u s l y ,  t h e r e  a r e  t wo  m a j o r  t y p e s  o f  
t w i n  s c r e w  e x t r u d e r s ,  c c - r o t a t i n g  and  c o u n t e r - r o t a t i n g  t w i n  
s c r e w s  ( a s  shown i n  f i g : 1 . 2 ) .  Many w o r k e r s  h a v e  p o i n t e d  o u t  
m a j o r  d i f f e r e n c e s  b e t w e e n  t h e s e  t y p e s  a n d  some o f  t h e m  
d i s a g r e e  w i t h  e a c h  e t h e r  o n  c e r t a i n  p o i n t s .  s i n c e  l i t t l e  
d e f i n i t i v e  t h e o r e t i c a l  work h a s  b e e n  d e v e l o p e d ,  i t  i s  v e r y  
d i f f i c u l t  t o  c l e a r l y  u n d e r s t a n d  t h e  d i f f e r e n c e s  b e t w e e n  t h e  
c o - r o t a t i n g  and c c u n t e r - r o t a t i n g  t w i n  s c r e w  e x t r u d e r s .
N o n e t h e l e s s ,  m a j c r  d i f f e r e n c e s  a s  p o i n t e d  o u t  b y  w o r k e r s  i n  
t h e  f i e l d  a n d  e t h e r s  a r e  s u m m a r i z e d .
f r a u s e  [ 2 7 ]  s t a t e d  t h a t  f rom t h e  p r o c e s s i n g  s t a n d p o i n t ,  
c o u n t e r - r o t a t i n g  s c r e w s  p r o d u c e  a  b e t t e r  m i x i n g  e f f e c t  t h a n  
c o - r o t a t i n g  s c r e w s ,  w h i l e  c o - r o t a t i n g  s c r e w s  p r o v i d e  a 
b e t t e r  s e l f  c l e a n i n g  a c t i o n  b e c a u s e  o f  t h e  w i p i n g  o f  o n e  
s c r e w  by t h e  c t k e r .  The d i r e c t i o n  o f  r o t a t i o n  d o e s  n o t  
a l t e r  t h e  p r o c e s s i n g  a c t i o n  f o r  c o - r o t a t i n g  s c r e w s  b u t  f o r  
t h e  c o u n t e r - r o t a t i n g  s c r e w s ,  seme e x p e r t s  f e e l  t h a t  s c r e w s  
r o t a t i n g  away f rom t h e  c e n t e r  h e l p  p r e v e n t  c l o g g i n g  i n  t h e
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v e n t p o r t  i f  e r e  i s  n e e d e d .  When t h e  s c r e w s  r o t a t e  i n w a r d s  
t o w a r d s  t h e  c e n t e r # n a t e r i a i  nay  t e n d  t o  a c c u n u l a t e  o r  p i l e  
up o n  t h e  t o p  c f  t h e  s c r e w  i n  t h e  v e n t p o r t  a r e a  t h u s  
d e c r e a s i n g  t h e  v e n t p o r t  a c t i o n  o r  p o s s i b l y  c l o g g i n g  t h e  
v e n t .  On t h e  e t h e r  hand# a c c o r d i n g  t o  P r a u s e ,  s o n a  e x p e r t s  
f e e l  i n w a r d  r c t a t i n g  s c r e w s  t e n d  t o  p u s h  s o l i d  f e e d  m a t e r i a l  
m or e  f o r c e f u l l y  i n t c  t h e  b a r r e l  t h a n  d o  o u t w a r d  r o t a t i n g  
s c r e w s .  Th e se  s t a t e n e n t s  a r e  b a s e d  p r i n a r i l y  on a  c o n s e n s u s  
o f  e x p e r t s  l a c k e d  by o b s e r v a t i o n  o f  m a t e r i a l  f low b e h a v i o r  
i n  t w i n  s c r e w  m a c h i n e s .
Adams [ 1 ]  a g r e e s  w i t h  P r a u s e  on t h e  f a c t  t h a t  h i g h e r
s h e a r  s t r e s s e s  a r e  e x e r t e d  b y  n a t e r i a i  p a s s i n g  t h r o u g h  t h e  
n i p  o f  t t e  two  s c r e w s  f o r  c o u n t e r - r o t a t i n g  t w i n  s c r e w  
s y s t e m s #  w h i l e  c c m p a r a t i v e l y  low s h e a r  s t r e s s e s  a r e  e x e r t e d  
on  m a t e r i a l  i n  t h e  n i p  r e g i o n  f o r  c o - r o t a t i n g  t w i n  s c r e w  
s y s t e m s .  C o n s e q u e n t l y #  a h i g h e r  i n p u t  p o w e r  i s  r e q u i r e d  f o r  
t h e  c o u n t e r - r o t a t i n g  t w i n  s c r e w  s y s t e m s  i n  w h i c h  h i g h e r
p r e s s u r e s  a r e  g e n e r a t e d  i n  t h e  gap# b u t  w e a r  p r o b l e m s  become 
s i g n i f i c a n t .  F o r  c o - r o t a t i n g  t w i n  s c r e w  s y s t e m s #  t h e  
m a t e r i a l  f o l l o w s  an " 8 " s h a p e d  p a t h  a l o n g  t h e  e n t i r e  b a r r e l
l e n g t h  [ 1 j ;  a n d  t h e r e f o r e #  s t a t i s t i c a l l y  t h e  c h a n c e s  a r e  
b e t t e r  t h a t  a l l  t h e  f l u i d  p a r t i c l e s  w i l l  r e c e i v e  u n i f o r m  
t r e a t m e n t  t h a n  i n  a c o u n t e r - r o t a t i n g  s y s t e m .  A l s o #  b e c a u s e  
o f  t h e  s e l f  w i p i n g  a c t i c n  i n  c o - r o t a t i n g  s ys t e m#  t h e r e  i s  a 
b e t t e r  c o n t r o l  o v e r  r e s i d e n c e  t i m e  d i s t r i b u t i o n  a n d  h e n c e  
t e m p e r a t u r e .
I n  o r d e r  t o  q u a n t i t a t i v e l y  c h a r a c t e r i z e  t h e  i m p o r t a n t
d i f f e r e n c e s  i n  n i x i n g  c a p a b i l i t i e s  and  v e l o c i t y  
d i s t r i b u t i o n s  k e t w c e n  t h e  c o - r o t a t i n g  a n d  t h e  
c o u n t e r - r o t a t i n g  t w i n  s c r e w  m a c h i n e s  a s  w e l l  a s  b e t w e e n  
s i n g l e  s c r e w  a r d  t w i n  s c r e w  m a c h i n e s ,  t h e  p r e s e n t  work  i s  
u n d e r t a k e n .  I n  t h e  f o l l o w i n g  c h a p t e r ,  t h e  t h e o r e t i c a l  
b a c k g r o u n d  c f  s i n g l e  and  t w i n  s c r e w  e x t r u d e r s  i s  r e v i e w e d  s o  
t h a t  t h e  s i g n i f i c a n c e  o f  t h e  p r e s e n t  work  i s  c l a r i f i e d .
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As d e s c r i b e d  b e f o r e ,  a  s i n g l e  s c r e w  e x t r u d e r  c o n s i s t s  
o f  a  s c r e w  r o t a t i n g  i n  a  t i g h t l y  f i t t e d  b a r r e l .  P o l y m e r  
w h i c h  may be  f e d  a s  a s o l i d ,  a  m i x t u r e  o f  s o l i d  a n d  m e l t ,  c r  
j u s t  a m e l t  moves  f r o m  one  end  o f  t h e  s c r e w  t o  t h e  o t h e r ,  
c o n f i n e d  i n  a h e l i x  s h a p e d  c h a m b e r  f o r m e d  by  t h e  s c r e w  r o o t ,  
t h e  s c r e w  f l i g h t s  cn  e i t h e r  s i d e ,  a n d  t h e  i n n e r  b a r r e l  
s u r f a c e .  I n  F i g  2 . 1 a ,  t h e  g e o m e t r y  a n d  t h e  d e s c r i p t i v e  
s y m b o l s  p e r t a i n i n g  t o  a  d o u b l e  f l i g h t e d  s i n g l e  s c r e w  a r e  
g i v e n ,  a l t h o u g h  t h e y  c o u l d  a p p l y  e q u a l l y  w e l l  t o  a n y  number  
o f  f l i g h t s .  The i n s i d e  d i a m e t e r  o f  t h e  b a r r e l  i s  Db; t h e  
r a d i a l  d i s t a n c e  t e t w e e n  t h e  s c r e w  r o o t  a n d  t h e  i n n e r  s u r f a c e  
o f  t h e  b a r r e l  o r  t h e  c h a n n e l  d e p t h  i s  H; t h e  r a d i a l  
c l e a r a n c e  b e t w e e n  t h e  c r e s t  o f  t h e  s c r e w  f l i g h t  a n d  t h e  
i n n e r  b a r r e l  s u r f a c e  i s  t h e  a x i a l  d i s t a n c e  o f  o n e  f u l l
t u r n  o r  t h e  s c r e w  l e a d  i s  L;  t h e  c h a n n e l  w i d t h  o r  t h e  
p e r p e n d i c u l a r  d i s t a n c e  b e t w e e n  t h e  f l i g h t s  i s  W; t h e  w i d t h
o f  t h e  s c r e w  f l i g h t  i s  e ;  a n d  t h e  a n g l e  f o r m e d  b e t w e e n  t h e  
f l i g h t  and t h e  p l a n e  n o r m a l  t o  t h e  s c r e w  a x i s  i s  t h e  h e l i x
a n g l e ,  0 .  The c h a n n e l  w i d t h  w a n d  t h e  h e l i x  a n g l e  0  v a r y  
w i t h  c h a n n e l  d e p t h  s l i g h t l y ,  w h i l e  t h e  c h a n n e l  d e p t h  H and 
t h e  s c r e w  l e a d  L a r e  n o r m a l l y  c o n s t a n t s  b u t  may v a r y  i n  t h e  
a x i a l  d i r e c t i o n  d e p e n d i n g  upon t h e  s c r e w  s e c t i o n  ( e . g .  a 
t a p e r e d  s e c t i o n ) .
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Fig. 2.1a: Geometry o f  a Double Flighted Single
Screw Extruder(cut Away View)
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Fig. 2.1b: Unwound Channel of a Single Screw Extruder
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I t  i s  d i f f i c u l t  t c  a n a l y s e  t h e  f l o w  b e h a v i o r  o f  
m a t e r i a l  i n  a p l a s t i c a t i n g  e x t r u d e r  b a s e d  on  t h e  r e a l  
g e o m e t r y  c f  t h e  s e r e *  s o  t h e  b a r r e l  a n d  t h e  s c r e w  r o o t  a r e  
u s u a l l y  u nwo un d  t o  f o r m  t wo  f l a t  p l a t e s  a s  s ho wn  i n  F i g  
2 . 1 b .  F u r t h e r  s o r e ,  by c o n s i d e r i n g  t h e  d e v i c e  a s  a  r o t a t i n g  
b a r r e l  and  a s t a t i o n a r y  s c r e w ,  i t  i s  e a s i e r  t o  v i s u a l i z e  a n d  
a n a l y s e  t h e  e x t r u s i o n  m e c h a n i s m  [ 2 4 , 3 6 ] ;  and c o u p l e d  w i t h  
t h e  f l a t  p l a t e  mode l ,  t h i s  movi ng  b a r r e l  b e c o m e s  a n  i n f i n i t e  
f l a t  p l a t e  s l i d i n g  cn t h e  t o p  of  t h e  c h a n n e l  a n d  moving a t  
c o n s t a n t  v e l o c i t y  Vb a t  a n  a n g l e  a , t h e  h e l i x  a n g l e ,  w i t h  
r e s p e c t  t o  t h e  down c h a n n e l  d i r e c t i o n .  The s c r e w  r o o t  f o r m s  
t h e  b a s e  p l a t e  w i t h  a f l i g h t  a t  e i t h e r  s i d e  a s  s ho wn  i n  F i g  
2 . 1b .  I h u s ,  f c r  t h e  f l a t  p l a t e  m o de l ,  a  r e c t a n g u l a r  
c o o r d i n a t e  s y s t e m  can  be  a p p l i e d  w i t h  a x e s  x ,  y ,  and z ,  a s  
shown i n  F i g  2 . 1 b ,  w h i c h  l i e  a l o n g  t h e  c r o s s  c h a n n e l  
d i r e c t i o n ,  r a d i a l l y  f r c m  t h e  s c r e w  r o o t ,  a n d  i n  t h e  down 
c h a n n e l  d i r e c t i o n  r e s p e c t i v e l y .  The  o r i g i n  o f  t h e  a x e s  may 
be  c h o s e n  a t  any p c i n t  o n  t h e  s c r e w  r o o t ,  a l t h o u g h  i t  i s  
u s u a l l y  c h o s e n  a t  a p c i n t  c n  t h e  s c r e w  r o o t  n e x t  t o  a s c r e w  
f l i g h t .
H c k e l v e y  [ 2 4 ] ,  T a d n c r  [ 3 6 ] ,  a n d  o t h e r s  h a v e  d e v e l o p e d  
f l o w  m o d e l s  b a s e d  cn t h e  f l a t  p l a t e  a s s u m p t i o n  i n  t h e  m e l t  
c o n v e y i n g  z c n e  o f  a s i n g l e  s c r e w  e x t r u d e r ,  a n d  Mckelvey 
showed t h a t  l e s s  t h a n  a 4% e r r o r  i s  i n t r o d u c e d  b y  n e g l e c t i n g
t h e  c u r v a t u r e  when f ic /Bi  i s  l e s s  t h a n  1 . 3  f o r  a  Newt on ian  
f l u i d .  I n  c i d e r  t o  s i m p l i f y  t h e  f lo w a n a l y s i s ,  c e r t a i n  
a s s u m p t i o n s  were  made w h i c h  i n c l u d e  a n  i n c o m p r e s s i b l e
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Nev to n j . a u  f l u i d ;  s t e a d y  s t a t e *  l a m i n a r *  f u l l y  d e v e l o p e d  
i s o t h e r m a l  f l o w ;  n e g l i g i b l e  f l i g h t  e f f e c t s ;  no  s l i p  a t  t h e  
v a i l ;  and n e g l i g i b l e  i n e r t i a l  a n d  g r a v i t a t i o n a l  f o r c e s  
c o m p a r e d  t o  t h e  v i s c o u s  a n d  p r e s s u r e  f o r c e s .  F u r t h e r m o r e *  
t h e  y c c i p c n e n t  c f  v e l c c i t y  v a s  n e g l e c t e d *  a n d  t h e  c r o s s  
c h a n n e l  and t h e  dovn c h a n n e l  p r e s s u r e  g r a d i e n t s  v e r e  t r e a t e d  
a s  c o n s t a n t s .  Based c n  t h e s e  s i m p l i f y i n g  a s s u m p t i o n s *  t h e  
t h r e e  c o m p o n e n t s  o f  t h e  v e l o c i t y  v e r e  d e t e r m i n e d  b y  t h e
e q u a t i o n  c f  n c t i c r  [ 5 ]  t o  o b t a i n  t h e  v e l o c i t y  p r o f i l e s  i n  
t h e  c r o s s  c h a n n e l  d i r e c t i o n *  Vi ,  a n d  i n  t h e  d o v n  c h a n n e l  
d i r e c t i o n *  Vz ,
Vx = Vb sine C »/«) <■ 3
V , -  Vb cosoC +  C W O O -M d ) £2 ' 2 J
*  "  Qtd
The p r e s s u r e  g r a d i e n t  i n  t h e  c r o s s  c h a n n e l  d i r e c t i o n *  
was o b t a i n e d  by u t i l i z i n g  t h e  f a c t  t h a t  t h e  n e t  f l o w  i n  t h e  
c r o s s  c h a n n e l  d i r e c t i o n  i s  z e r o*  w h i l e  t h e  p r e s s u r e  g r a d i e n t  
i n  t h e  dovn c h a n n e l  d i r e c t i o n *  3 ^ / d z  * would d e p e n d  upon t h e  
n e t  dovn c h a t t e l  f l e w  p o s s i b l e  f o r  t h e  d i e  c o n d i t i o n .  Th us *
ap  _ -  6 a  V b  sine  C
•ax h *
3 9  _  6 V'b cos© (  Q .p  \  ( a -4 j
w h e r e  t h e  t e r m s  Qp and  Qd i n  t h e  a b o v e  e x p r e s s i o n s  a r e  t h e
d ov n  c h a n n e l  p r e s s u r e  f lo w a n d  t h e  d r a g  f l o w  r a t e s  
r e s p e c t i v e l y *  an d  t h e  b o u n d a r y  c o n d i t i o n s  u s e d  t o  model  t h e
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s y s t e m  a x e  Vx and  V2 e q u a l  2 e t o  a t  t h e  s c r e w  r o o t  w h i l e  Vx 
i s  e q u a l  t o  - V t  s i n e  and  Vz e q u a l s  Vb c o s e  a t  t h e  b a r r e l  
s u r f a c e .  Th e  a o v i n g  b a r r e l  r o t a t e s  w i t h  s p e e d  N r e v o l u t i o n s  
p e r  u n i t  t i n e  s o  t h a t  t h e  b a r r e l  v e l o c i t y  Vb i s  Nf tDb.
The v e l o c i t y  p r c f i l e  i n  t h e  a x i a l  d i r e c t i o n  1 ,  V I ,  was  
o b t a i n e d  by s o a r i n g  t h e  a x i a l  c o a p o n e n t s  o f  t h e  c r o s s
c h a n n e l  and  t h e  down c h a n n e l  v e l o c i t i e s  a n d  c a n  be g i v e n  a s :
Vf =. V* c o s e  +  Vz s i n O
o r  vfc -  3  Vb ^  ) C
Tadmor [ 3 6 ] ,  H c k e l v e y ,  a n d  o t h e r s  [ 2 4 , 2 2 ]  h a v e  s h o w n  
t h a t  t h e s e  v e l o c i t y  p r o f i l e s  c a n  be  u s e d  t o  d e s c r i b e  m i x i n g  
i n  a  s i n g l e  s c r e w  e x t r u d e r .  A c c o r d i n g  t o  t h e i r  a n a l y s i s ,  
m i x i n g  f o r  l a n i n a c  f l e w  s y s t e m s  d e p e n d s  upon t h e  t o t a l  
s t r a i n ,  , e x e r t e d  cn a f l u i d  p a r t i c l e  d u r i n g  i t s  s t a y  i n  
t h e  m e t e r i n g  z c n e .  The t o t a l  s t r a i n  f o r  a  f l u i d  p a r t i c l e  i n  
a  s t e a d y  s t a t e  s y s t e c  d e p e n d s  upon t h e  sum o f  a l l  t h e  s h e a r  
r a t e s  e x p e r i e n c e d  t i m e s  t h e  t i m e ,  t ,  o f  e x p o s u r e  t o  t h a t  
s h e a r  c a t e  a s  w e l l  a s  t h e  t o t a l  t i m e  r e q u i r e d  f o r  i t  t o  
t r a v e l  t h r o u g h  t h e  s y s t e m ,  a n d  i n  a n  e x t r u d e r ,  b o t h  t h e s e
f a c t o r s  d e p e n d  upcn  t h e  i n i t i a l  l o c a t i o n  o f  t h e  f l u i d  
p a r t i c l e  i n  t h e  c h a n n e l .  By c a l c u l a t i n g  t h e s e  v a r i a b l e s  a s  
a  f u n c t i o n  c f  i n i t i a l  l o c a t i o n  i n  t h e  c h a n n e l ,  i t  i s  
p o s s i b l e  t o  c a l c u l a t e  t h e  t o t a l  s t r a i n  e x p e r i e n c e d  by t h e  
f l u i d  p a r t i c l e s  a s  a f u n c t i o n  o f  t h e i r  i n i t i a l  p o s i t i o n ,  
i . e .  t h e  t c t a l  s t r a i n  d i s t r i b u t i o n  a c r o s s  t h e  c h a n n e l .
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T h i s  a n a l y s i s ,  c f  c o u r s e ,  h o l d s  o n l y  a t  p o i n t s  f a r  f r o m  t h e  
f l i g h t s ,  where t h e  v e l o c i t y  p r o f i l e s ,  e q u a t i o n s  2 . 1  a n d  2 . 2 , 
a r e  v a l i d .  I n  a d d i t i c n ,  s i n c e  t h e  n e t  c r o s s  c h a n n e l  f l o w  i s  
z e r o ,  t h e  f l u i d  o u s t  " t u r n  o v e r "  a t  t h e  f l i g h t s ,  s o  t h a t  a  
f l u i d  p a r t i c l e  i n  a  s i n g l e  s c r e w  e x t r u d e r  a l t e r n a t e l y  n o v e s  
on t wo  l e v e l s  i n  t h e  c h a n n e l  wi th  a  d i f f e r e n t  v e l o c i t y  i n  
e a c h .  T h u s ,  t h e  r e l a t i o n  b e t w e e n  any  g i v e n  p l a n e  a n d  i t s  
s o - c a l l e d  c o m p l e m e n t a r y  p l a n e  a f t e r  i t  " t u r n s  o v e r "  rous t  be  
a l s o  known t c  c o m p u t e  t h e  t i m e  and  v e l o c i t y  h i s t o r y  o f  a 
f l u i d  p a r t i c l e  i n  e a c h  p l a n e  a s  i t  moves  t h r o u g h  an
e x t r u d e r .  T h e n ,  t h e  s t r a i n  c a n  be d e t e r m i n e d .
I n  F i g  2 . 2 ,  t h e  n o t i o n  o f  a  p a r t i c l e  i n  t h e  c r o s s
c h a n n e l  d i r e c t i c n  c f  a  s i n g l e  s c re w e x t r u d e r  i s  s h o w n .  The 
f r a c t i o n a l  h e i g h t s  a and  a *  o f  a p l a n e  a n d  i t s  c o m p l e m e n t a r y  
p l a n e  r e s p e c t i v e l y  a r e  d e t e r m i n e d  f rom t h e  f a c t  t h a t  t h e  n e t  
f l e w  i n  t h e  c i c s s  c h a n n e l  d i r e c t i o n  i s  z e r o  [ 2 4 ] ,
I -  a .  +  C i f S L a  -  a a  )
a> = . —  ■ ■—  -------
2L
I f  t h e  t i m e  r e q u i r e d  t c  mcve b e t w e e n  t h e  p l a n e s  i s
n e g l e c t e d ,  t h e  t i m e  t h a t  t h e  f l u i d  p a r t i c l e  s p e n d s  i n  e i t h e r
p l a n e  i s  c a l c u l a t e d  by d i v i d i n g  t h e  c h a n n e l  w i d t h  M b y  t h e  
v e l o c i t y  i n  t h a t  p l a n e ,  a nd  t h e  t o t a l  t i m e  i n  o n e  c o m p l e t e  
c y c l e  i s  t h e  sum c f  t h e  t i m e s  f o r  a  p l a n e  a n d  i t s
c o m p l e m e n t .  T h e n ,  t h e  f r a c t i o n  o f  t h e  t i m e  s p e n t  by t h e
f l u i d  p a r t i c l e  i n  t h e  u p p e r  o r  t h e  l o w e r  p l a n e  i s  c a l c u l a t e d  
by d i v i d i n g  t h e  r e s p e c t i v e  t i m e  by t h e  t o t a l  t i m e  i n  on e
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Fig, 2.2: A Fluid Particle  Fbtion in the Cross Channel 
o f  a Single Screw Extruder
c y c l e .  T h u s ,  t h e  t i n e  f r a c t i o n  i n  t h e  u p p e r  p o r t i o n *  t f ,  
i s :
I
“  i   «t Ca - a O   £a*y )
Th e  r e s i d e n c e  t i n e *  t ,  o f  t h e  f l u i d  p a r t i c l e  i n  t h e  
e x t r u d e r  i s  t h e  a x i a l  l e n g t h  o f  t h e  c h a n n e l ,  1 ,  d i v i d e d  by 
t h e  a v e r a g e  v e l o c i t y  c f  t h e  f l u i d  p a r t i c l e  i n  t h e  a x i a l  
d i r e c t i o n , VI* t h e r e  VI i s  c o m p u t e d  a s :
V£ =. V* CoO-fcf -t- VjCa*) c I— ) C*-e)
VI<a)  a n d  VI (a*)  a r e  t h e  a x i a l  v e l o c i t i e s  i n  t h e  u p p e r  a n d  
t h e  l o w e r  p l a n e s  r e s p e c t i v e l y  a n d  a r e  c a l c u l a t e d  f r o m  
e g u a t i o n  2 . 5 .  The r e s i d e n c e  t i m e ,  t ,  o f  a n y  s u c h  f l u i d  
p a r t i c l e  i s  t h e n  g i v e n  by £ 3 6 J :
3  Vb ( 1+ 3 j £ )  [  CL*0-<?)■+- - t f  C a -* * )  
C a - 9 )
I n  c i d e r  t c  c a l c u l a t e  t h e  t o t a l  s t r a i n  on a  f l u i d  
p a r t i c l e ,  i t s  a v e r a g e  s h e a r  r a t e  m u s t  b e  f i r s t  e v a l u a t e d .  
T h e r e  a r e  twc p r o c e d u r e s  t o  c a l c u l a t e  t h e  a v e r a g e  s h e a r  
r a t e s .  Mohr e t  a l  £K3]  c a l c u l a t e d  i t  i n  t h e  c r o s s  c h a n n e l  
d i r e c t i o n  by c o m p u t i n g  t h e  a v e r a g e  v e l o c i t y  a s :
N/* = -tp Vx C») •+ C 1“ ) V* £**) Cx-io)
w h i l e  t h e  a v e r a g e  s h e a r  r a t e  i n  t h e  x d i r e c t i o n  w a s  d e f i n e d
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On t h e  o t h e r  b a n d ,  t k e  e x p r e s s i o n s  e m p l o y e d  by  M e k e Iv ey  t o
*
c a l c u l a t e  T  a n d  T  a r e :
7  *z
\  = i r j  ^  + I r * I  o - * , )  & '* ■ >
f _  = /rt l t F + l f * l
t i c k e l v e y  c c m p a r e d  h i s  m e t h o d  w i t h  t h a t  o f  Mohr e t  a l  [ 4 3 ]  i n
d e t a i l  a n d  p c i n t e d  c u t  t h a t  t h e  d i f f e r e n c e  b e t w e e n  t h e
*
m e t h o d s  f o r  t k e  c a l c u l a t i o n  o f  ^  ,  i s  o n l y  a  n u m e r i c a l
_ A
0
f a c t o r .  I n  t h e  c a s e  c f  h o w e v e r ,  M c k e l v e y ' s  m e t h o d  l e a d s
t o  t h e  l o g i c a l  c o n c l u s i o n ,  a s  Tadmor  [ 3 6 ]  d e s c r i b e s  i t ,  t h a t  
, i s  a f u n c t i o n  o f  t h e  r a t i c  Q p/ Qd ,  w h i l e  i n  Mohr e t  a l ' s
z
method  i t  i s  i n d e p e n d e n t  c f  t h i s  r a t i o .  F u r t h e r m o r e ,  Tadmor  
[ 3 £ ]  p o i n t e d  c u t  t h a t  s i n c e  th e  f l u i d  p a r t i c l e s  " r o l l  o v e r "
a t  t h e  f l i g h t s ,  t h e  a b s c l u t e  v a l u e s  o f  t h e  s t r a i n s  r a t h e r  
t h a n  t h e i r  d i r e c t i o n s  w i l l  be d e c i s i v e .
I n  c a l c u l a t i n g  t h e  t c t a l  s t r a i n ,  , Mcke lvey  [ 2 h ]  
c a l c u l a t e d  t k e  s t r a i n  i n  t h e  x a n d  y d i r e c t i o n s  a s :
T - Y t  C * ’l + )
u *  -  ° X  u
r* -  r 2 *
and  t h e n  s i m p l y  a d d s  t h e  m a g n i t u d e s  o f  t h e  s t r a i n  
c o m p o n e n t s ,  s o :
Tf -  C z ( 6 )
A n o t h e r  a p p r o a c h  £ 3 6 ]  u s e d  t o  c a i c ui a t e  t ^ e  t o t a l  s t r a i n#
2 7
y ,  i s  t c  a d d  t h e  a v e r a g e  s h e a r  r a t e  c o n p o n e n t s  v e c t o r i a l l y  
a n d  t h e n  w e i g h  t h e n  by t h e  r e s i d e n c e  t i n e  t  a s .
I n  t h i s  c a s e ,  y  and Tf r e p r e s e n t  t h e  a v e r a g e  s h e a r  r a t e  
e x p e r i e n c e d  by t h e  f l u i d  p a r t i c l e  i n  t h e  u p p e r  and  l o w e r  
p a r t s  o f  t h e  c h a n n e l  r e s p e c t i v e l y  r a t h e r  t h a n  i n  t h e  c r o s s  
f l e w  and i n  t h e  dewn c h a n n e l  f l o w  a s  i n  e g u a t i o n s  2 .  I d ,  
2 . 1 5 ,  2 . 1 6 .  F i g u r e s  2 . 3  a n d  2 . 4  s h o w  t h e  r e s u l t s  o f  t h e s e  
t w o  i s e t h c d s  c l  d e t e i a i n i r g  t c t a l  s t r a i n s  f o r  v a r i o u s  v a l u e s  
o f  0  a n d  Q p / C d .
The  c a l c u l a t e d  s t r a i n  d i s t i b u t i o n s  p r o v i d e  no 
i n d i c a t i o n  c f  t h e  c c n s e g u e n c e s  o f  t h e  h i g h  a n d  t h e  l o w  
s t r a i n  l e v e l s  t o  t h e  o v e r a l l  p r o d u c t  g u a l i t y  f ro m t h e  
e x t r u d e r  s i n c e  t h e  r e l a t i v e  s i g n i f i c a n c e  o f  t h e  t o t a l  s t r a i n  
o b s e r v e d  i n  a p a r t i c u l a r  r e g i o n  d e p e n d s  n o t  o n l y  on  t h e
l e v e l  o f  s t r a i n  i t s e l f  b u t  a l s o  on t h e  f r a c t i o n  o f  t h e  f l o w  
r a t e  e x p e r i e n c i n g  t h a t  l e v e l  of  s t r a i n ,  i . e .  t h e  r e s i d e n c e
t i m e  d i s t r i b u t i o n  f u n c t i o n .  F o r  a  s i n g l e  s c r e w  e x t r u d e r ,  
t h e  r e s i d e n c e  t i n e  d i s t r i b u t i o n  i s  g i v e n  by [ 3 6 ] :
T
* *  
r
7 )
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CHANNEL DEPTH, y / H  X 10
F1g. 2 .3 : Total Strain in a Single Screw Extruder as a
Function of In it ia l  Position. Calculations are 
Based on a Total Extruder Length of 100", Channel 
Depth o f  0.2" and 20° Helix Angle
__________  Calculations Based on Equation 2.19
  -  -  Calculations Based on Equation 2.16










CHANNEL D E P T H , y / H  X 10
F1g. 2.4: Total Strain in a Single Screw Extruder as a
Function of In itia l Position and the Helix Angle e 
for No Pressure Flew
_ Calculations Based on Equation 2.19
-  —  —  Calculations Based on Equation 2.16 
< 1 )6  = 0° (2) e = 30°
30
C o m b i n i n g  t c t a l  s t c a i n  d i s t r i b u t i o n ,  t f  , w i t h  t h e
r e s i d e n c e  t i n e  d i s t r i b u t i o n ,  F ( t ) d ( t ) ,  T a d n o r  [ 3 6 ]  d e f i n e d  
t h e  w e i g h t e d  a v e r a g e  t c t a l  s t r a i n , t f  , a s  f o l l o w s :  
oo  t
J  Tf F ( t ) d t  S  C  T  (.*■■*>)
w h e r e  t Q i s  t h e  minimum r e s i d e n c e  t i m e  p o s s i b l e  i n  t h e  
e x t r u d e r  w h i c h  c c c c r s  a t  a  h e i g h t  wh i ch  i s  2 / 3  o f  t h e  
c h a n n e l  d e p t h .
I t  c a n  b e  s e e n  f r o m  F i g  2 . 5  a n d  F i g  2 . 6  t h a t  t f  v a r i e s  
m o d e r a t e l y  w i t h  r e s p e c t  t o  h e l i x  a n g l e  -0  f o r  t h e  r a n g e  u s e d  
i n  p r a c t i c e  a n d  a l s o  v a r i e s  w i t h  t h e  r a t i o  o f  t h e  p r e s s u r e  
f l o w  t o  t h e  d r a g  f l o w ,  Qp/ Cd .  A s h a r p  i n c r e a s e  i n  t f  i s  
o n l y  e v i d e n t  when p r e s s u r e  f l o w  o p p o s e s  t h e  d r a g  f l o w  a n d  
a t t a i n s  v a l u e s  a b o v e  40# c f  t h e  d r a g  f l o w .  T h u s ,  m i x i n g  
i m p r o v e s  w i t h  i n c r e a s i n g  o p p o s i t i o n  o f  p r e s s u r e  f l o w  t o  d r a g
f l o w .  I h e  r e s u l t s  shown f o r  p r e s s u r e  f l o w  r e i n f o r c i n g  d r a g  
f l o w  a r e  c n l y  o f  t h e o r e t i c a l  i n t e r e s t  s i n c e  o n l y  p o s i t i v e  
p r e s s u r e  g r a d i e n t s  a r e  p o s s i b l e  i n  s i n g l e  s c r e w  e x t r u d e r s .  
Tadmor  e t  a l  [ 3 6 ]  s hewed  t h a t  t f  i s  a  f u n c t i o n  o f  1 ,  H, 
QP/ Qd,  and t h e  h e l i x  a n g l e  0 .
L i d o r  e t  a l  [ 1 2 ] c a l c u l a t e d  t h e  r e s i d e n c e  t i m e  
d i s t r i b u t i c n  f u n c t i o n  t h e o r e t i c a l l y  f o r  a s h a l l o w  s i n g l e
s c r e w  e x t r u d e r  b a s e d  o n  t h e  s o l i d  c o n v e y i n g ,  m e l t i n g ,  a n d  
m e l t  c o n v e y i n g  m o d e l s .  T h e i r  a n a l y s i s  a l m o s t  e x c l u s i v e l y  
d e a l s  w i t h  t h e  m e l t i n g  z o n e  o f  t h e  s i n g l e  s c r e w  e x t r u d e r .
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I n  a d d i t i c n  t o  t h e  r e s i d e n c e  t i m e s ,  t h e  t o t a l  s t r a i n  i m p o s e d  
upon  t h e  f l u i d  p a r t i c l e s  was  a l s o  c a l c u l a t e d ;  a n d  t h e  
s t r a i n  d i s t r i b u t i c c  f u n c t i o n  was d e v e l o p e d  f o r  t h e  e n t i r e  
s i n g l e  s c r e w  e x t r u d e r .  The m e t ho d  o f  s t r a i n  c a l c u l a t i o n  i n  
t h e  m e l t  c o n v e y i n g  z o n e  i s  i d e n t i c a l  t o  t h a t  d e s c r i b e d  
e a r l i e r  [ 3 6 ] .
K a p l a n  e t  a l  [ 1 8 ]  h a v e  shewn t h a t  t h e  r e s u l t s  o f  s i n g l e  
s c r e w  e x t r c s i c n  t h e o r y  c a n  b e  e a s i l y  e x t e n d e d  t o  
n o n i n t e r o e s h i n g  t w i n  s c r e w  e x t r u d e r s  by  i n t r o d u c i n g  a 
g e o m e t r i c  f a c t o r  t c  a c c o u n t  f o r  t h e  i n t e r a c t i o n  o f  t h e  t wo  
s c r e w s .  T he y  d e v e l o p e d  a s i m p l i f i e d  t h r e e  f l a t  p l a t e  m o d e l  
s i m i l a r  t o  a s i n g l e  s c r e w  two p l a t e  m o d e l  t o  o b t a i n  f l o w  
e x p r e s s i o n s  f o r  N e w t o n i a n  v i s c c u s  f l o w .  T h e  t o t a l  p r e s s u r e  
d r o p  a n d  v o l u m e t r i c  f l e w  r a t e  w e r e  c a l c u l a t e d  a n d  c o m p a r e d  
w i t h  a  s i n g l e  s c r e w  e x t r u d e r  f c r  i d e n t i c a l  s c r e w  s p e e d s  a n d  
g e o m e t r i e s ,  a n d  t h e  mode l  was  t h e n  e x t e n d e d  t o  a c c o u n t  f o r
l e a k a g e  a n d  n c n - N e w t c n i a n  f l u i d s .  N o n i n t e r m e s h i n g  s c r e w  
d e v i c e s ,  a s  t h e y  d e s c r i b e d  i t ,  h a v e  t h e i r  own m e r i t s  i n  
f e e d i n g ,  v e n t i n g ,  a nd  d e v o l a t i l i z i n g  o p e r a t i o n s .
U n l i k e  n c r i n t e m e s h i n g  t w i n  s c r e w  e x t r u d e r s ,  t h e  f l o w  
b e h a v i o r  i n  i n t e r m e s b i n g  t w i n  s c r e w  m a c h i n e s  a s  d e v e l o p e d  by 
t h e  few a r t i c l e s  cn t h e  s u b j e c t  c a n  n o t  be  s i m p l i f i e d  by 
a p p l y i n g  t h e  c o r r e s p o n d i n g  s i n g l e  s c r e w  e x t r u s i o n  t h e o r y .  
Wyman [ 4 0 ]  d e v e l o p e d  a t h e o r e t i c a l  c o n f i n i n g  p l a t e  model  t o  
d e s c r i b e  t h e  dewn c h a n n e l  v e l o c i t y  p r o f i l e s  f o r  i n t e r m e s h i n g  
t w i n  s c r e w  e x t r u d e r s  w i t h  s h a l l o w  c h a n n e l s .  The f l o w  
a n a l y s i s  was s i m p l i f i e d  by  c o n s i d e r i n g  v i s c o u s  f l o w  o f  an
i n c o m p r e s s i b l e ,  N e w t o n i a n  f l u i d  u n d e r  i s o t h e r m a l  c o n d i t i o n s .  
F o r  a  s h a l l o w  c h a n n e l ,  a s  h e  d e s c r i b e d  i t ,  t h e  e x t r u d e r  c a n  
be  p i c t u r e d  a s  t w c  f l a t  p l a t e s ,  o n e  t h e  s c r e w  r o o t ,  b e i n g  
s t a t i o n a r y  w h i l e  t b e  e t h e r ,  t h e  b a r r e l ,  moves  w i t h  a  
v e l o c i t y  Vb a t  an  a n g l e  0 ,  t h e  h e l i x  a n g l e .  T h e  s e c o n d  
s c r e w  l a n d s  w h i c h  p r o j e c t  down t h r o u g h  t h e  b a r r e l  w a l l  t o  
c o n t a c t  t t e  s t a t i o n a r y  s c r e w  r o o t  a r e  p i c t u r e d  a s  l a r g e
r o t a t i n g  c y l i n d e r s  b e t w e e n  s e g m e n t s  o f  b a r r e l  p l a t e  a s  shown 
i n  F i g  2 . 7 .  I t  s i m p l i f y i n g  t h e  a n a l y s i s ,  he  n e g l e c t e d  t h e  
c u r v a t u r e  o f  t b e  c y l i n d e r s  f o r m e d  by t h e  s e c o n d  s c r e w  l a n d s  
by r e p l a c i n g  t h em  w i t h  f l a t  p l a t e s  p e r p e n d i c u l a r  t o  s c r e w
r o o t  a n d  t h e  b a r r e l ,  t h u s  c l o s i n g  t h e  c h a n n e l  c o m p l e t e l y ,  a s  
shown i n  F i g  2 . 8 .  I h e s e  c o n f i n i n g  p l a t e s  e x t e n d  a t  r e g u l a r  
i n t e r v a l s  t h r o u g h  t b e  b a r r e l  w a l l  a n d  c o n t a c t  t h e  s t a t i o n a r y  
r o o t  a n d  t h e  f l i g h t s .  T h e y  a r e  p a r a l l e l  t o  t h e  x , y  p l a n e
a n d  move w i t h  t h e  v e l o c i t y  V b / c o s 0  i n  t h e  down c h a n n e l  
d i r e c t i o n .
T a k i n g  i n t o  a c c o u n t  t h e  f a c t  t h a t  t h e  n e t  f l o w  r a t e  i n  
t h e  down c h a n n e l  d i r e c t i o n  i s  d u e  t h e  p o s i t i v e  d i s p l a c e m e n t  
a c t i o n  o f  t h e  s c r e w ,  a n a l y t i c a l  e x p r e s s i o n s  w e r e  d e v e l o p e d  
f o r  t h e  down c h a n n e l  d r a g  and  p r e s s u r e  f l o w s  i n  t h e  m i d d l e  
p a r t  o f  t i e  c h a n n e l  where  t h e  p r e s s u r e  g r a d i e n t ,
c o n s t a n t .  Thus  t h e  dewn c h a n n e l  v e l o c i t y  Vz f o r  a  t w i n
s c r e w  o f  N t u r c s  a n d  t h e  b a r r e l  d i a m e t e r  D, b e c o m e s :
Vs  = 7TJ>a/ co5 0 C ' i f a - z )  +  &C MM)  C i  ” ccs^e>)J  C2 ' 22)




Fig. 2.7: Cross Sectional View of the Unwound Channel with Two
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S i n c e  t b e  p r e s s u r e  g r a d i e n t  i s  a l w a y s  n e g a t i v e ,  t h e  p r e s s u r e  
s h o u l d  d e c r e a s e  a l o n g  t h e  down c h a n n e l  d i r e c t i o n  s o  t h a t  t h e  
p r e s s u r e  f l e w  r e i n f o r c e s  t h e  d r a g  f l o w .
U s i n g  e q u a t i o n s  2 . 2 2  and 2 . 2 3  f o r  l ow h e l i x  a n g l e s  
( 0  = 0) , Hyman £ 4 0 ]  c o m p a r e d  t h e  t w i n  s c r e w  down c h a n n e l  
v e l o c i t y  p r o f i l e  t c  t h a t  i n  a s i n g l e  s c r e w  w i t h  no n e t  f l o w ,  
and he  c o n c l u d e d  t h a t  t h e  s h e a r  r a t e  p r o f i l e  d ue  t o  t h e  down
c h a n n e l  v e l o c i t y  i n  t h e  t w i n  s c r e w  m a c h i n e  i s  t h e  i n v e r t e d  
i ma ge  c f  t h a t  i n  a s i n g l e  s c r e w  wi th  n o  d i s c h a r g e .  T h u s ,  
t h e  h i g h e s t  s h e a r  r a t e  o c c u r s  n e a r  t h e  b a r r e l  w a l l  f o r  t h e  
s i n g l e  s c r e w  e x t r u d e r  t u t  n e a r  t h e  s c r e w  r o o t  o f  a  t w i n  
s c r e w  e x t r u d e r .  However ,  a s  o n e  s c r e w  r o o t  s l i p s  u n d e r  t h e  
c o n f i n i n g  s c r e w  l a n d  c f  t h e  l a t t e r ,  m a t e r i a l  n e x t  t o  t h e  
r o c t  m u s t  " t c r r  o v e r "  t o w a r d s  t h e  b a r r e l  w a l l  w h i l e  m a t e r i a l
a t  t h e  t r a i l i n g  e d g e  c f  t b e  s c r e w  l a n d  i s  movi ng  f rom t h e  
w a l l  t o w a r d s  t h e  h i gh  s h e a r  r o o t .  I n  a d d i t i o n  t o  t h i s  
a c t i o n ,  t h e  c r o s s  c h a n n e l  c o m p o n e n t  o f  f l o w  f o r c e s  m a t e r i a l  
t o  c i r c u l a t e  f i c m  t h e  r o c t  t o  t h e  b a r r e l  w a l l  and b a c k  s o  a  
s i g n i f i c a n t  p e r c e n t a g e  c f  t h e  m a t e r i a l  e x p e r i e n c e s  a h i g h  
s h e a r  r a t e s  i n  a  t win  s c r e w  e x t r u d e r .  T h i s  i s  n o t  p o s s i b l e
i n  a  s i n g l e  s c r e w  e x t r u d e r  u n l e s s  t h e  d i s c h a r g e  i s  c l o s e d ,  
an i m p r a c t i c a l  s i t u a t i o n .
Ki m,  S f c a t s c h k o b ,  a n d  Jewmenow [ 1 7 , 1 9 , 2 0 ]  d e v e l o p e d  a  
t h e o r e t i c a l  m c c e l  f o r  d e t e r m i n a t i o n  of  t h e  v e l o c i t y  p r o f i l e s
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i n  t h e  o i d d l e  p a c t  c f  a  t w i n  s c r e w  c h a n n e l .  The mode l  
a s s u m e d  t h a t  t h e  v e l o c i t y  c o m p o n e n t s  a r e  f u n c t i o n s  o f  t h e  x 
and y c o o r d i n a t e s  c n l y ,  a n d  t h e  p r e s s u r e  g r a d i e n t s
a n d  3 P / d z  were  a s s u m e d  c o n s t a n t .  T h u s ,  t h e  v e l o c i t y  
c o m p o n e n t s  Vx,  Vy,  a n d  Vz w e r e  f o u n d  f r o m  t h e  t h r e e  
c o m p o n e n t s  c f  t h e  e g u a t i c n  o f  m o t i o n  f o r  N e w t o n i a n ,  
i n c o m p r e s s i b l e ,  s t e a d y  f l o w  o f  a  v i s c o u s  f l u i d  u n d e r
i s o t h e r m a l  c c n d i t i c r s .  The c r o s s  c h a n n e l  p r e s s u r e  g r a d i e n t
dP/dX was c a l c u l a t e d  f rom t h e  f a c t  t h a t  t h e  n e t  f l o w  i n  t h e  
c r e s s  c h a n n e l  d i r e c t i o n  i s  z e r o  w h i l e  t h e  v e r t i c a l  p r e s s u r e
g r a d i e n t  3 P / j f  m u s t  h e  s u c h  t h a t  t h e  c r o s s  c h a n n e l  f l o w  f r o m  
t h e  s c r e w  i c c t  t o  a c e r t a i n  c h a n n e l  h e i g h t  h a l f  way a c r o s s  
t h e  c h a n n e l  i s  e g u a l  t o  t h e  f l e w  i n  t h e  y d i r e c t i o n  f rom 
e i t h e r  f l i g h t  t c  t h e  o i d p c i n t  o f  t h e  c h a n n e l  a t  t h e  s ame 
c h a n n e l  h e i g h t ,  Us a r e s u l t ,  3f*/&x a n d  w e r e  f o u n d  t o  be
f u n c t i o n s  o f  x  an d  y r e s p e c t i v e l y ;  a n d  a l t h o u g h  t h e  a u t h o r s  
do n o t  d i s c u s s  i t  f u r t h e r ,  t h i s  i s  i n  d i r e c t  c o n t r a d i c t i o n  
t o  t h e i r  o r i g i n a l  a s s u m p t i o n s .  F i n a l l y ,  h ad  t o  be
' s p e c i f i e d  r a t h e r  t h a n  b e i n g  c a l c u l a t e d  by e q u a t i n g  t h e  n e t  
down c h a r n e l  f l o w  t o  t h a t  d u e  t o  p o s i t i v e  d i s p l a c e m e n t
a c t i o n  o f  t h e  s c r e w  a s  d e t e r m i n e d  by  Hyman £ 4 0 ] .
I n  a n a l y s i n g  t h e  n i x i n g  p r o c e s s  i n  t h e  t w i n  s c r e w
c h a n n e l .  Kin e t  a l  £ 1 7 , 1 9 , 2 0 ]  c a l c u l a t e d  n i n e  c o m p o n e n t s  o f  
t h e  s h e a r  r a t e  t e n s o r  a n d  t h e n  a v e r a g e d  them b y  i n t e g r a t i n g  
a c r o s s  t h e  c h a n n e l  d e p t h .  The a v e r a g e  s h e a r  s t r a i n  f o r  e a c h  
c o m p o n e n t  was f o u n d  by m u l t i p l y i n g  t h e  s h e a r  r a t e  by t h e  
r e s i d e n c e  t i r e  c f  t h e  e x t r u d e r ,  a n d  t h e s e  v a l u e s  were
c o m b i n e d  t o  o b t a i n  an e x p r e s s i o n  f o r  t h e  a v e r a g e  t o t a l  
s t r a i n  t i n e s  t k e  n e l t  v i s c o s i t y .  T h u s ,  t h e  c r i t e r i a  u s e d  t o  
d e s c r i b e  v i x i n g  by t h i s  c c d e l  d e p e n d s  upon t h e  a mo u n t  o f  t h e  
a v e r a g e  t o t a l  s t r a i n .  The r e s u l t s  o b t a i n e d  b y  t h i s  m o d e l  
we r e  e x p e r i n e n t a l l y  c o n f i r m e d  [ 7 , 1 9 ] .
I n  t k e  p r e c e d i n g  p a r a g r a p h s ,  t h e  a n a l y t i c a l  m o d e l s  
d e v e l o p e d  by Nyman [ 4 0 ]  a n d  Kim, S k a t s c h k o w ,  a n d  Jewaenow 
[ 1 7 , 1 9 , 2 0 ]  w er e  d i s c u s s e d .  The c o n f i n i n g  p l a t e  m o d e l  o f  
Hyman t r e a t s  c n l y  t h e  down c h a n n e l  v e l o c i t y  i n  t h e  m i d d l e  
p o r t i o n  c f  t k e  c h a n n e l ;  w h i l e  t h e  m o d e l  b y  Kim e t  a l  t r e a t s  
t h e  c h a n n e l  e x t e n d i n g  f c c m  f l i g h t  t o  f l i g h t  a c r o s s  t h e  
c h a n n e l  k u t  c n l y  t h e  m i d d l e  p o r t i o n  i n  t h e  down c h a n n e l  
d i r e c t i o n .  I k e  e x p r e s s i o n s  f o r  t h e  v e l o c i t y  c o m p o n e n t s  
o b t a i n e d  by K i i  e t  a l  a r e  f u n c t i o n s  o f  x and  y o n l y ,  and  
b a s e d  cn  t h e s e  e s p r e s s i c n s ,  m i x i n g  c r i t e r i a  were  d e v e l o p e d  
i n  t e r m s  o f  t h e  a v e r a g e  t o t a l  s h e a r  s t r a i n .  T h e s e  m o d e l s
n e g l e c t  t h e  end  z c n e s  i n  t h e  z d i r e c t i o n  where  t h e  l a n d s  o f  
t h e  s e c o n d  s c r e w  t c u c h  t k e  s c r e w  r c o t  o f  t h e  f i r s t .  H i g h e r  
p r e s s u r e  g r a d i e n t s  s h o u l d  b e  d e v e l o p e d  i n  t h e s e  e n d  z o n e s  t o
a c c o u n t  f o r  t h e  t u r n i n g  c f  t h e  m a t e r i a l  f l o w ;  a n d  t h e  
r e s u l t i n g  s k e a r  e n e r g y  s h o u l d  y i e l d  h i g h e r  s h e a r  s t r e s s e s  
f o r  t h e  m a t e r i a l  p a s s i n g  t h r o u g h  t h e s e  r e g i o n s .  I n  
a d d i t i o n ,  k o t b  o f  t h e s e  m o d e l s  a s s u m e d  t h e r e  i s  n o  l e a k a g e
frcm t h e  c h a r n e l .
T h e  n i x i n g  c r i t e r i c n  d e v e l o p e d  by Kim e t  a l  [ 1 7 , 1 9 ]
d o e s  n o t  t a k e  i n t c  a c c c u n t  t h e  f a c t  t h a t  t h e  m a t e r i a l  
c o n t a i n e d  i n  any  y - p l a n e  c a n  p a s s  t o  o n e  o f  two d i f f e r e n t
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y - p l a n e s  d e f e n c i n g  u j c n  w h e t h e r  t h e  m a t e r i a l  e n d s  i t s  t r a v e l  
i n  a p l a n e  d u e  t o  t h e  c r o s s  c h a n n e l  v e l o c i t y  Vx o r  t h e  down 
c h a n n e l  v e l o c i t y  V z .  However  t h e  n i x i n g  p r o c e s s  i s  v e r y  
c o m p l e x ;  a n c  t o  t h e o r e t i c a l l y  d e s c r i b e  t h e  c o m p l e t e  m i x i n g  
a c t i o n  i n  a t w i n  s c r e w  e x t r u d e r ,  a l l  v e l o c i t y  c o m p o n e n t s  
m u s t  be  d e t e r m i n e d  b e f o r e  t h e  s h e a r  r a t e  c a n  be c a l c u l a t e d  
f o r  a f l u i d  p a r t i c l e  a s  i t  m o v e s  o v e r  t h e  e n t i r e  c h a n n e l  
d u r i n g  i t s  s t a y  i n  t h e  e x t r u d e r .  F u r t h e r m o r e ,  t h e  t o t a l  
s h e a r  s t r a i n  d i s t r i b u t i o n  m us t  b e  f o u n d  by i n t e g r a t i n g  t h e  
s h e a r  r a t e  o v e r  that :  t i m e  s p a n  a n d  t h e  r e s u l t  may b e  a 
f u n c t i o n  c f  a l l  t h r e e  c o o r d i n a t e s  x ,  y ,  a n d  z .  I n  a d d i t i o n  
t o  t h i s ,  l e a k a c e  s h o u l d  be c o n s i d e r e d  t o  make  t h e  a n a l y s i s  
c o m p l e t e .
Fo r  t h e  p r e s e n t  w o r k ,  t h e  t w i n  s c r e w  e x t r u d e r  c h a n n e l  
i s  a n a l y s e d  e v e r  t h e  e n t i r e  c h a n n e l  l e n g t h  b e t w e e n  t h e  
p o i n t s  o f  i n t e r s e c t i o n  w i t h  t h e  moving s e c o n d  s c r e w  l a n d s .  
T h e r e f o r e ,  t h e  s i g n i f i c a n c e  o f  t h e  mcde c f  r o t a t i o n  o f  t h e
s e c c n d  s c r e w  on t h e  v e l o c i t y  p r o f i l e s  a n d  m i x i n g  
c a p a b i l i t i e s  c f  a t w i n  s c r e w  e x t r u d e r  c a n  be  a s s e s s e d ,  a n d  
t h e  r e s u l t s  c a r  be c o m p a r e d  t o  t h e  p e r f o r m a n c e  o f  a  s i n g l e  
s c r e w  m a c h i n e .  H o w e v e r ,  t o  s i m p l i f y  t h e  a n a l y s i s ,  t h e  
e f f e c t s  c f  t k e  s c r ew f l i g h t s  a n d  t h e  c r o s s  c h a n n e l  v e l o c i t y  
c o m p c n e n t  a r e  n e g l e c t e d  so  c n l y  t h e  z a n d  y d i r e c t i o n s  a n d  
t h e  r e s p e c t i v e  c c m p c n e n t s  o f  t h e  v e l o c i t y  a r e  i n v o l v e d .
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The e n d  and s i d e  v i e w s  o f  a  c o - r o t a t i n g  a n d  a
c o u n t e r - r o t a t i n g  t w i n  s c r e w  e x t r u d e r  a r e  s ho wn  in  F i g  1 . 2  
a n d  1 . 3 .  T h e  two s c r e w s  have ,  i d e n t i c a l  f r e q u e n c i e s  o f
r o t a t i o n  and  a r e  p o s i t i o n e d  s u c h  t h a t  t h e  l a n d  o f  e i t h e r  one  
j u s t  c l e a r s  t h e  r c c t  c f  t h e  e t h e r .  I f  t h e  g e o m e t r i e s  o f  t h e  
t w e  s c r e w s  a r e  i d e n t i c a l ,  t h e  f l o w  d e s c r i p t i o n  f o r  one  s c r e w  
c h a n n e l  p r o v i d e s  a  c o o p l e t e  f l o w  d e s c r i p t i o n  o f  b o t h .  
Ho we v e r ,  i f  t h e  t w e  s c r e w s  a r e  d i f f e r e n t  i n  t h e i r  
g e o m e t r i c a l  c o n f i g u r a t i o n ,  t h e n  e a c h  o n e  mus t  b e  a n a l y s e d  
s e p a r a t e l y .
I n  p r i n c i p l e ,  a c o m p l e t e  m o d e l  o f  t h e  s y s t e m  u n d e r
c o n s i d e r a t i o n  f c r  m e l t  c o n v e y i n g  i n  i n t e r m e s h i n g  twin  s c r e w
e x t r u d e r s  s h o u l d  a l l c w  c a l c u l a t i o n  o f  t h e  v e l o c i t y
c o m p o n e n t s  a l o n g  w i t h  t h e  p r e s s u r e ,  t e m p e r a t u r e ,  s h e a r  
s t r e s s ,  and  s h e a r  s t r a i n  d i s t r i b u t i o n s .  The f l o w  e g u a t i o n s
p r o v i d e d  hy s uc h  mode l  s h o u l d  t a k e  i n t o  a c c o u n t  t h e  
p e r t i n e n t  p h y s i c a l  p r o p e r t i e s ,  t h e  g e o m e t r y  o f  t h e  s c r e w s  
a n d  b a r r e l ,  and  t h e  o p e r a t i n g  c o n d i t i o n s .  C o n s i d e r i n g  t h e
c o m p l e x i t y  c f  t t e  s c r e w  and  b a r r e l  c o n f i g u r a t i o n ,  t h e  
p r o b l e m  o f  l e a k a g e ,  a n d  t h e  n o n - N e w t o n i a n ,  t i m e  d e p e n d e n t
n a t u r e  o f  m c s t  p c l y o e r  m e l t s ,  t h e  a c c o m p l i s h m e n t  o f  s u c h  
c o m p r e h e n s i v e  c h j e c t i v e s  i s  v e r y  d i f f i c u l t  and n o t  w a r r a n t e d  
a t  t h i s  s t a g e  of  c u r  u n d e r s t a n d i n g  o f  t h e s e  d e v i c e s .
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T h e r e f o r e ,  leased on t h e  e q u a t i o n  of  n o t i o n ,  a n  a t t e n p t  i s  
made h e r e  t c  d e v e l o p  a s i m p l i f i e d ,  s t e a d y ,  i s o t h e r m a l ,  
N e w t o n i a n  f l u i d  m o d e l  d e s c r i b i n g  t h e  f l o w  b e h a v i o r  o f  t h e  
m a t e r i a l  c o n t a i n e d  i n  t h e  s c r e w  c h a n n e l  o f  a  t w i n  s c r e w  
e x t r u d e r .  A t t e n t i o n  i s  p r i m a r i l y  d e v o t e d  t o  t h e  e n d  r e g i o n s  
o f  a t w i n  s c r e w  c h a n n e l  wh e r e  t h e  i n t e r m e s h i n g  l a n d  o f  t h e  
s e c o n d  s c r e w  i n t e r s e c t s  w i t h  t h e  c h a n n e l  o f  t h e  f i r s t .
I n  o r d e r  t o  c k t a i n  v e l o c i t y  p r o f i l e s  i n  t h e  t w i n  s c r e w  
c o n f i n e d  c h a n n e l ,  t h e  e g u a t i o n  o f  m o t i o n  i n  c y l i n d r i c a l  
c o o r d i n a t e s  s h o u l d  h e  e m p l o y e d .  From F i g  1 . 2  a n d  1 . 3 ,  t h e  
s h a p e  o f  t h e  h e l i c a l  c o n f i n e d  c h a n n e l  s t a r t i n g  f rom o n e  
p o i n t  c f  i n t e r  s e c t i o n  c f  t h e  two s c r e w s  t o  t h e  n e x t  c a n  b e  
v i s u a l i z e d .  The b o u n d a r y  c o n d i t i o n s  w i l l  b e  a p p l i e d  a l o n g  
t h e  e x t r u d e r  f l i g h t s  wh i ch  a r e  h e l i c a l  a nd  n o t  a l o n g  a 
s i n g l e  c y l i n d r i c a l  c o o r d i n a t e  a x i s  a l o n e ;  t h e r e f o r e ,  i t  i s  
v e r y  d i f f i c u l t  t c  s o l v e  t h e  e q u a t i o n  o f  m o t i o n  i n  t h e  
c y l i n d r i c a l  c o o r d i n a t e  s y s t e m .  A l t h o u g h  Tung a n d  L a u r e n c e  
£ 5 0 ]  d e v e l o p e d  a c o o r d i n a t e  r e p r e s e n t a t i o n  o f  f l u i d  m o t i o n  
i n  a  h e l i c a l  c o n f i g u r a t i o n ,  t h e y  d i d  n o t  a p p l y  i t  t o  a n y  
p r o b l e m ;  and i t  i s  d i f f i c u l t  t o  a p p l y  t o  t h e  t w i n  s c r e w  
c h a n n e l .  I n  a d d i t i o n ,  t h e  n o n o r t h o g o n a l  a x e s  u s e d  w o u l d  
c o m p l i c a t e  o b t a i n i n g  s h e a r  r a t e  a n d  s h e a r  s t r a i n s .
T h e r e f o r e ,  mer e  s i m p l i f i e d  a p p r o a c h e s  a r e  s o u g h t  i n  t h e
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p r e s e n t  work t o  d e v e l o p  f l e w  m o d e l s  t h a t  d e s c r i b e  a n  
i n t e r m e s h i n g  t w i n  s c r e w  e x t r u d e r .  T h e s e  m o d e l s  a r e  f i r s t
d e v e l o p e d  f o r  a h y p o t h e t i c a l  z e r o  h e l i x  a n g l e  t w i n  s c r e w  
e x t r u d e r  t c  c o m p a r e  t h e  t h e o r e t i c a l  r e s u l t s  t o  an
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e x p e r i m e n t a l  s i m u l a t i o n  u n i t .  T h e n ,  s eme  o f  t h e  m o d e l s  a r e  
e x t e n d e d  t c  d e s c r i b e  f l e w  i n  a c t u a l  t w i n  s c r e w  e x t r u d e r s  
w i t h  n o n z e r o  h e l i x  a n g l e s .
F o r  a z e r c  h e l i x  a n g l e  c a s e ,  t h e  m o d e l  w hi ch  b e s t  
d e s c r i b e s  f l o w  i n  t h e  c o n f i n e d  c h a n n e l  i s  o f  c o u r s e  t h e  o n e  
w h i c h  t r e a t s  t h e  a c t u a l  g e o m e t r i c a l  c o n f i g u r a t i o n  o f  t h e  
s y s t e m  u n d e r  c o n s i d e r a t i o n .  When t h e  h e l i x  a n g l e  i s  b r o u g h t  
t o  z e r o ,  t h e  same l a n d  c f  t h e  s e c o n d  s c r e w  s e a l s  b o t h  e n d s  
o f  t h e  e x t r u d e r  c h a n n e l  a s  shewn i n  F i g  3 . 1  f o r  a z e r o  h e l i x  
a n g l e  c a - i o t a t i n g  t w i n  s c r e w  e x t r u d e r .  The  s c r e w s  r o t a t e  
w i t h  a n g u l a r  v e l o c i t y  2 f t  N r a d i a n s  p e r  u n i t  t i m e .  The  
c o n f i n e d  c h a n n e l  ABCDAA'A i s  t h e  r e g i o n  o f  i n t e r e s t  f o r  t h e  
p r e s e n t  w or k .  The r o o t  c f  s c r e w  1 o f  r a d i u s  b i s  r o t a t i n g  
i n  t h e  c l o c k w i s e  d i r e c t i o n  w i t h  s p e e d  2 7 fbN w h i l e  t h e  b a r r e l  
BCE o f  r a d i u s  a i s  s t a t i o n a r y .  T h u s  t h e  c o n f i n e d  c h a n n e l  i s  
f o r m e d  by t h e  mcv in g  s c r e w  r o o t  AA'A,  t h e  s t a t i o n a r y  b a r r e l  
BCE, a n d  t h e  l a n d s  c f  t h e  r o t a t i n g  s e c o n d  s c r e w  DAB t o u c h i n g
t h e  r o o t  c f  t h e  f i r s t  s c r e w  f r c m t h e  t o p .  The  s e c o n d  s c r e w
l a n d s  a r e  o f  r a d i u s  a a n d  move w i t h  v e l o c i t y  2 7raN.
L e t  t h e  p c i n t  0 be t h e  o r i g i n  a n d  t h e  0  d i r e c t i o n  
o r i g i n a t e  f r c m p o i n t  A i n  t h e  p o s i t i v e  c l o c k w i s e  d i r e c t i o n .  
The a n g l e  AOE b e t w e e n  t h e  p c i n t  o f  i n t e r s e c t i o n  o f  t h e  
s e c o n d  s c r e w  l a n d  w i t h  t h e  f i r s t  s c r e w  r o o t  and  b a r r e l  
r e s p e c t i v e l y  i s  c a l l e d  o( ,  and  l e t  P ( r ' , d )  b e  any  p o i n t  on 
t h e  s e c o n d  s c r e w  l a n d  CAB. I h e  v e l o c i t y  c o m p o n e n t s  Vr  a n d  
Vq on t h e  b o u n d a r i e s  c f  t h e  s c r e w  r o o t  and t h e  b a r r e l  a r e :
Vr  -  o ;  V© *  b N a t  t> a *  £  o  9  °
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Fig. 3.1: Two Clockwise Co-Rotating Screws of Radii a and 
b Touching Each Other at Point A, and a partia lly  
cut barrel BCD Surrounding the Lower Screw and 
Just Touching the Upper Screw at Points B and D
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a n d  on t h e  b o u n d a r y  I A£,  f o r m e d  by  t h e  s e c o n d  s c r e w  l a n d ,
Vy =. — a ? i c u h /  sin ( o + 4 )  ^  e> ^  o  £ 3 *3 .)
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w h e r e  t h e  a n g l e s  q  and a r e  a s  s ho wn  i n  F i g  3 - 1  a n d  t h e  
r a d i a l  c o o r d i n a t e  r '  cn  t h e  b o u n d a r y  DAB can  be  shown t o  be 
r e l a t e d  t o  t h e s e  a n g l e s  a c c o r d i n g  t o  r e l a t i o n s :
- t  f  r % b \ -  ~]
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F o r  any f e i n t  P ( r ‘ , 0 )  c *> t h e  b o u n d a r y  DAB, r* i s  known i f
0  i s  g i v e n  c r  v i c e  v e r s a  f rom e g u a t i o n  3 . 6 ,  a n d  t h e  a n g l e
<p t h e n  c a n  be d e t e r a i n e d  f rom e g u a t i o n  3*7 .  T h u s  k n o w i n g  
0  a n d  t p  ,  V0  a n d  Vr c a n  be d e t e r m i n e d  f rom e q u a t i o n s  3 . 3  
t h r o u g h  3 . 5 .  I t  i s  a s s u m e d  t h a t  t h e r e  i s  no m o t i o n  i n  t h e  z 
d i r e c t i o n  wh i ch  i s  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  p a p e r  
i n  F i g  3 .  1.
I n  o r d e r  t o  s o l v e  t h e  e q u a t i o n  o f  m o t i o n  f o r  t h e  z e r o
h e l i x  a n g l e  o a s e ,  t h e  f o l l o w i n g  a s s u m p t i o n s  a r e  made:  t h e
m a t e r i a l  i s  i n c o m p r e s s i b l e  a n d  b e h a v e s  a s  a  N e w t o n i a n  f l u i d ;  
s t e a d y ,  i s o t h e r m a l ,  l a a i r a t  f l o w  i s  a s s u m e d ;  i n e r t i a l  an d  
g r a v i t a t i o n a l  e f f e c t s  a r e  n e g l i g i b l e  d u e  t o  t h e  h i g h
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v i s c o s i t y  c f  t h e  f l u i d  m a t e r i a l ;  t h e r e  i s  no f l o w  i n  t h e  
a x i a l  d i r e c t i o n ;  and  t h e  c o n f i n e d  c h a n n e l  i s  l e a k p r o o f .  
T h u s ,  w i t h  t h e s e  a s s u m p t i o n s  t h e  g e n e r a l  e g u a t i o n  o f  m o t i o n  
i n  c y l i n d r i c a l  c o o r d i n a t e s  r e d u c e s  t o  £ 5 ] :
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w h e r e  ^  i s  t h e  f l u i d  v i s c o s i t y .  s i n c e  t h e  p r e s s u r e  
g r a d i e n t s  ^ E / ^ r  and  dE/£g)  a r e  n o t  c o n s t a n t ,  a  d i r e c t
a n a l y t i c a l  s o l u t i o n  c f  e q u a t i o n s  3 . 8  and  3 . 9  i s  n o t
p o s s i b l e .  H o w e v e r ,  an  a p p r o x i m a t e  s o l u t i o n  c a n  be d e v e l o p e d
u s i n g  f i n i t e  d i f f e r e n c e  n u m e r i c a l  m e t h o d s  f o r  w h i c h  t h e
c o m p l e t e  p r c c e c r r e  i s  d e v e l o p e d  i n  c h a p t e r s  IV and  V.
A n o t h e r  a p p r o a c h  t c  d e v e l o p  f l o w  m o d e l s  d e s c r i b i n g  
f l u i d  m c t i c c  i n  a t w i n  s c r e w  e x t r u d e r  i s  t o  u nwi nd  t h e
c o n f i n e d  c h a n n e l  s c  t h a t  t h e  b a r r e l  s u r f a c e  a n d  t h e  s c r e w
r o o t  now a c e  r e p r e s e n t e d  by f l a t  p l a t e s .  I n  o r d e r  t o  
c l a r i f y  t h i s  a p p r c a c h ,  c e r t a i n  a s s u m p t i o n s  a r e  m a d e ,  t h e
f i r s t  b e i n g  t c  t r e a t  c n e  o f  t h e  s c r e w s  a s  s t a t i o n a r y ,  w h i l e  
t h e  b a r r e l  r o t a t e s  a r o u n d  i t .  The s e c o n d  s c r e w  moves  a r o u n d  
t h e  s t a t i o n a r y  s c r e w  a s  w e l l  s i n c e  i t  i s  a t t a c h e d  t o  a f i x e d  
p o s i t i o n  on t h e  k a r r e l .  Due t c  t h e  i n t e r m e s h i n g  n a t u r e  o f  
t h e  t wo  s c r e w s ,  t h e  s e c c n d  s c r e w  mus t  a l s o  t u r n  on i t s  own 
a x i s  w i t h  t h e  same a n g u l a r  s p e e d  a s  t h e  b a r r e l  s o  t h a t  i t  
w i l l  n o t  be f c i c e d  t c  move a x i a l l y  a s  i t  r o t a t e s .  A p i c t u r e
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o f  t h i s  s y s t e m  i s  shewn i n  F i g  3 . 2 .
Nyman [ 4 C ]  c l a r i f i e d  t h i s  t r e a t m e n t  b y  g i v i n g  t h e  
e x a m p l e  o f  a s m a l l  s p i d e r  r u n n i n g  up t h e  c h a n n e l  f o r m e d  by 
t h e  f l i g h t s  < s i d e  k a i l s ) ,  a c e i l i n g  ( t h e  b a r r e l  w a l l ) ,  a n d  a  
f l o o r  ( t h e  s c r e w  r o o t )  s o  t h a t  h e  i s  c o m p l e t e l y  t r a p p e d  i n  
t h e  c o n f i n e d  c h a n n e l .  When t h e  t w i n  s c r e w  m a c h i n e  s t a r t s  
r o t a t i n g ,  t h e  s p i d e r  s e e s  t h e  c e i l i n g  ( b a r r e l )  moving a t  an 
a n g l e  0  ( t h e  h e l i x  a n g l e )  w i t h  r e s p e c t  t o  t h e  s t a t i o n a r y  
f l i g h t  w a l l s ;  and  i n  a w h i l e  he  s e e s  t h e  w a l l  o f  t h e  o t h e r  
c y l i n d e r  r o l l i n g  a l c n g  t h e  c h a n n e l  ( c o u n t e r - r o t a t i n g )  o r  
a g a i n s t  t h e  c h a n n e l  ( c o - r o t a t i n g )  t o w a r d s  h i m .  T h u s ,  he 
w i l l  b e  p u s h e d  a h e a d  by t h i s  m ov ing  w a l l  i f  h e  t r i e s  t o  s t a y  
s t a t i o n a r y  cn t h e  z c c t ,  a n d  t h e r e f o r e ,  h e  m u s t  r u n  t o  k e e p  
a h e a d  o f  t h e  w a l l .  I f  h e  r u n s  t o o  f a s t ,  h e  w i l l  b e  s t o p p e d  
by t h e  o t h e r  w a l l  moving  i n  f r c n t  o f  h i m .  T h u s ,  h e  m u s t  r u n  
i n  t h e  c c n f i n e d  c h a r n e l  u n t i l  he  r e a c h e s  t h e  e x t r u d e r  d i e ,  
t h e  t o t a l  t i n e  c f  h i s  i m p r i s o n m e n t  i n  t h e  c o n f i n e d  c h a n n e l  
b e i n g  c a l l e d  t h e  r e s i d e n c e  t i m e  c f  t h e  e x t r u d e r .  I n  a 
s i n g l e  s c r e w  e x t r u d e r ,  t h e  s p i d e r  c o u l d  r e l a x  o n  t h e  
s t a t i o n a r y  r o o t  a s  l o n g  a s  h e  w i s h e d .
As p o i n t e d  o u t  by Nyman [ 4 0 ] ,  t h i s  m o d e l  c a n  be
s i m p l i f i e d  f u r t h e r  by c o n s i d e r i n g  t h e  i n t e r m e s h i n g  s e c o n d  
s c r e w  l a n d s  a s  f l a t  p l a t e s  p e r p e n d i c u l a r  t o  s c r e w  r o o t  a n d
t h e  b a r r e l .  T h i s  r e p r e s e n t a t i o n  i s  d e s i g n a t e d  a s  t h e
c o n f i n i n g  f l a t  p l a t e  model  [ 4 0 ] .  A c c o r d i n g  t o  t h i s  m o de l  a s
d e s c r i b e d  i n  t h e  p r e c e d i n g  c h a p t e r  a n d  a l s o  i n  F i g  2 . 8 ,
t h e s e  p l a t e s  a r e  s p a c e d  e g u a l l y  a l c n g  t h e  s c r e w  c h a n n e l  f r o m
BARREL ROTATING AROUND 
^  STATIONARY SCR E WBARREL WALL JUST TOUCHING 
THE TOP OF FLIGHT W A L L S ^ -
SECOND SCREW > 








Fig. 3.2: Cross Sectional View of a Co-Rotating Twin Screw Extruder Perpendicular 
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the Stationary Screw and with the Second Screw Rotating on i t s  Axis
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one  end  t c  t h e  e t h e r  w i t h  t h e i r  numb er  e q u a l  t o  t h e  n u m b e r  
o f  t i m e s  t h e  i  r . t e r  m e s h i n g  s e c e n d  s c r e w  l a n d s  c o n t a c t  t h e  
r o o t  o f  t h e  f i r s t -  They move i n  t h e  down c h a n n e l  d i r e c t i o n  
w i t h  t h e  v e l c c i t y  V b / c c s 0  .  S i n c e  t h i s  work  i s  c o n c e r n e d  
w i t h  t h e  i n f l u e n c e  o f  t h e  e n d  r e g i o n s  on m ix i ng  i n  t w i n  
s c r e w  e x t r u d e r s ,  t h e  f l a t  p l a t e s  w i l l  be c o n s i d e r e d  t o  move 
i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  s c r e w  r o o t  w i t h  t h e  
v e l c c i t y  c f  t h e i r  r c t a t i o n ,  Vb.
The e t h e r  f l a t  p l a t e  m o de l ,  t h e  c u r v e d  b o u n d a r y  f l a t  
p l a t e  m o d e l ,  i s  c h t a i n e d  by u n w i n d i n g  t h e  o r i g i n a l  h e l i c a l  
s h a p e d  c h a n n e l  a s  d e s c r i b e d  a b c v e  b u t  t h e  u n w i n d i n g  i s  now
d o n e  i n  a ( t a n ne r  s u c h  t h a t  t h e  l o s s  o f  c u r v a t u r e  i s  
m i n i m i z e d  a s  e x p l a i n e d  l a t e r .  I n  F i g  3 . 3 a ,  a  s p i r a l  s h a p e d  
c o n f i n e d  c h a n c e l  AC1CEGA i s  shown a s  a c h a n n e l  p r o j e c t e d  on 
a  p l a n e  p e r p e n d i c u l a r  t o  t h e  e x t r u d e r  a x i s .  The  c h a n n e l  i s  
unwound by c i t t i n g  t h e  e x t r u d e r  a l o n g  t h e  l i n e  DECF a n d  t h e  
l e f t  ha nd  p o r t i o n  c f  t h e  c h a n n e l  i n c l u d i n g  p o i n t  B i s  p u l l e d
a r o u n d  and b r o u g h t  t c  t h e  r i g h t  h a n d  s i d e  f r o m  be low s o  t h a t  
t h e  o r i g i n a l  s t a t i o n a r y  s c r e w  r o o t  s p i r a l  b e c o m e s  t h e  f l a t
p l a t e  CC o f  t b e  s a n e  l e n g t h  7 t t>t‘/ c o s 6 '> The i n i t i a l  s p i r a l  
l e n g t h  c f  t b e  b a r r e l ,  AGB, h o w e v e r ,  becomes  t h e  moving f l a t  
p l a t e  A'E* w h i c h  i s  s m a l l e r  i n  l e n g t h  a s  a  r e s u l t  o f  t h e
u n w i n d i n g  t h a n  t h e  a c t u a l  l e n g t h  o f  t h e  b a r r e l  s p i r a l .  The 
a m c u n t  o f  s h r i n k a g e  i n v o l v e d  f c r  b a r r e l  i s  c a l c u l a t e d  i n  t h e
A p p e n d i x  A. T h u s ,  t h e  a c t u a l  s p i r a l  s h a p e d  c o n f i n e d  c h a n n e l  
CAGBC becomes  t h e  c o n f i n e d  c h a n n e l  CCB'A* a f t e r  u n w i n d i n g .
The  c u r v e d  b o u n d a r y  ACB i n  t h e  i n i t i a l  h e l i c a l  c o n f i n e d
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Fig. 3.3a: Axial Sectional View of the Channel of  
a Co-Rotating Twin Screw Extruder




c h a n n e l  i s  c u t  i n t o  t w o  e q u a l  a r c s  AC a n d  CB w h i c h  r e m a i n  
u n c h a n g e d  a f t e r  u n w i n d i n g  t h e  c h a n n e l  and  r o t a t e  w i t h  t h e  
v e l o c i t y  7tChN a s  shown i n  F i g  3 . 2 .  H o w e v e r r i n  t h e  p l a n e  
a l c n g  t b e  c h a n n e l  d e p t h  a n d  t h e  down c h a n n e l  d i r e c t i o n ,  t h e  
a c t u a l  g e c n e t r y  c f  t h e s e  c u r v e d  a r c s  AC a n d  CB a r e  
r e p r e s e n t e d  fcy a r c s  CA* a n d  CB* r e s p e c t i v e l y  i n  F i g  3 . 3 b  
s u c h  t h a t  a r c s  AC a n d  CB i n  f i g  3 . 3 a  r e p r e s e n t  a x i a l  
p r o j e c t i o n s  c f  t h e  a r c s  CA* and C B ' .  In  o t h e r  w o r d s ,  t h e  
down c h a n n e l  c o o r d i n a t e  o f  t h e  p o i n t  A* i n  F i g  3 . 3 b  w i l l  be  
t h e  down c h a n n e l  c o o r d i n a t e  o f  t h e  p o i n t  A i n  F i g  3 . 3 b  t i m e s  
t h e  t h e  f a c t o r  1/ c c s 0 ,  a n d  t h u s ,  f o r  z e r o  h e l i x  a n g l e  c a s e ,  
t h e  p o i n t  A* c o i n c i d e s  w i t h  t h e  p o i n t  A.
The t r a n s f e r r e d  c h a n n e l  d e p t h  H' c a n  b e  shown t o  be 
e g u a l  t c  h a l f  c f  t h e  o r i g i n a l  c h a n n e l  d e p t h  H. The 
s h r i n k i n g  c f  t k e  c h a n n e l  d e p t h  a n d  t h e  b a r r e l  l e n g t h  a f t e r  
u n w i n d i n g  i s  n e c e s s a r y  s i n c e  i t  a i d s  i n  s i m p l i f y i n g  t h e  f l o w  
a n a l y s i s  and n i n i m i z e s  t h e  e f f e c t s  o f  c u r v a t u r e  i n  g o i n g
f r o m  t h e  a c t u a l  s c r e w  g e o m e t r y  t o  t h e  r e c t a n g u l a r  g e o m e t r y  
o f  t h e  mcde l  u n d e r  c o n s i d e r a t i o n .  A l t h o u g h  t h e  c h a n n e l
d e p t h  i s  r e d u c e d  t o  h a l f  i t s  o r i g i n a l  s i z e ,  i t  w i l l  n o t  
a f f e c t  t h e  v e l c c i t y  p r c f i l e  s i n c e  we w i l l  be  d e a l i n g  w i t h  
t h e  d i m e n s i c r l e s s  v e l c c i t y  p r o f i l e s  a n d  d i m e n s i o n l e s s  
c h a n n e l  h e i g h t .  I n  c a l c u l a t i n g  s h e a r  r a t e ,  h o w e v e r ,  t h e
c a l c u l a t e d  s h e a r  r a t e  w i l l  he  c o r r e c t e d  by i n t r o d u c i n g  an 
a p p r o p r i a t e  c o r r e c t i c n  f a c t o r  w h i c h  i s  0 . 5 .  A l t h o u g h  t h e
v a l u e s  o f  s h e a r  r a t e  so  o b t a i n e d  may d e v i a t e  f r o m  t h e  a c t u a l  
o n e s  i n  t k e  r e c i c n  where  t h e  dcwn c h a n n e l  c o o r d i n a t e  t e n d s
r
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t o  a  v a l u e  z e r o  o r  7X E r / c o s d  ,  t h i s  d e v i a t i o n  i s  a s s u m e d  t o  
be  n e g l i g i b l e  an d  i t s  e f f e c t  w i l l  b e  d i s c u s s e d  l a t e r  i n  
c h a p t e r  V I I I .
The  r e c t a n g u l a r  c o o r d i n a t e  a x e s  y a n d  z a s  shown i n  F i g  
3 . 3 b  a r e  i n  t t e  d i r e c t i o n  o f  t h e  c h a n n e l  d e p t h  a n d  t h e  down 
c h a n n e l  d i r e c t i o n  r e s p e c t i v e l y .  I n  o r d e r  t o  c o m p a r e  t h i s  
m o d e l  w i t b  t h e  z e r o  h e l i x  a n g l e  m o d e l  i n  t h e  c y l i n d r i c a l  
c o o r d i n a t e s ,  i t  i s  n e c e s s a r y  t c  t a k e  i n t o  a c c o u n t  s h r i n k a g e  
a nd  t r a n s f o r m  t h e  l o c a t i o n  o f  a p o i n t  f r o m  t h e  r e c t a n g u l a r  
c o o r d i n a t e s  y a nd  z t o  t h e  c y l i n d r i c a l  c o o r d i n a t e s  r  an d  0  
a n d  v i c e  v e r s a .  A c o m p l e t e  d e r i v a t i o n  o f  t h e  m e t h od  o f  
t r a n s f o r m a t i o n  i s  d e s c r i b e d  i n  d e t a i l  i n  A p p e n d i x  A.
Th e  b a r r e l  A*E* moves i n  t h e  z  d i r e c t i o n ,  t h e  down 
c h a n n e l  d i r e c t i c c ,  w i t h  v e l o c i t y  Vb c o s a [ 4 0 ] .  The c u r v e d  
p o r t i o n s  c r  t b e  a r c s  CA* a n d  B*c o f  t h e  s e c o n d  s c r e w  a l s o  
move i n  t h e  down c h a n n e l  d i r e c t i o n  i n  a d d i t i o n  t o  t h e i r  
a n g u l a r  m o t i c n  o f  N r e v o l u t i o n  p e r  u n i t  t i m e  a r o u n d  t h e  
c e n t e r  E.  H c w e v e x ,  t h e i r  dcwn c h a n n e l  v e l o c i t y  Vp v a r i e s  
a c r o s s  t h e  c h a n n e l  d e p t h  f r o m  V r / c o s 0  a t  t h e  s c r e w  r o o t  t o
V b / c o s e  a t  t h e  b a r r e l  w a l l  w h e r e  Vr  e g u a l s  NTTDr a n d  Vb 
e q u a l s  N7fDb. T h u s ,  t h e  V e l o c i t y  Vp c a n  b e  r e p r e s e n t e d  by
V r ( D / D r ) / c c s e  wher e  D, t h e  d i a m e t e r  w i t h  r e s p e c t  t o  t h e
s t a t i o n a r y  s c r e w ,  v a r i e s  f r o m  Cr a t  t h e  s c r e w  r o o t  t o  Db a t
t h e  b a r r e l  w a l l .
Now, i f  t h e  a r c s  CA' and  E ' C a r e  c o n s i d e r e d  n o t  t o  move 
i n  t h e  dowc c h a n n e l  d i r e c t i o n  a l t h o u g h  t h e y  r o t a t e  a t  N 
r e v o l u t i o n s  p e r  u n i t  t i m e ,  t h e n  t h e  b a r r e l  w i l l  move i n  t h e
down c h a n n e l  d i r e c t i o n  w i t h  a  v e l o c i t y  Vb c o s f l - V b / c o s 0  
( e q u i v a l e n t  t c  -Vb s i n 0 t a n g )  w h i l e  t h e  s c r e w  r o o t  w i l l  move 
i n  t h e  down c h a n n e l  d i r e c t i o n  w i t h  a v e l o c i t y  - V r / c o s 0 .  
f l a k i n g  t h e  v e l o c i t i e s  d i n e n s i c n l e s s  w i t h  r e s p e c t  t o  v e l o c i t y  
Vr and t h e  d i s t a n c e s  w i t h  r e s p e c t  t o  t h e  s c r e w  r o o t  d i a m e t e r  
D r ,  t h e  a o d e l  s i n p l i f i e s  t c  t h e  o n e  d e s c r i b e d  i n  F i g  3 . 4  f o r  
a c o - r c t a t i r g  c a s e .  The d i o e n s i o n l e s s  s c r e w  r o o t  l e n g t h  i s  
now 7T/COS0 w h i l e  t i e  c h a n n e l  d e p t h  H* i s  ( D b - D r ) / ( 4 D r ) . 
The z c o o r d i n a t e  o f  t b e  p c i n t  A' ,  ZA' ,  i s  g i v e n  by
a n d  t h e  a r c s  CA* an d  E*C r o t a t e  i n  t h e  a x i a l  p l a n e  w i t h  t h e  
l i n e a r  v e l o c i t y  Vr w h i c h  i n  i t s  d i m e n s i o n l e s s  f o r m  b e c o m e s  
Db / Dr .  T i e  y a n d  z c o m p o n e n t s  o f  Vr  a t  a n y  p o i n t  B ( y ,  z) on 
t h e  a r c  CA* a r e  g i v e n  by  t b e  f o l l o w i n g  e x p r e s s i o n s :
a n d  t h e  r e l a t i o n  b e t w e e n  t h e  y a n d  z  c o o r d i n a t e  f o r  a  p o i n t  
R ( y » z )  cn t h e  a r c  CA'  i s .
a s  t h a t  f c r  t h e  a r c  CA' b u t  t b e  o t h e r  c o m p o n e n t  o f  v e l o c i t y .
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Vry# c h a n g e s  i t s  s i g n .
F o r  t h e  c a r v e d  b o u n d a r y  f l a t  p l a t e  m o d e l  j u s t  
d e v e l o p e d *  t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h i s  mode l  c a n  now be 
s u m m a r i z e d ,  l i e  v e l c c i t y  c o m p o n e n t s  on t h e  b o u n d a r i e s  a r e :
w h e r e  t h e  v e l c c i t y  c o m p o n e n t s  V r y  and V r z  a r e  g i v e n  by 
e q u a t i o n s  3 . 1 1  a n d  3 . 1 2 .
T h i s  model# t h e  c u r v e d  b o u n d a r y  f l a t  p l a t e  model*  
d i f f e r s  f r c n  t h e  c c E f i n e d  p l a t e  mode l  o f  Uyman [ 4 0 ]  o r  f r o m  
t h e  ' S '  f c r n i n c  f l o w  m cd e l  o f  Jewmenow a n d  Kim [ 1 7 ]  i n  t h a t  
t h e  c u r v a t u r e  and r c t a t i c n  o f  t h e  s e c o n d  s c r e w  l a n d s  a t  t h e  
e n d  o f  t h e  c h a r n e l  a r e  n e t  n e g l e c t e d .  To f u r t h e r  s i m p l i f y  
t h e  a n a l y s i s *  t b e  f o l l o w i n g  a s s u m p t i o n s  a r e  made :  t h e
m a t e r i a l  i s  i n c o m p r e s s i b l e  and  b e h a v e s  a s  a  N e w t o n i a n  f l u i d *  
t h e  f l o w  i s  l a m i n a r  a n d  i s o t h e r m a l *  s t e a d y  s t a t e  b e h a v i o r  i s  
a s s u m e d *  e n t r a n c e  a n d  e m i t  e f f e c t s  a r e  n e g l e c t e d #  i n e r t i a l  
a n d  g r a v i t a t i c n a l  e f f e c t s  a r e  n e g l i g i b l e *  a n d  t h e  c o n f i n e d  
c h a n n e l  i s  l e a k p r c o f .  Thus* w i t h  t h e s e  a s s u m p t i o n s  t h e  
t h r e e  c c m p c n e r t s  o f  t h e  e q u a t i o n  o f  m o t i o n  i n  r e c t a n g u l a r  
c o o r d i n a t e  s y s t e m  r e d u c e  t c  [ 5 ] ;
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The cc w p l e t e  f l c w b e h a v i o r  o f m a t e r i a l  i n t h e  c h a n n e l
i s  i n f l u e n c e d  by t k e  t h r e e  v e l o c i t y  c o m p o n e n t s  Vx,  Vy# a n d  
Vz;  a n d  t h e  g e o m e t r i c  c o n f i g u r a t i o n  o f  t h e  c h a n n e l  m ak es  
t h e  b o u n d a r y  c o n d i t i o n s  d i f f i c u l t  t o  a p p l y .  S i n c e  t h i s  
s t u d y  i s  a i m e d  a t  u n d e r s t a n d i n g  t h e  i n f l u e n c e  o f  t h e  
i n t e r o e s h i n g  s e c o n d  s c r e w  l a n d  on t h e  f l u i d  n o t i o n  i n  t h e  
c o n f i n e d  c h a n c e l  c f  t k e  f i r s t #  t h e  f l o w  a n a l y s i s  i s  
s i m p l i f i e d  ky t r e a t i n g  t h e  y , z  p l a n e  h a l f  way a c r o s s  t h e  
c h a n n e l  w i d t h  k u t  e v e r  t b e  e n t i r e  c h a n n e l  l e n g t h  w h e r e  
v e l o c i t y  c o m p o n e n t s  i n v o l v e d  a r e  o n l y  vy a n d  Vz.  The 
c h a n n e l  i s  c o n s i d e r e d  t c  b e  wide e n o u g h  s o  t h a t  t h e  
v e l o c i t i e s  u n d e r  c o n s i d e r a t i o n  a r e  n o t  f u n c t i o n s  o f  t h e  
c h a n n e l  w i d t h  X# a n d  t h e  e g u a t i o n s  o f  m o t i o n  r e d u c e  t o :
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S i n c e  t k e  p r e s s u r e  g r a d i e n t s  3  P / 3 y  a n d  ^ P / Q z  a r e  n o t  
c o n s t a n t s #  t h e  a n a l y t i c a l  s c l u t i o n  o f  e q u a t i o n s  3 . 1 8  a n d
3 . 1 9  i s  n e t  p o s s i b l e .  However# a n  a p p r o x i m a t e  s o l u t i o n  c a n  
be d e v e l o p e d  u s i n g  f i n i t e  d i f f e r e n c e  n u m e r i c a l  m e t h o d s  f o r
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wh i c h  t h e  c o m p l e t e  p r o c e d u r e  i s  d e v e l o p e d  i n  t h e  c h a p t e r  V.
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l a  t h i s  c h a p t e r  v a r i o u s  n u m e r i c a l  m e t h o d s  t h a t  c a n  b e  
u s e d  t o  a t t a i n  t b e  d e s i r e d  a p p r o x i n a t e  s o l u t i o n s  o f  t h e  
momentum e q u a t i o n  a r e  e x a m i n e d  a n d  c o m p a r e d .  I f  t h e  
e q u a t i o n s  f o r  v e l c c i t y  c o m p o n e n t s ,  e q u a t i o n s  3 . 1 8  a n d  3 . 1 9 ,  
w e r e  e x p r e s s e d  d i r e c t l y  i n  t h e i r  f i n i t e  d i f f e r e n c e  f o r m s ,  
t h e  r e s u l t  u c u l d  c o n t a i n  t h e  t h r e e  unknowns  Vy,  Vz ,  a n d  E, 
s o  one  more e q u a t i o n  v c u l d  b e  n e e d e d  t o  o b t a i n  t h e  c o m p l e t e  
s o l u t i o n .  I  h i s  r e l a t i o n  comes  f r o m  t h e  e q u a t i o n  o f  
c o n t i n u i t y  [ E ] :
+ m i  =  o  (+■ ')
T h u s ,  w i t h  t h r e e  e q u a t i o n s  and  t h r e e  unk nowns  ( d e p e n d e n t  
v a r i a b l e s ) ,  t h e  a p p r o x i m a t e  s o l u t i o n  s h o u l d  b e  p o s s i b l e  
0 4 ] .
One s o l u t i o n  p x c c e d m e  i s  t o  c o n s i d e r  t h e  u n s t e a d y  
e q u a t i o n  c f  a c t i o n  s o  t h a t  e q u a t i o n s  3 . 1 8  a n d  3 . 1 9  w i l l  now 
i n c l u d e  f i r s t  c c d e r  t i n e  d e r i v a t i v e  t e r m s  [ 4 4 ] .  An i n i t i a l
p r e s s u r e  d i s t r i b u t i o n  P i s  c a l c u l a t e d  f rom a s s u m e d  v a l u e s  o f  
t h e  v e l o c i t i e s  Vy a n d  Vz by s u b s t i t u t i n q  t h e  u n s t e a d y  s t a t e
e q u a t i o n s  3 . 1 6  a nd  3 . 1 9  i n t o  4 . 1 .  T h e n ,  t h e  v e l o c i t y  
c o m p o n e n t s  V) and Vz a r e  c o m p u t e d  f o r  t h e  i n i t i a l  t i m e  
i n c r e m e n t  A t  e q u a t i o n s  3 . 1 8  a n d  3 . 1 9  f r o m  t h e  p r e s s u r e
v a l u e  j u s t  f c u n d .  N e x t ,  t h e  p r e s s u r e  P i s  r e c o m p u t e d  b a s e d
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on t h e  l a t e s t  v e l o c i t i e s .  T h e  t i n e  i s  t h e n  a d v a n c e d  b y  i t s  
i n c r e n e n t  At  and  a l l  t h e  s t e p s  m e n t i o n e d  a b o v e  a r e  
r e p e a t e d .  T h i s  p r o c e d u r e  i s  c o n t i n u e d  u n t i l  P ,  Vy, a n d  Vz 
r e m a i n  u n c h a n g e d  t h r o u g h  s u c c e s s i v e  s t e p s ,  i . e .  u n t i l  t h e  
s t e a d y  s t a t e  v a l u e s  c f  t h e  P ,  Vy,  a n d  Vz a r e  o b t a i n e d .
S i n c e  i n  t h i s  a p p r o a c h  t h e  s o l u t i o n  o f  t h e  u n s t e a d y  s t a t e
e q u a t i o n s  c f  n o t i o n  i s  o b t a i n e d  b y  s o l v i n g  a  s e t  o f
p a r a b o l i c  e q u a t i o n s ,  t h e  n e t h o d  t a k e s  a  l a r g e  number  o f  
i t e r a t i o n s  t o  r e a c h  t h e  s t e a d y  s t a t e  s o l u t i o n .  I n  a d d i t i o n ,  
some p r o b l e m s  may a r i s e  w i t h  s a t i s f y i n g  t h e  c o n t i n u i t y
e q u a t i o n  i f  t h e  c c a p u t e r  p r o g r a m  i s  n o t  c a r e f u l l y  w r i t t e n
A n o t h e r  a p p r o a c h  t o  s o l v e  e q u a t i o n s  3 . 1 8  a n d  3 . 1 9  a l o n g
w i t h  t h e  c o n t i n u i t y  e q u a t i o n  4 . 1  i s  t o  c o m b i n e  t h e n  i n t o  o n e  
e q u a t i o n  i n v o l v i n g  c c l y  on e  d e p e n d e n t  v a r i a b l e  t h r o u g h  u s e  
o f  t h e  s t r e a a  f u n c t i o n  £ 5 ] .  L e t  t h e  s t r e a m  f u n c t i o n  
be  d e f i n e d  by :
s o  t h a t  t h e  c c n t i n u i t y  e q u a t i o n  4 . 1  i s  a l w a y s  s a t i s f i e d .  
C o m b i n i n g  e q u a t i o n s  3 . 1 8 ,  3 . 1 9 ,  4 . 2 ,  a n d  4 . 3  and  f u r t h e r
e l i m i n a t i n g  t h e  p r e s s u r e  g r a d i e n t  t e r m s ,  t h e  f o l l o w i n g  
e x p r e s s i o n ,  t h e  b i h a r m c n i c  e q u a t i o n  [ 1 3 ] ,  i s  o b t a i n e d .
£ 5 4 ] .
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The s t r eam f u n c t i o n  a p p r o a c h  i s  s t r a i g h t f o r w a r d  
c o m p a r e d  t o  t h e  n e t h o d  d e a l i n g  w i t h  t h r e e  d e p e n d e n t  
v a r i a b l e s  s i m u l t a n e o u s l y  a s  i t  d e a l s  w i t h  o n l y  one  d e p e n d e n t  
v a r i a b l e  ^  .  I n  a d d i t i o n #  w i t h  t h e  s t r e a m  f u n c t i o n  
a p p r o a c h #  t h e  b o u n d a r y  c o n d i t i o n s  a r e  s i m p l i f i e d ;  a n d  t h e  
s t r e a m l i n e s  c a n  be  u s e d  a s  a n  i n d i c a t i o n  o f  p a r t i c l e  
t r a g e c t o r i e s  i n  s t e a d ;  l a n i n a i  f l o w #  a u s e f u l  r e s u l t  f o r  t h e  
e x p e r i m e n t a l  a n a l y s i s .  T h e r e f o r e #  a  p r o c e d u r e  i s  d e v e l o p e d  
t o  f i n d  t h e  s t r e a m  f u n c t i o n s #  a n d  c o n s e q u e n t l y  t h e  v e l o c i t y  
c o m p o n e n t s  Vy and  Vz# u s i n g  f i n i t e  d i f f e r e n c e  n u m e r i c a l  
m e t h o d s .
Two b a s i c  m e t h o d s  f o r  t h e  s o l u t i o n  o f  t h e  b i h a r m o n i c  
e q u a t i o n  i s  r e c t a n g u l a r  c o o r d i n a t e s  h a v e  r e c e i v e d  a  g r e a t  
d e a l  o f  a t t e n t i o n .  I n  t h e  f i r s t #  t h e  b i h a r m o n i c  e q u a t i o n  i s  
s o l v e d  d i r e c t l y #  and G o l u b  [ 4 5 ]  d e r i v e d  a n  a l g o r i t h m  f o r  t h e  
s o l u t i o n  c f  t h e  d i s c r e t e  b i h a r m o n i c  e q u a t i o n  i n  r e c t a n g u l a r  
r e g i o n s  wh i c h  was e x a m i n e d  e x p e r i m e n t a l l y  by  W a l k e r  £ 4 6 ]  and  
E h r l i c h  [ 1 1 ] .  A p p l i c a t i o n  o f  b l o c k  G a u s s i a n  e l i m i n a t i o n  t o  
t h i s  p r o b l e m  was  d e s c r i b e d  by E a u e r  a n d  f i e i s s  [ 4 7 ]  a n d  A n g e l  
a n d  B e l l m a n  [ 4 8 ] .  I t e r a t i v e  m e t h o d s  a p p l i e d  d i r e c t l y  t o  t h e  
b i h a r m c n i c  d i f f e r e n c e  e q u a t i o n s  w e r e  i n v e s t i g a t e d  by Fox
[ 1 3 ] #  F a i r w e a t h e r #  G o u r l e y  a n d  M i t c h e l l  [ 4 9 ] #  a n d  H a d j i d i m o s  
[ 1 5 ] .  Z l a m a l  a n a l y s e d  d i s c r e t i z a t i o n  a n d  e r r o r  e s t i m a t e s
f o r  f o u r t h  o r d e r  e l l i p t i c  b o u n d a r y  v a l u e  p r o b l e m s  [ 4 1 ] .  
S m i t h  [ 3 3 ]  a n d  E h r l i c h  a n d  G u p t a  [ 1 0 ]  c l a i m  t h a t  i t e r a t i v e
60
m e t h o d s  a p p l i e d  d i r e c t l y  t o  t h e  b i h a r m o n i c  d i f f e r e n c e  
e q u a t i o n s  a r e  n o t  v e r y  s a t i s f a c t o r y  s i n c e  t h e y  do n o t  y i e l d  
a h i g h l y  a c c u r a t e  s c l u t i c n  a n d  r e q u i r e  a  l a r g e  number  o f  
i t e r a t i o n s .  Cne o f  t h e  i m p o c t a n t  p r o b l e m s  i n v o l v e d  i n  t h e  
a p p l i c a t i o n  c f  f i n i t e  d i f f e r e n c e  m e t h o d s  t o  t h e  s o l u t i o n  o f  
b o u n d a r y  v a l u e  p r o b l e m s  b y  t h e  d i r e c t  i t e r a t i v e  me t ho d  i s  i n  
t h e  e s t i m a t i o n  o f  d i s c r e t i z a t i o n  e r r o r  £ 4 1 , 4 2 ] *
The s e c c n d  t e c h n i q u e  i s  an i t e r a t i v e  m et ho d  t h a t  t r e a t s  
t h e  f c i h a r m c n i c  e q u a t i o n  4 . 4  a s  a c o u p l e d  p a i r  o f  P o i s s o n  
e q u a t i o n s ,  a n d  i t  h a s  b e e n  e x a m i n e d  b y  E h r l i c h  [ 1 0 , 1 1 ] ,  
G r e e n s p a n  a n d  S c h u l t z  [ 5 1 ] ,  G u p t a  [ 5 2 ] ,  G u p t a  a n d  h a n o h a r
[ 5 3 ] ,  H c l a u r i n  [ 2 5 ] ,  a n d  S m i t h  [ 3 3 , 3 4 , 3 5 ] .  One o f  t h e  
i m p o r t a n t  r e a s o n s  f o r  u s i n g  t h e  c o u p l e d  p a i r  o f  e q u a t i o n s  i s
t h a t  t h e  a c c u i u l a t i c n  c f  r o u n d i n g  e r r o r s  i s  s u b s t a n t i a l l y  
r e d u c e d  [ 1 0 ] .  I n  a d d i t i o n ,  t h e r e  i s  a l r e a d y  e x t e n s i v e  
l i t e r a t u r e  f c r  s e c o n d  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  ( P o i s s o n  
e q u a t i o n s ) ,  w h i l e  t h e r e  a r e  o n l y  a  f e v  p a p e r s  t h a t  d e a l  w i t h  
h i g h e r  o r d e r  e l l i p t i c  e q u a t i o n s .  The  r e a s o n ,  a s  Z l a m a l  
d e s c r i b e s  [ 4 1 ] ,  i s  t h a t  we h a v e  a v e r y  u s e f u l  a n d  s i m p l e
t o c l  f o r  s e c c n d  c z d e r  e q u a t i o n s ,  t h e  maximum p r i n c i p l e ,  
w h i c h  h c l d s  b o t h  f c r  d i f f e r e n t i a l  e q u a t i o n s  a n d  t h e i r  f i n i t e  
d i f f e r e n c e  a n a l o g s  w h i l e  t h e r e  d o e s  n o t  e x i s t  s u c h  a  s i m p l e  
t o o l  f o r  h i g h e r  o r d e r  e q u a t i o n s .  E h r l i c h  a n d  Gu p ta  [ 1 0 ]  
s u p p o r t  t h i s  f a c t  fcy s t a t i n g  t h a t  t h e  two s e c o n d  o r d e r  (a
c o u p l e d  p a i r )  b o u n d a r y  v a l u e  p r o b l e m s  c a n  b e  s o l v e d  u s i n g  
o n e  o f  t h e  f a s t  p c i s s c n  s o l v e r s  t h a t  a r e  a v a i l a b l e  e v e n  f o r  
n o n r e c t a n g u l a r  d o m a i n s .
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I n  s p i t e  c f  t h e  c l a i m  made b y  many w o r k e r s  t h a t  a
c o u p l e d  p a i r  o f  P o i s s o n  e q u a t i o n s  i s  s o r e  a d v a n t a g e o u s  a n d  
s i m p l e r  f c r  s o l v i n g  t h e  b i h a r m o n i c  e q u a t i o n  t h a n  t h e  d i r e c t  
i t e r a t i v e  n e t t e d ,  i t  i s  s u r p r i s i n g  t h a t  n o  a r t i c l e  b r i n g s  
o u t  t h e  d i f f e r e n c e s  i n  t h e s e  two m e t h o d s .  T h e r e f o r e ,  t h e
b i h a r m o n i c  e g u a t i c n  i s  s o l v e d  h e r e  by  b o t h  m e t h o d s  on 
r e c t a n g u l a r  b o u n d a r i e s  t o  f i n d  o u t  t h e  r e l a t i v e  m e r i t s  a n d  
d e m e r i t s  c f  e a c h .
I n  c r d e r  t o  c o m p a r e  t h e  d i r e c t  i t e r a t i v e  m e t h o d  w i t h  
t h e  c o u p l e d  p a i r  c f  P c i s s o n  e q u a t i o n s ,  a  m o d e l  p r o b l e m  i s  
c h o s e n .  As s h e w n  i n  F i g  4 . 1 ,  f o u r  b e l t s  wh i c h  e x t e n d
i n f i n i t e l y  i n  t b e  d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  p a p e r  f o r m  
a r e c t a n g u l a r  i s o l a t e d  r e g i o n  c f  l e n g t h  7T and  h e i g h t  H
e q u a l  t o  G . 1 25  c o n t a i n i n g  a v i s c o u s  f l u i d .  T h e  b e l t  AB 
moves  i n  t h e  p o s i t i v e  z d i r e c t i o n  w i t h  u n i t  v e l o c i t y ,  b e l t s  
AC a n d  BD move i n  t h e  y d i r e c t i o n  w i t h  v e l o c i t i e s  - 1 . 5  a n d  
1 .5  r e s p e c t i v e l y ,  a n d  b e l t  CO i s  s t a t i o n a r y .  T h i s  s y s t e m
a l s o  d e s c r i b e s  t h e  c c n f i n i n g  p l a t e  m o d e l ,  s i n c e  t h e  b e l t s  
c o m p l e t e l y  e n c l o s e  t b e  r e c t a n g u l a r  c h a n n e l ,  t h e  s t r e a m  
f u n c t i o n  o s  a l l  t h e  b o u n d a r i e s  m u s t  b e  t h e  s a m e  a n d  i s  
c h o s e n  a s  z e r o .
The v e l c c i t y  c o m p o n e n t s  Vy and  Vz on t h e  b o u n d a r i e s  a r e :
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F i g .  4 . 1 :  Boundary Condi t ions  f o r  t he  Model
Problem in  Rectangular  Coordinates
6 3
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a n d  e q u a t i o n s  4 . 2  a nd  4 . 3  a l l o w  u s  t o  e x p r e s s  t h e  s t r e a m  
f u n c t i o n s  i n  t e r m s  o f  t h e s e  v e l o c i t y  c o m p o n e n t s *
I n  o r d e r  t o  c h e c k  t h e  c o n v e r g e n c e  o f  t h e  n u m e r i c a l  
s o l u t i o n  i n  t h e  m i d d l e  p a r t  o f  t h e  r e c t a n g u l a r  b o u n d a r y  
r e g i o n  o f  t h e  i r c de l  p r o b l e m  ( a t  z= 7T/2J, t h e  s t e a d y  s t a t e  
v a l u e  c± t h e  s t r e a m  f u n c t i o n  c a n  be o b t a i n e d  a n a l y t i c a l l y  
f r c m  e q u a t i c n  3 . 2 1 .  S i n c e  t h e  f l o w  i s  f u l l y  d e v e l o p e d  i n  
t h e  m i d d l e  p a r t  o f  t h e  r e g i o n  u n d e r  c o n s i d e r a t i o n ,  t h e  
v e l o c i t y  c c m p c n e n t  Vz i s  f u n c t i o n  o f  t h e  y c o o r d i n a t e  o n l y  
and  t h e  p r e s s u r e  g r a d i e n t  i s  c o n s t a n t .  From t h e
c o n t i n u i t y  e q u a t i c n ,  i t  c a n  be  shown t h a t  t h e  v e l o c i t y  
c o m p o n e n t  Vy i n  t h e  m i d d l e  p a r t  r e d u c e s  t o  z e r o .  S i n c e  t h e  
b o u n d a r y  i s  c c u p l e t e l y  e n c l o s e d ,  t h e  n e t  f l o w  r a t e  i n  t h e  z 
d i r e c t i c n  s h o u l d  be  z e r c ;  a n d  c o n s e q u e n t l y ,  a p p l y i n g  t h e  
b o u n d a r y  c o r d i t i c n s  r e p r e s e n t e d  by e q u a t i o n s  4 . 7  and  4 . 8 ,  i t  
c a n  be  shown t h a t  £ 2 4 ] :
w h e r e  a  = y / H .  To c f c t a i n  t h e  e x p r e s s i o n  f o r  t h e  s t r e a m  
f u n c t i o n  c o r r e s p o n d i n g  t o  e q u a t i o n  4 . 1 1 ,  a d v a n t a g e  i s  t a k e n  
o f  t h e  f a c t  t h a t  t h e  s t r e a m  f u n c t i o n  9 i n  g e n e r a l ,  c a n  b e  
e x p r e s s e d  a s :
6i*
S i n c e  i n  t h e  n i d d l e  p o r t i o n  o f  
i . e .  S Y V j z - O ,  t h e r e f o r e .
C o m b i n i n g  e q u a t i o n s  4 . 1 1  a n d  4 . 1 3  a n d  i n t e g r a t i n g  w i t h  
a p p r o p r i a t e  J i i r i t s  l e a d s  t c :
c C4 I*)
S m i t h ,  E h r l i c b  a n d  o t h e r s  [ 7 , 1 0 , 1 1 , 1 2 , 2 5 , 3 3 , 3 4 , 3 5 ]  
t r e a t e d  t h e  t i b a m c n i c  e q u a t i o n ,  a s  p o i n t e d  o u t  e a r l i e r ,  a s  
a  c o u p l e d  p a i r  o f  P c i s s o n  e q u a t i o n s .  S i n c e  t h e  b i h a r a o n i c  
e q u a t i o n  d e s c r i b i n g  t h e  t e s t  s y s t e m  c a n  be e x p r e s s e d  a s :
v \  )  =  O ( 4 * 0
t h e n  w i t h ;
CO = vV  C 4 - - H )
e q u a t i o n  4 . 1 5  c a n  fce w r i t t e n  a s :
•z.
-  O
T h u s ,  e q u a t i o n s  4 . 1 6  a n d  4 . 1 7  f o rm  a  p a i r  o f  c o u p l e d
e q u a t i o n s  r e p r e s e n t i n g  t h e  b i h a r a o n i c  e q u a t i o n  4 . 1 5 .  Th e  
q u a n t i t y  CO • i n  t h i s  c a s e ,  i s  t h e  v o r t i c i t y  d e f i n e d  a s
v V  £ 5 * ****!•
L e t  t h e  i i c r e o e r t  i n  t h e  z d i r e c t i o n  & z ,  b e  h an d  t h a t
L + 1 7 )
t h e  b o u n d a r y  r e g i o n  Vy=0 ,
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i n  t h e  y d i r e c t i o n  A y *  he k s c  t h a t :
2  =  c * > e )
H =. C + - I 1 )
w h e r e  t h e  i n t e g e r s  i  and j  c o r r e s p o n d  t o  r o w  i  a n d  c o lumn j  
r e s p e c t i v e l y  c f  t h e  r e c t a n g u l a r  f i n i t e  d i f f e r e n c e  g r i d .  
U s i n g  t h e  c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n ,  e q u a t i o n s ,  4 . 1 6  
and  4 . 1 7  a r e  r e p r e s e n t e d  by t h e i r  f i n i t e  d i f f e r e n c e  f o r m s  a s  
f o l l o w s  £ 2 1 , 3 C j :
y i . _  [  <■ kA  T c  + r C H . ^  -  k <J‘-jJ
*■ t  C k / h . ) 3^  1 ]  (4 --3 -0 )
• O i A  -  L L t y K ^ C V i f j + I  +
= - £ o A ) + <  ]
I n t r o d u c i n g  t h e  a c c e l e r a t i n g  f a c t o r s  o ( j  e n d  oC^* e q u a t i o n s
4 . 2 0  a n d  4 . 2 1  a r e  m c d i f i e d  t o  g i v e  t h e  l a t e s t  v a l u e  o f  t h e  
s t r e a m  f u n c t i o n  a n d  v o r t i c i t y  f o r  an i t e r a t i o n  s t e p  b a s e d  on  
t h e i r  v a l u e s  f r c m  t h e  p r e c e d i n g  s t e p  a n d  t h a t  c o m p u t e d  by 
e q u a t i o n s  4 . 2 0  an d  4 . 2 1  a s ,
Va/u£ tUjUa-tio* 4  -3LO Vo,/u£.
n t u  =  « i . 0 * i 4 ) f ra m  +  £ * * V
equation 4.-.21 Vtt/U A
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w h i c h  a l l c « £  c a ^ - c u ^ a ^ i 011 ° f  * h e  s t r e a m  f u n c t i o n s ,  a n d  
c o n s e q u e n t l y  t h e  v e l o c i t y  p r o f i l e s ,  f o r  t h e  e n t i r e  c h a n n e l .
S i n c e  t h e  o p t i mu m a c c e l e r a t i n g  f a c t o r s  a r e  n o t  known 
f o r  a  r e c t a n g u l a r  b o u n d a r y  c a s e  i n v o l v i n g  t h e  c o u p l e d  p a i r  
o f  P c i s s c n  e q u a t i o n s ,  s e v e r a l  s e t s  o f  a c c e l e r a t i n g  f a c t o r s  
v e r e  t r i e d ;  a n d  t h e  o p t i n u a  a c c e l e r a t i n g  f a c t o r s  f o r  t h e  
m o d e l  p r o b l e m  u n d e r  i n v e s t i g a t i o n  w e r e  f o u n d  t o  b o t h  b e  0 . 8 . 
To o b t a i n  an a p p r o x i m a t e  s o l u t i o n  by t h e  c o u p l e d  s e t  o f  
s e c o n d  o r d e r  e g u a t i c n s ,  i n i t i a l  v a l u e s  o f  s t r e a m  f u n c t i o n  
a n d  v o r t i c i t y  a t  a l l  mesh p o i n t s  w e r e  s e t  t o  * 0 . 0 1  a n d  0 . 0  
r e s p e c t i v e l y .  T h e n ,  t h e  s t r e a m  f u n c t i o n s  were c a l c u l a t e d  a t
a l l  mesh p o i n t s  f r c m  e g u a t i o n  4 . 2 2  w h i l e  t h e  v * s  w er e  
c o m p u t e d  a t  a l l  mesh p o i n t s  by e g u a t i o n  4 . 2 3 .  T h e s e  t w o  
s t e p s  we r e  r e p e a t e d  s u c c e s s i v e l y  u n t i l  t h e  a t  a l l  mesh
p o i n t s  c o n v e r g e  t o  t h e i r  s t e a d y  s t a t e  v a l u e s ,  a n d  t h e s e  w e r e  
t e s t e d  a g a i n s t  t h e  c o r r e s p o n d i n g  a n a l y t i c a l  v a l u e s  o f  t h e  
s t r e a m  f u n c t i o n  g i v e n  by e g u a t i o n  4 . 1 4  i n  t h e  m i d d l e  p a r t  o f  
t h e  c h a n n e l .  The s e t h c d  u s e d  f o r  e l i m i n a t i o n  o f  t h e  
f i c t i t i o u s  o e s b  p o i n t s  i s  d i r e c t  o r  e x p l i c i t  s i n c e  t h e i r  
v a l u e s  a t  any  s t e p  were  c o m p u t e d  b a s e d  upon t h e  known v a l u e s  
o f  t h e  n c n f i c t i t i o u s  mesh p o i n t s  o b t a i n e d  i n  t h e  p r e c e d i n g  
s t a g e .  The c o m p u t e r  p r o g r a m  "TWOSEC” d e s c r i b i n g  t h e  
c o m p u t a t i o n a l  s t e p s  and  p r o c e d u r e s  i s  i n c l u d e d  i n  t h e  
A p p e n d i x  E - 1 .
The a p p r o x i m a t e  s o l u t i o n  f o r  t h e  s t r e a m  f u n c t i o n
o b t a i n e d  by t i e  c o u p l e d  p a i r  c f  F c i s s o n  e g u a t i o n s  was f o u n d  
t o  b e  a l m o s t  i n d e p e n d e n t  o f  t h e  i n i t i a l  a s s u n e d  v a l u e s  o f  
t h e  s t r e a m  f u n c t i o n  and v o r t i c i t y .  A l s o ,  a l i t t l e  d e v i a t i o n  
i n  t h e  v a l u e  c f  t h e  o p t i m u m  a c c e l e r a t i n g  f a c t o r  d i d  n o t  make 
a  s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  r a t e  o f  c o n v e r g e n c e .  
H owever ,  t h e  o p t i mum a c c e l e r a t i n g  f a c t o r  was f o u n d  t o  be 
d e p e n d e n t  u p c n  t h e  mesh s i z e  a n d  t h e  b o u n d a r y  c o n d i t i o n s  
u s e d .  I n  c r d e r  t c  o b t a i n  t h e  a p p r o x i m a t e  s o l u t i o n  , t h e  
c h a n n e l  was d i v i d e d  i n t o  30  by 30 mesh  g r i d  g i v i n g  a  t o t a l  
o f  29 by 29 i n t e r i c r  mesh  p o i n t s .  750 i t e r a t i o n s  were  
r e g u i r e d  b e f c z e  t h e  i t e r a t i v e  s o l u t i o n  c o n v e r g e d  t o  t h e i r  
s t e a d y  s t a t e  v a l u e s  w i t h  t h e  t i m e  p e r  i t e r a t i o n  0 .  12 s e c o n d s  
g i v i n g  a t o t a l  t i m e  o f  85 s e c o n d s .  The a c c u r a c y  of  
c o n v e r g e n c e  was 9 9 . 7X, a n d  t h e  r a t e  o f  c o n v e r g e n c e  o f  t h e  
s t r e a m  f u n c t i c n  v a l u e s  i n  t h e  m i d d l e  r e g i o n  i s  shown i n  F i g  
4.  2 .
Fox £ 1 3 j was t h e  f i r s t  t o  c o n s i d e r  t h e  c a s e  o f  t h e  
d i r e c t  s d u t i c n  c f  t h e  b i h a r m o n i c  d i f f e r e n c e  e g u a t i o n  f o r  
r e c t a n g u l a r  a s  w e l l  a s  c u r v e d  b o u n d a r i e s  i n v o l v i n g
d e r i v a t i v e  b o u n d a r y  c o n d i t i o n s .  He d i s c u s s e d  t h e  g e n e r a l  
p r i n c i p l e s  o f  t h e  s u g g e s t e d  m e t h o d  and e s t a b l i s h e d  t h e
r e l e v a n t  f i x i t e  d i f f e r e n c e  f o r m u l a e .  A n u m e r i c a l  e x a m p l e  
was s c l v e d  f o r  a p r o b l e m  w i t h  r e c t a n g u l a r  b o u n d a r i e s ,  and 
c u r v e d  b o u n d a r y  p r o b l e m s  wer e  b r i e f l y  d i s c u s s e d .  His  
s o l u t i o n  t e c h n i g u e ,  h o w e v e r ,  was  b a s e d  upon  r e l a x a t i o n  
m e t h o d s  £ 1 3 , 3C ] .
F o r  t h e  d i r e c t  i t e r a t i v e  m e t h o d  w i t h  t h e  c e n t r a l
ITERATION NUMJER
f i g  4 .2 :  Convergence Rate o f  the stream 
function values in the middle 
region for the coupled pair o f  
poisson equations.
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d i f f e r e n c e  a p p z o x i a a t i o n ,  t h e  b i h a r n o n i c  e q u a t i o n  4 - 4  i s - 
e x p r e s s e d  a s  a f i n i t e  d i f f e r e n c e  e q u a t i o n  i n v o l v i n g  13 a e s h  
p o i n t s .  L e t t i n g  B h e  e q u a l  t o  k / h ,  t h e  r e s u l t i n g  b i h a r a o n i c  
d i f f e r e n c e  e g u a t i c n  i s  r e p r e s e n t e d  a s :
The c o a p u t a t i o t a l  o c l e c u l e  [ 1 3 , 3 0 ]  r e p r e s e n t a t i o n  o f  t h e  
e q u a t i o n  4 . 2 4  i s  shown i n  F i g  4 . 3 .
The  g e n e r a l  p r o c e d u r e  t o  o b t a i n  t h e  a p p r o x i a a t e  
s o l u t i c n  f e z  t h e  z e c t a n g u l a r  b o u n d a r y  p r o b l e a  i s  t o  s a t i s f y  
e q u a t i o n  4 . 2 4  a t  e v e r y  i n t e r n a l  a e s h  p o i n t .  The  a e s h  p o i n t s
l y i n g  o u t s i d e  t h e  b o u n d a r y ,  t h e  f i c t i t i o u s  a e s h  p o i n t s ,  a r e  
e l i a i n a t e d  i n  t e r n s  c f  t h e  i n t e r n a l  a e s h  p o i n t s  u s i n g
d e r i v a t i v e  b o u n d a r y  c c n d i t i o n s  s u c h  a s  t h e  kn ovn  v e l o c i t y  
c o a p o n e n t s  cn  t h e  b o u n d a r i e s  wh i ch  a r e  d e r i v a t i v e s  o f  t h e  
s t r e a a  f u n c t i c n  a s  s h o u t  i n  e q u a t i o n s  4 . 2  a n d  4 . 3 .  F o r  
h i g h e r  a c c u r a c y ,  Fcx t e c c n n e n d e d  u s e  o f  a c c u r a t e  d e r i v a t i v e  
b o u n d a r y  c o n d i t i o n s  w h e r e  d i f f e r e n c e s  o f  o r d e r s  up t o  a t  
l e a s t  f o u r t h  s h o u l d  a l w a y s  be  r e t a i n e d  i n  G r e g o r y - N e w t o n ' s  
i n t e r p o l a t i o n  f c r a u l a  [ 1 3 , 3 0 ] ,  a l t h o u g h  up t o  s i x t h  o r d e r
w o u l d  o f t e n  be  a d v a n t a g e o u s  t o  a i n i a i z e  t h e  n u m b e r  o f
4  C R+ # + )  t i , ; - ,  +  ( t *  *>**  * f t  %  -
+ a. ft V £+l^ _ , - 4  (t-t-i?) +  a -ftV * * ,,j*  +- =  0
C + Z - + )
y\=i
©l +  R
© ---------- C~W4+R2 t )----- C
5/ 2R
6  +  6 R 4 + 8 R 2
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Fig .  4 . 3 ;  The Computat ional  Molecule of Equat ion 4.24*R i s  equal
to  k / h ,  t he  Rat io  of  Uni t  Mesh Length i n  the  y d i r e c t i o n ,  
k ,  to the  Uni t  Mesh Length i n  the  z d i r e c t i o n ,  h.
■'Oo
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i t e r a t i o n s .  A c c o r d i n g  t o  h i s  n e t h o d  o f  r e l a x a t i o n *  an  
a d d i t i o n a l  t e r n  A  i s  u s e d  i n  t h e  f i n i t e  d i f f e r e n c e  
b i h a r m o n i c  e g u a t i c n  4 . 2 4  w hich  i n c l u d e s  d i f f e r e n c e s  up  t o  
t h e  s i x t h  o r d e r  i n  t h e  T a y l o r ' s  s e r i e s  e x p a n s i o n .  T h i s  
t e r m *  A  * i s  e x p r e s s e d  a s  f o l l c v s :  ^  ^
_ - l [ £  & ' + ^ £ 2  1 = - ^ r &  +  ^ 7 
OK, k * A  = — ^ + J C4-2S)
w h e re  B e g u a l s  k / b .  u s i n g  t h e  c e n t r a l  d i f f e r e n c e  
a p p r o x i m a t i o n s *  t h e  g u a n t i t i e s  <fo ,z  a n d  J o * y  a r e  e x p r e s s e d
a s :
-  <- V ! V ”  %  +  | 5 V "  4  V * " "  ^  1
Thus* i n c o r p o r a t i o n  c f  t h e  t e r m  A  i n  e g u a t i o n  4 . 2 4  l e a d s  t o
t h e  e x p r e s s i c n  i n v c l v i n g  17 mesh p o i n t s :
*3
2  +• a  = 0  < * 4 * )
n=i
Fox f i r s t  n e g l e c t e d  tfce t €rm a n d  s o l v e d  t h e  s eh  o f  
s i m u l t a n e o u s  e g u a t i c n s  by r e l a x a t i o n  m e t h o d s .  Then* he  
c o m p u te d  t h e  t e r m  A t y  e g u a t i c n s  4 . 2 5  t h r o u g h  4 . 2 7  a n d  t h e  
r e s u l t  was s u b s t i t u t e d  b a c k  i n t o  e g u a t i o n  4 . 2 8 .  Now* h e
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c o u l d  r e c o m p u t e  new ^ ' s  and  r e p e a t  t h e  p r o c e d u r e  u n t i l  t h e
(f^'s d i d  n o t  c t a n g e  s i g n i f i c a n t l y .
I n  t h e  p r e s e n t  p r o c e d u r e  f o r  t h e  d i r e c t  i t e r a t i o n  
m e th o d ,  t h e  t e r n  £  i s  i n c l u d e d  in  t h e  f i n i t e  d i f f e r e n c e
o v e r r e l a x a t i c n  and  t h e  c o n c e p t  o f  a c c e l e r a t i n g  f a c t o r  w ere  
n o t  d e v e l o p e d  a t  t h e  t i m e  o f  F o x ' s  work ,  b u t  i t  i s  e m p l o y e d  
h e r e  t o  a c c e l e r a t e  t h e  r a t e  c f  c o n v e r g e n c e  a n d  t o  m i n i m i z e  
t h e  n u m b e r  o f  i t e r a t i o n  c y c l e s .  The d e r i v a t i v e  b o u n d a r y  
c o n d i t i o n s  e n i [ lc y  G i e g o r y - N e v t o n  ' s  i n t e r p o l a t i o n  f o r m u l a e  
i n v o l v i n g  f o r w a r d  a n c  b a c k w a r d  d i f f e r e n c e s  up t o  t h e  s i x t h  
o r d e r  a n d  c an  be d e s c r i b e d  a s  f o l l o w s :
w h e re  3</V2y and  B W / d z  a r e  l o c a t e d  a t  t h e  mesh p o i n t s  l y i n g  
on t h e  b o u n d a r y ,  w h i l e  t h e  t e r m s  on t h e  l e f t  h a n d  s i d e s  o f  
e q u a t i o n s  4 . 2 5  t h r o u g h  4 . 3 2  l i e  on  mesh  p o i n t s  o n e  l e n g t h  
b ey o n d  t h e  b o u n d a r y .  B e f o r e  t h e s e  mesh p o i n t s  were
b i h a r m o n i c  e q u a t i o n .  The m ethod  o f  s u c c e s s i v e
C + - & )
' I ' 5  V i ^ - 3  + - 0 - 2 . c  4-3<0
—I' 5  Vc-3,j. +■ ©-a.Vfc-4 , / .
C4--3 O
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e l i m i n a t e d ,  t h e  v a l u e s  c f  t h e  s t r e a m  f u n c t i o n  t v o  mesh
l e n g t h s  b e y o n d  t h e  b o u n d a r y  a r e  e l i m i n a t e d  i n  t e r m s  o f  t h e  
i n t e r i o r  mesh p o i n t s  by e m p l o y i n g  G r e g o r y - N e w t o n * s  
i n t e r p c l a t i c s  f o r m u l a  i n  a  s i m i l a r  m a n n e r .
F o r  t h e  c o m p u t a t i o n a l  p r o c e d u r e ,  a l l  s i d e s  o f  t h e
r e c t a n g u l a r  c h a n n e l  H ere  d i v i d e d  i n t o  30  i n c r e m e n t s  t o  s o l v e  
t h e  b i h a r m c n i c  e g u a t i o n  4 . 4  s o  t h a t  t h e  t o t a l  n u m b e r  o f  
i n t e r i o r  m esh  p c i n t s  f o r  t h e  b i h a r m o n i c  e g u a t i o n  was  29 by 
2 9 .  The f i c t i t i o u s  mesh p c i n t s  b ey o n d  t h e  b o u n d a r y  were
e l i m i n a t e d  i n  t e r m s  c f  t h e  i n t e r n a l  a e s h  p o i n t s  u s i n g  
d e r i v a t i v e  b o u n d a r y  c o n d i t i o n s  r e t a i n i n g  d i f f e r e n c e s  up t o  
s e c o n d  o r d e r  f o r  t h e  c o u p l e d  p a i r  o f  P o i s s o n  e g u a t i o n s  a n d  
up t o  s i x t h  o r d e r  f c r  t h e  d i r e c t  i t e r a t i v e  m e t h o d .  I n  
c o n t r a s t  t o  t h e  c o u p l e d  p a i r  o f  P o i s s o n  e g u a t i o n  m e t h o d ,  
h o w e v e r ,  i n d i r e c t  c r  i m p l i c i t  e l i m i n a t i o n  o f  f i c t i t i o u s  mesh 
p o i n t  was c s e d  i n  w h ic h  i t s  v a l u e  was r e p l a c e d  i n  t e r m s  o f  
t h e  n o n f i c t i t i c u s  a e s h  p c i n t s  which i n c l u d e  t h e  c u r r e n t  
unknown v a l u e  c f  t h e  c e n t r a l  mesh  p o i n t .
I n  c r d e r  t o  o b t a i n  t h e  a p p r o x i m a t e  s o l u t i o n ,  i n i t i a l  
s t r e a m  f u n c t i o n  v a l u e s  a t  a l l  a e s h  p o i n t s  w e re  s e t  e q u a l  t o  
- 0 . 0 1 .  U n f o r t u n a t e l y ,  t h e  optimum a c c e l e r a t i n g  f a c t o r  
e s t i m a t i c n  c r i t e r i a  f o r  t h i s  m ethod  i s  n o t  a v a i l a b l e  i n  t h e  
l i t e r a t u r e  £ 4 1 , 4 2 J .  At f i r s t ,  d i f f e r e n t  s e t s  o f
a c c e l e r a t i n g  f a c t o r s ,  p< ,  w e re  a s s u m e d ;  a n d  t h e  s t r e a m  
f u n c t i o n s  w e re  c o m p u te d  u s i n g  e g u a t i o n s  4 , 2 8  i n  t h e
a c c e l e r a t i n g  f a c t o r  e x p r e s s i o n s :
vo lt** , 6y 4 - 2 8  vzjU mJL
The a c c e l e r a t i n g  f a c t c r  u s e  v a r i e d  f rom  1 t o  2 .  I t  v a s  
f o u n d  t h a t  t h e r e  d i d  n e t  e x i s t  on e  p a r t i c u l a r  v a l u e  o f  t h e  
a c c e l e r a t i n g  f a c t o r  f o r  w hich  t h e  c o n v e r g e n c e  was f a s t e s t  
f o r  a l l  a e s h  p c i n t s .  I n  e t h e r  w o rd s ,  h i g h e r  v a l u e s  o f  t h e  
a c c e l e r a t i n g  f a c t o r  were  f a v o r e d  by some a e s h  p o i n t s  w h i l e  
l o w e r  v a l u e s  were f a v o r e d  by e t h e r s ,  a n d  t h e  o v e r a l l  e f f e c t  
o f  t h e  a c c e l e r a t i n g  f a c t o r  o n  t h e  r a t e  o f  c o n v e r g e n c e  o f  a l l  
a e s h  p c i c t s  1c t h e i r  s t e a d y  s t a t e  v a l u e s  was f o u n d  t o  be 
c o n p l e x  and  c o n f u s i n g .  F o r  i n s t a n c e ,  when t h e  a c c e l e r a t i n g  
f a c t o r  v a l u e  was 1 . 7 5 ,  i t  t o o k  o v e r  4 0 0 0  i t e r a t i o n  c y c l e s  
b e f o r e  t h e  9 9 *  c o n v e r g e n c e  was a c h i e v e d .  H o w e v e r ,  n o t  a l l  
a e s h  p o i n t s  were  c o n v e r g i n g  a t  t h e  same s p e e d ,  some o f  t h e n  
o s c i l l a t e d  a s  t h e y  q u i c k l y  r e a c h e d  t h e i r  s t e a d y  s t a t e  
v a l u e s ,  o t h e r s  c o n v e r g e d  v e r y  s l o w l y ,  a n d  t h e  r e s t  c o n v e r g e d  
a t  a  r a t e  so m ew h a t  i n  b e t w e e n .
The  n e x t  s t e p  was t o  s e e  i f  t h e  o p t im um  a c c e l e r a t i n g  
f a c t o r  i s  a f u n c t i o n  c f  p o s i t i o n .  S e v e r a l  e m p i r i c a l  f o r m s  
o f  t h e  a c c e l e r a t i n g  f a c t o r  w h i c h  v a r i e d  f r o m  o n e  mesh  p o i n t  
t o  a n c t h e r  were  i n v e s t i g a t e d .  The  m o s t  e f f i c i e n t  o n e  f o u n d
f o r  t h e  m o d e l  u n d e r  c o n s i d e r a t i o n  was a  f u n c t i o n  o f  t h e  y 
c o o r d i n a t e  c n l y  a n d  i s  g i v e n  by t h e  f o l l o w i n g  s e t  o f  
e g u a t i o n s :
I n  o r d e r  t o  d e t e n i n e  e m p i r i c a l  c o n s t a n t s  b ,  c ,  a n d  D, 
s e v e r a l  p o s s i b l e  c o m b i n a t i o n s  w e re  a t t e m p t e d ;  a n d  t h e  
c o n v e r g e n c e  p a t t e r n  i n  e a c h  c a s e  was s t u d i e d .  A c o m p u t e r  
p l o t  o f  t h e  s t r e a m  f u n c t i o n  o v e r  t h e  c h a n n e l  d e p t h  v s  t h e  
n u m b er  o f  i t e r a t i o n  c y c l e s  was made f o r  t h e  down c h a n n e l  
p o s i t i o n  a t  a = 7T/2 a n d  t h e  s t r e a m  f u n c t i o n  b e h a v i o r  was  
o b s e r v e d .  Pi c k  t h e s e  o b s e r v a t i o n s ,  a  r e l a t i o n  b e t w e e n  t h e
c o n s t a n t s  C a n d  C was f o u n d .
From e g u a t i o n  4 . 1 4 ,  a p l c t  o f  v e r s u s  a  i s  shown i n
F i g  4 . 4 .  A r e a s  A^ a n d  Ag. a s  shown i n  F ig  4 . 4  c a n  be 
d e t e r m i n e d  by i n t e g r a t i n g  e g u a t i o n  4 . 1 4  w i t h  t h e  p r o p e r  
l i m i t s  a s ,  i /
How i f  a  p l c t  c f  t h e  a c c e l e r a t i n g  f a c t o r  ei i s  made a g a i n s t  
a  a s  sh cw r  i n  F i g  4 . 5 ,  a r e a s  A* an d  A ^  c a n  be d e t e r m i n e d  
by i n t e g r a t i n g  t h e  e x p r e s s i o n s  f o r  c (  * e g u a t i o n  4 . 3 4 ,  w i t h  
r e s p e c t  t o  a b e tw e e n  t h e  a p p r o p r i a t e  l i m i t s .
o
T h e  r a t i o  o f  A t o  A ,  B y / ,  i s  o b t a i n e d  a s
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Fig. 4.5: A Plot of the Accelerating Factor a vs a
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T h u s ,  t h e  r a t i c  c f  A^ t c  A ^ ,  R^ , b e c o m e s :
( 4 + 0 )
F o r  t h e  c p t i n u n  c o n v e r g e n c e ,  i t  w as  f o u n d  t h a t  R^r and  R ^  
become e q u a l  w h ic h ,  cn  f u r t h e r  s i m p l i f i c a t i o n ,  y i e l d s :
Tbe  n e x t  s t e E  i s  t c  d e t e r m i n e  t h e  c o n s t a n t s  B ftn d c  ( o r
D ) ,  b u t  no r e l a t i o n  was f c u n d  b e t w e e n  th e m  d e s p i t e  a  num ber  
o f  a t t e m p t s ,  h o w e v e r ,  t h e  f o l l o w i n g  p r o c e d u r e  s e em s  t o  l e a d  
i n  t h e  r i g h t  d i r e c t i o n  t o  o b t a i n  a  fo rm  f o r  op t im um  
a c c e l e r a t i n g  f a c t o r .  F i r s t  t h e  c o n s t a n t  D i s  a s s u m e d ,  a n d  
t h e  c o n s t a n t  C i s  f o u n d  f ro m  t h e  e g u a t i o n  4 . 4  1. Then a  
v a l u e  f o r  t b e  c o n s t a n t  B i s  a s s u m e d ,  a n d  t h e  c o n v e r g e n c e  
c h e c k e d .  The  p r o c e d u r e  i s  r e p e a t e d  by c h a n g i n g  t h e  v a l u e  o f  
t h e  c o n s t a n t  E u n t i l  t h e  l e a s t  n u m b e r  o f  i t e r a t i o n  c y c l e s  i s  
r e q u i r e d  f c r  c o n v e r g e n c e .  The e n t i r e  p r o c e d u r e  i s  now
r e p e a t e d  w i t h  a n c t h e r  v a l u e  o f  t h e  c o n s t a n t  D, a n d  t h e  
c o r r e s p c n d i n g  b e s t  v a l u e  o f  t h e  c o n s t a n t  B i s  o b t a i n e d  f o r
t h e  l e a s t  num ber  c f  i t e r a t i o n  c y c l e s .  T h u s ,  t h e  b e s t  v a l u e s  
o f  t h e  c o n s t a n t s  E an d  D a r e  d e t e r m i n e d  t o  g i v e  t h e  b e s t  
p o s s i b l e  c o n v e r g e n c e  r a t e .  The a b o v e  m e th o d  a n d  t h e  fo rm  o f
c 3 - 3  *> If Z> t + ' + O
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t h e  a c c e l e r a t i n g  f a c t o r #  e g u a t i o n  <*.34, h o w ev e r  nay  s t i l l  
n o t  b e  t h e  t r u e  op t im um  o n e s  t o  o b t a i n  t h e  f a s t e s t  
c o n v e r g e n c e  r a t e .
As a  r e s u l t  o f  t b e  a b o v e  p r o c e d u r e #  t h e  c o n s t a n t s  B* c ,  
and  D f c r  t i e  b e s t  c o n v e r g e n c e  r a t e  w ere  f o u n d  t o  be 
B=0,7C92# C - E . 2 8 3 4 ,  D=G.C85; and  400 i t e r a t i o n  c y c l e s  w e re  
r e g u i r e d  t o  c k t a i r  c o m p l e t e  c o n v e r g e n c e .  The  t i n e  p e r  
i t e r a t i o n  was C . 16 s e c o n d #  t h u s  g i v i n g  a  t o t a l  t i n e  o f  64 
s e c o n d s .  I b e  a c c u r a c y  c f  c o n v e r g e n c e  was o v e r  9 9 . 9 9 * .  The 
c o n v e r g e n c e  r a t e  o f  t h e  s t r e a m  f u n c t i o n  v a l u e s  i n  t h e  D i d d l e  
p a r t  o f  t h e  c h a n n e l  v e r s u s  t h e  i t e r a t i o n  n u n b e r  i s  shown i n  
F i g  4 . 6 .  The c c m p u t e r  p r o g r a m  d e s c r i b i n g  a l l  c o n p u t a t i o n a l  
d e t a i l s ,  "ECU£?Hn # i s  i n c l u d e d  i n  t h e  A p p en d ix  E - 2 .
N u m e r i c a l  s o l u t i o n s  w e re  o b t a i n e d  by  b o t h  t h e  e x p l i c i t  
and  t h e  i m p l i c i t  e l i m i n a t i o n  o f  f i c t i t i o u s  mesh p o i n t s  a s  
d i s c u s s e d  b e f o r e #  a n d  t h e  h i g h e s t  v a l u e  o f  t h e  a c c e l e r a t i n g  
f a c t o r  qC t h a t  c o u l d  be e m p lo y e d  b e f o r e  u n s t a b l e  
o s c i l l a t i c n s  beg an  were 1 . 3  a n d  2 . 0  r e s p e c t i v e l y .  The 
number  o f  i t e r a t i o n  c y c l e s  r e g u i r e d  f o r  c o n v e r g e n c e  f o r  t h e  
e x p l i c i t  e l i s i c a t i c n  c f  f i c t i t i o u s  a e s h  p o i n t  a p p r o a c h  was 
a b o u t  8 t o  9 t i m e s  h i g h e r  t h a n  t h a t  f o r  t h e  o t h e r  a p p r o a c h ;  
t h e r e f o r e #  t b e  i m p l i c i t  e l i m i n a t i o n  o f  t h e  f i c t i t i o u s  mesh 
p o i n t s  was a d o p t e d  f c r  t h e  d i r e c t  i t e r a t i v e  m e t h o d .
F o r  t h e  d i r e c t  i t e r a t i v e  p r o c e d u r e #  t h e  a p p r o x i m a t e  
s o l u t i o n  was f o u n d  t o  be s e n s i t i v e  t o  t h e  i n i t i a l  s t r e a m  
f u n c t i o n  v a l u e s ;  and  a l i t t l e  d e v i a t i o n  i n  t h e  v a l u e  of  t h e  










Fig 4 ,6:  Convergence Rate o f  steam function values in the




c o n v e r g e n c e  s i g n i f i c a n t l y .  The opt im um  a c c e l e r a t i n g  f a c t o r  
w as  a l s c  f o u n d  t o  be  a  s t r o n g  f u n c t i o n  o f  mesh s i z e ,  
b o u n d a r y  c o n d i t i o n s ,  an d  t h e  c o n s t a n t s  B,  C,  an d  D w h ic h  
a p p e a r  i n  e g u a t i o n  4 . 3 4 .  T h u s ,  i n  t h i s  m e t h o d ,  e s t i m a t i o n  
o f  t h e  c p t i m u a  a c c e l e r a t i n g  f a c t o r  a n d  t h e  c o m p u t a t i o n a l  
p r o c e d u r e s  i n v o l v e d  a r e  n o t  s t r a i g h t f o r w a r d  a s  t h e y  a r e  f o r  
t h e  c o u p l e d  p a i r  o f  P o i s s o n  e g u a t i o n s .  H o w e v e r ,  t h e  
a c c u r a c y  c f  c o n v e r g e n c e  i s  f c u n d  t o  be  b e t t e r  t h a n  t h a t  i n  
t h e  c o u p l e d  p a i r  o f  P c i s s o n  e g u a t i o n  a p p r o a c h .
F o r  t h e  c u r v e d  b o u n d a r y  p r o b l e m  w hich  i s  d i s c u s s e d  i n  
t h e  c h a p t e r  V, t h e  d i r e c t  i t e r a t i v e  m ethod  i s  e m p l o y e d .  The 
e s t i m a t i o n  o f  t h e  op t im um  a c c e l e r a t i n g  f a c t o r  i n  t h a t  c a s e  
i s  s i m p l i f i e d  by  e m p l o y i n g  a  f o r a  o f  ^  w h i c h  i s  t h e  
f u n c t i o n  c f  c c r r e n t  v a l u e  c f  t h e  s t r e a m  f u n c t i o n  i t s e l f ,  a n d  
i s  g i v e n  a s :
= a - 6 I C4"4S
The  c o n s t a n t  £ c a n  be  d e t e r m i n e d  b y  few t r i a l s  s t a r t i n g  w i t h  
a l o w e s t  v a l u e  a n d  w o u ld  d e p e n d  upon  t h e  m a g n i t u d e  o f  t h e  
s t r e a m  f u n c t i o r  v a l u e s  i n v o l v e d .  when e g u a t i o n  4 . 4 2  was
e m p lo y e d  f o r  t h e  m c d e l  r e c t a n g u l a r  b o u n d a r y  p r o b l e m ,  i t  was 
f o u n d  t o  be 30 p e r c e n t  l e s s  e f f i c i e n t  t h a n  t h e  u s e  o f
e g u a t i o n  4 . 3 4 .  H ow ever ,  t h e  l o s s  i n  e f f i c i e n c y  i n  
c o n v e r g e n c e  r a t e  m ust  be t c l e r a t e d  f o r  t h e  c u r v e d  b o u n d a r y
s y s t e m  s i n c e  e q u a t i o n  4 . 3 4  d o e s  n o t  a p p l y -
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In  c h a p t e r  I H r t h r e e  m o d e l s  were  d e v e l o p e d ,  o n e  f o r  a 
z e r o  h e l i x  a n g l e  c a s e  i n  t h e  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m
c a l l e d  t b e  c y l i n d r i c a l  model  a n d  t h e  o t h e r  tw o  f o r  a n y  h e l i x  
a n g l e  i n  r e c t a n g u l a r  c o o r d i n a t e s  c a l l e d  t h e  c u r v e d  b o u n d a r y  
f l a t  p l a t e  a n d  t h e  c o n f i n i n g  f l a t  p l a t e  m o d e l s .  S i n c e  t h e  
m o d e l  p r o b l e m  i n  c h a p t e r  IV c o r r e s p o n d s  t o  t h e  c o n f i n i n g  
f l a t  p l a t e  a c d e l ,  t b e  n u m e r i c a l  s o l u t i o n  f o r  t h e  l a t t e r  i s  
a l r e a d y  k n c v n .  I n  t h e  p r e s e n t  c h a p t e r ,  t h e  n u m e r i c a l
p r o c e d u r e s  u s e d  t c  o b t a i n  t h e  a p p r o x i m a t e  s o l u t i o n s  f o r  
o t h e r  tw o  i t c d e l s  a r e  d e s c r i b e d  s i n c e  d i r e c t  a n a l y t i c a l
s o l u t i o n  c f  e g u a t i c n s  3 . 8  a n d  3 . 9  was n o t  p o s s i b l e .
The a p p r o x i m a t e  s o l u t i o n  c f  e g u a t i o n s  3 . 8  a n d  3 . 9  i n  
c y l i n d r i c a l  c c o r d i n a t e s  i s  o b t a i n e d  by i n t r o d u c i n g  t h e  
s t r e a m  f u n c t i c c ,  if? ,  d e f i n e d  by £ 5 ] :
Tbe C y l in d r i c a l  Model,
Vr n  j -  ^
_  2 V 
3 r
s o  t h a t  t h e  c o n t i n u i t y  e q u a t i o n  i n  c y l i n d r i c a l  c o o r d i n a t e  
s y s t e m  i s  s a t i s f i e d .  Mow, e l i m i n a t i n g  t h e  p r e s s u r e  g r a d i e n t
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t e r n s  f t c n  e g u a t i c n s  3 . 8  and  3 . 9  i n  t h e  m anner  s i m i l a r  t o  
t h a t  u s e d  i n  o b t a i n i n g  t h e  b i h a r a o n i c  e g u a t i o n  4 . 4  i n  
c h a p t e r  I V ,  t h e  r e s u l t i n g  b i h a r m o n i c  e g u a t i o n  i n  c y l i n d r i c a l  
c o o r d i n a t e s  b e c o m e s :
V T  -  +  7  ^  B r 2-  \r*
_ i ^ V  *  + J L i  *  O C 5 . 3 J
r 4 * S o 3-  ^  3 ® ^
I n  t b e  p r e c e d i n g  c h a p t e r  two a p p r o a c h e s  w e r e  s t u d i e d  
f o r  o b t a i n i n g  t h e  s o l u t i o n  o f  t h e  b i h a r m o n i c  e g u a t i o n  i n
r e c t a n g u l a r  c o o r d i n a t e s *  She d i r e c t  i t e r a t i v e  method w i l l  
be e m p l o y e d  t c  s c l v e  t h e  b i h a r a o n i c  e g u a t i o n  4 . 4  i n
r e c t a n g u l a r  c o o r d i n a t e s  f o r  t h e  c u r v e d  b o u n d a r y  f l a t  p l a t e  
m o d e l .  H o w e v e r ,  e g u a t i o n  5 . 3  i s  s o l v e d  u s i n g  a  p a i r  o f  
s e c c n d  o r d e r  F c i s s o n  e g u a t i o n s ,  b e c a u s e  t h e  b e h a v i o r  o f  
a c c e l e r a t i n g  f a c t o r  f c r  t h e  d i r e c t  i t e r a t i v e  m e th o d  i n  t h e  
c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  i s  n o t  known,  w h i l e  t h e
c o u p l e d  p a i r  c f  P o i s s o n  e g u a t i o n s  s o l u t i o n  i s  
s t r a i g h t f o r w a r d .
E g u a t i c n s  4 . 1 6  a n d  4 . 1 7  i n  c y l i n d r i c a l  c o o r d i n a t e  f o r m  
p r o v i d e  t h e  d e s i r e d  p a i r  c f  s e c c n d  o r d e r  e g u a t i o n s ,  an d  i f  h 
and  k a r e  t b e  i n c r e m e n t s  i n  t h e  Q  and  r  d i r e c t i o n s
r e s p e c t i v e l y ,  t h e s e  e g u a t i o n s  c a n  b e  r e p r e s e n t e d  i n  t h e i r
f i n i t e  d i f f e r e n c e  f o r m s  b a s e d  on t h e  c e n t r a l  d i f f e r e n c e
a p p r o x i m a t i o n  a s  f e l l o w s  [ 2 1 , 3 C ] :
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2. ^  - ^  +  J L .  "j
*- C s . + J
Oi,; = t Cfr&'WHj  ^ -.j  +v ^ " ‘V+'
C s - s )
w h e r e  i n t e g e r s  i  a n d  j  c o r r e s p o n d  t o  row i  and  c o lu m n  j  
r e s p e c t i v e l y  c f  t h e  f i n i t e  d i f f e r e n c e  g r i d  i n  c y l i n d r i c a l  
c o o r d i n a t e s .  The a c c e l e r a t i n g  f a c t o r s  ©<( and o(^ t a s  
d e s c r i b e d  i n  t h e  p r e c e d i n g  c h a p t e r ,  c a n  be i n t r o d u c e d  t o  
s p e e d  up t h e  c c n v e r g e n c e  r a t e .  T h u s ,  t h e  n e w e s t  v a l u e s  o f  
t h e  s t r e a m  f u n c t i o n s  an d  v o r t i c i t i e s  a r e  c o m p u te d  f o r  an  
i t e r a t i o n  s t e p  b a s e d  cn t h e i r  v a l u e s  f rom  t h e  p r e c e d i n g  s t e p  
a n d  t h a t  c o m p u te d  fay e g u a t i o n s  5 . 4  a n d  5 . 5  i n  a  m an n e r  
a n a l o g o u s  t c  e g u a t i o n s  4 . 2 2  a n d  4 . 2 3 .
E l i m i n a t i o n  o f  f i c t i t i o u s  mesh p o i n t s  b e y o n d  t h e  
b o u n d a r i e s  f o r  a r e g i o n  ^  ^  e  s t r a i g h t f o r w a r d .
H ow ev er ,  f o r  t h e  c u r v e d  b o u n d a r y  r e g i o n s ,  a l l  t h e  i n t e r i o r  
mesh p o i n t s  a r e  n c n f i c t i t i o u s ,  a n d  t h e  f i c t i t i o u s  e x t e r n a l  
p o i n t s  a r e  e l i m i n a t e d  u s i n g  t h e  b o u n d a r y  c o n d i t i o n s  
d e s c r i b e d  fay e g u a t i c n s  3 . 3  a n d  3 . 5 .  To e l i m i n a t e  t h e  s t r e a m  
f u n c t i o n  cn  an  e x t e r n a l  mesh p o i n t  i n  e g u a t i o n  5 . 4 ,  a  s e c o n d  
o r d e r  i n t e r p c l a t i c n  f o r m u l a  £ 1 3 ]  i s  e m ployed  t h a t  u s e s  t h e  
s t r e a m  f u n c t i o n  v a l u e  on t h e  c u r v e d  b o u n d a r y ;  w h i l e  t o  
c o m p u te  t h e  v o r t i c i t y ,  t h e  e x t e r n a l  p o i n t  i s  e l i m i n a t e d  
u s i n g  t h e  d e r i v a t i v e  b c u n d a r y  c o n d i t i o n  [ 1 3 ] .
The c o m p u t a t i o n a l  p r o c e d u r e  em p lo y ed  f o r  a c o u p l e d  p a i r
8^
o f  P o i s s o a  e g u a t i o n s  i s  s i m i l a r  t o  t h a t  d e s c r i b e d  i n  c h a p t e r  
IV .  A 30 by 30 B e s t  g r i d  was u s e d ,  a n d  t h e  s t r e a m  f u n c t i o n  
a n d  t h e  v c r t i c i t y  v a l u e s  a t  a l l  t h e  i n t e r i o r  mesh  p o i n t s  
w ere  s e t  e q u a l  t c  - 0 . 0 2  and  0 . 0  r e s p e c t i v e l y .  T he  
a c c e l e r a t i n g  f a c t o r s  w h ic h  p r o v i d e d  t h e  b e s t  c o n v e r g e n c e  
w e re  b o t h  0 . 6  w i t h  t h e  c o n v e r g e n c e  s t a b i l i t y  a  s t r o n g  
f u n c t i o n  c f  t h e  v a l u e s  c h o s e n .  The number o f  i t e r a t i o n s  
r e g u i r e d  t o  c t t a i n  t h e  a p p r o x i m a t e  s o l u t i o n  f o r  t h e  e n t i r e  
c h a n n e l  o r  a p a r t  c f  i t  r a n g e d  from 3000  t o  4 0 0 0 ,  a n d  t h e  
t i m e  p e r  i t e r a t i o n  was 0 . 1 7  s e c o n d s .  The c o n v e r g e n c e  
a c c u r a c y ,  a s  t e s t e d  a g a i n s t  e g u a t i o n  7 . 3 ,  t h e  known
a n a l y t i c a l  s c l u t i c n  i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l ,  was 
9 9 . 8  p e r c e n t .
The  C u r v e d  Boun d a r y  Fl a t  P l a t e  M odel
I n  c r d e r  t o  o b t a i n  t h e  a p p r o x i m a t e  s o l u t i o n  o f  e g u a t i o n
4 . 2 4  f o r  t h e  c u r v e d  b o u n d a r y  f l a t  p l a t e  m o d e l ,  t h e  e n t i r e  
c h a n n e l  C C ' E ' A ' ,  a s  shewn in  F i g  3 . 4 ,  was t r a n s f o r m e d  i n t o  a  
g r i d  o f  mesh p c i n t s  s u c h  t h a t  a e s h  l e n g t h  i n  t h e  z  d i r e c t i o n  
was 1 /3 0  t b  c f  t h e  l e n g t h  CC* and t h a t  i n  t h e  y d i r e c t i o n
was 1 / 3 0  t h  c f  t h e  t r a n s f o r m e d  c h a n n e l  d e p t h  H*. E g u a t i o n
4 . 2 4  was s a t i s f i e d  a t  e v e r y  i n t e r n a l  mesh p o i n t  w h ich  was a t
l e a s t  o n e  a e s h  l e n g t h  i n s i d e  t h e  b o u n d a r i e s .  F i c t i t i o u s
mesh p o i n t s  w h ich  were o u t s i d e  t h e  b o u n d a r i e s  o r  l e s s  t h a n
one  mesh l e n g t h  i n s i d e  t h e  b o u n d a r i e s ,  were  e l i m i n a t e d  u s i n g
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G r e g o r y - N e w t c n * s  i n t e r p o l a t i o n  f o r m u l a e  i n v o l v i n g  a c c u r a t e  
d e r i v a t i v e  b o u n d a r y  c o n d i t i o n s  £ 1 3 ] .  T h e s e  f o r m u l a e  w i l l  be 
d e s c r i b e d  i n  d e t a i l  l a t e z  i n  t h i s  c h a p t e r .
The  e l i s i n a t i c n  p r o c e d u r e  f o r  f i c t i t i o u s  mesh  p o i n t s  
was i m p l i c i t  s i n c e  d i r e c t  a l g e b r a i c  s u b s t i t u t i o n  f o r  t h e  
f i c t i t i o u s  p c i n t  was made i n  e g u a t i o n  4 . 2 4  u s i n g  t h e  
b o u n d a r y  c c n d i t i o n  t o  p r o d u c e  a n  e g u a t i o n  i n v o l v i n g  o n l y  
n o n f i c t i t i c u s  p c i n t s  w i t h  t h e i r  l a t e s t  v a l u e s .  The 
e l i m i n a t i o n  c f  t h e  f i c t i t i o u s  mesh p o i n t s  c a n  be i l l u s t r a t e d  
by a p p l y i n g  t h e  f i c i t e  d i f f e r e n c e  b i h a r m o n i c  e g u a t i o n  4 . 2 4  
a t  t h e  mesh p c i n t  F ,  a s  shown i n  F i g  5 . 1 .  The i n t e r n a l  mesh 
p o i n t s  T an d  c a s  w e l l  a s  t h e  e x t e r n a l  f i c t i t i o u s  mesh 
p o i n t s  E ,S  an d  ft a r e  among t h e  13 a e s h  p o i n t s  i n v o l v e d  i n  
e g u a t i o n  4 . 2 4 .  I h e  mesh p c i n t s  S a n d  T a r e  e l i m i n a t e d  i n
t e r m s  o f  t h e  i n t e r n a l  mesh p o i n t s  o f  t h e  same r o w ,  i . e .  
U,V,H,]C, e t c ,  by a p p l y i n g  G r e g o r y - N e w t o n ' s  f o r w a r d  
i n t e z p o l a t i c r  f o r m u l a e  f o r  b o t h  t h e  b o u n d a r y  c o n d i t i o n
i n v o l v i n g  t h e  kncwn s t r e a m  f u n c t i o n  a n d  t h a t  f o r  i t s  
d e r i v a t i v e  w i t h  r e s p e c t  t o  z a t  t h e  p o i n t  a  w h e re  t h e  l i n e
ST c u t s  t h e  b o u n d a r y ,  s i m i l a r l y ,  a e s h  p o i n t s  S a n d  Q c a n  be 
e l i m i n a t e d  i n  t e r m s  o f  t h e  i n t e r n a l  n o n f i c t i t i o u s  mesh 
p o i n t s  o f  t h e  s an e  c o l u m n ,  i . e .  L ,H ,  N, e t c ,  by a p p l y i n g  
G r e g o r y - N e w t c n * s  i n t e r p c l a t i c n  f o r m u l a e  f o r  b o t h  t h e  
b o u n d a r y  c c n d i t i o n  c f  t h e  known s t r e a m  f u n c t i o n  a n d  t h a t  f o r
i t s  d e r i v a t i v e  w i t h  r e s p e c t  t o  y a t  t h e  p o i n t  b ,  w h e r e  t h e  
l i n e  SQ c o t s  t h e  b o u n d a r y .  S i n c e  t b e  mesh p o i n t  S i s  
e l i m i n a t e d  t w i c e  i n  t h e s e  s t e p s ,  o n l y  t h e  a r i t h m e t i c  a v e r a g e
A'
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r i g .  5 .1 :  Equation 4.24 a s  Applied a t  th e  Mesh P o in t  P. P o in t s  B, S
and R l i e  o u t s id e  the  Curved Boundary AA1 and thus  a r e  Ex te rna l  
F i c t i t i o u s  Mesh P o in t s ;  while  P o in t s  T and Q a r e  I n t e r n a l  
F i c t i t i o u s  Mesh P o in t s .
CDo\
8 ?
v a l u e  Q£ £ u l l l  be  e l i m i n a t e d .  I n  o t h e r  w o r d s ,  h a l f  o f  t h e  
mesh p o i n t  S t i l l  be  e l i m i n a t e d  i n  t h e  p o s i t i v e  z  d i r e c t i o n  
and t h e  o t h e r  h a l f  w i l l  be e l i m i n a t e d  i n  t h e  n e g a t i v e  y 
d i r e c t i o n  a s  e x p l a i n e d  a b o v e .  The mesh p o i n t  B w i l l  a l w a y s  
be e l i m i n a t e d  i n  t h e  n e g a t i v e  y d i r e c t i o n  i n  t e r m s  o f  t h e  
n o n f i c t i t i o u s  mesh p o i n t s  P#H #I#J#  e t c ;  an d  t h e  mesh p o i n t  
a w i l l  a l w a y s  be e l i n i n a t e d  i n  t h e  p o s i t i v e  z  d i r e c t i o n  i n  
t e r n s  o f  t h e  r c n f i c t i t i c u s  mesh p o i n t s  P#D#E#F# e t c .  Thus#
t h e  b i h a r m c n i c  d i f f e r e n c e  e q u a t i o n  o n l y  c o n t a i n s  i n t e r n a l  
n o n f i c t i t i o u s  mesh p o i n t s ;  a n d  i t e r a t i o n s  w e re  p e r f o r m e d  a t
e v e r y  s u c h  p o i n t  on t h e  g r i d  u n t i l  c o n v e r g e n c e  was a c h i e v e d .  
G r e g c r y - N e w t c n ' s  i n t e r p o l a t i o n  f o r m u l a e  f o r  i m p l i c i t
e l i m i n a t i o n  o f  e x t e r n a l  a s  w e l l  a s  i n t e r n a l  f i c t i t i o u s  mesh 
p o i n t s  a r e  d e s c r i b e d  by e q u a t i o n s  5 . 6  a n d  5 .7 #  u s i n g  f o r w a r d  
and b a c k w a r d  d i f f e r e n c e s  r e s p e c t i v e l y .  T h e s e  f o r m u l a e  c a n  
a l s o  b e  u s e d  f o r  e x t r a p o l a t i o n  £ 1 3 ] .
lt ' { a . + f h ) = [ ( + f A+ fCf-0A + .. J  C* < * )
<rc*. - f h)  -  L i - f  v + f cf-ov-... j  WV) cs-7)
The &  a n d  V  t h e s e  e q u a t i o n s  a r e  t h e  f o r w a r d  an d
b a c k w a rd  d i f f e r e n c e  o p e r a t o r s  r e s p e c t i v e l y  o p e r a t i n g  on
t h e  s t r e a m  f u n c t i o n  v a l u e  a t  a mesh  p o i n t  a .  h i s  t h e
d i s t a n c e  b e t w e e n  tw o  s u c c e s s i v e  e v e n l y  s p a c e d  mesh p o i n t s  i n
t h e  d i r e c t i c r  o f  i n t e r e s t #  w h i l e  f  i s  a  f r a c t i o n  s u c h  t h a t
t h e  b o u n d a r y  i s  a t  a d i s t a n c e  o f  f h  f ro m  t h e  mesh p o i n t  a t
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t h e  p o i n t  a .
C o n s i d e r  t h e  f o r w a r d  d i f f e r e n c e  i n t e r p o l a t i o n  f o r m u l a ,  
e q u a t i o n  5 . 6 ,  f o r  t h e  c a s e  shown i n  F i g  5 . 2 .  The  p o i n t s  A 
and B a r e  s u c h  t h a t  t h e y  a r e  l e s s  t h a n  o n e  m e sh  l e n g t h ,  h ,  
f r c a  t h e  c u r v e d  t c u n d a r y .  L e t  ^ < A) a n d  ^ ( 0 )  b e  t h e  
s t r e a m  f u n c t i o n  v a l u e s  a t  t h e  mesh p o i n t  A a n d  a t  t h e  p o i n t  
0 o n  t h e  b o u n d a r y  r e s p e c t i v e l y  a s  show n i n  F i g  5 . 2 .  T h u s ,  
f rom F i g  E . 2 ,  A0=hf and  0 C = 2 h - h f ;  a n d  e g u a t i o n  5 . 6  f o r  
p o i n t  0 can  he w r i t t e n  a s :
Y (o ) = [   J Va
a  I
S i n c e  z = f h ,  d z = h d f ,  d i f f e r e n t i a t i n g  e g u a t i o n  5 , 8  w i t h  
r e s p e c t  t o  f  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n :
i s  t h e  y c o m p o n e n t  c f  v e l o c i t y  a t  t h e  p o i n t  0 on
t h e  b o u n d a r y  which  i s  g i v e n  by  e g u a t i o n  3 .1 1  a n d  t h e r e f o r e  
e q u a t i o n  5 .S  b e c o m e s :
h V r t a
w here  Vj. e q u a l s  E b / E r  a s  d e s r i b e d  i n  c h a p t e r  I I I .
E q u a t i o n s  5 . 8  and  5 . 1 0  fo rm  a  p a i r  o f  e q u a t i o n s  f o r  
e l i m i n a t i o n  c f  f i c t i t i o u s  mesh p o i n t s  A an d  B. T h e s e  c a n  be  









Fig, 5.2 Application o f  Ghegory-Newton's Interpolation Formula 






d i f f e r e n c e s  a n d  s c l v e d  f o r  p o i n t s  A a n d  B t o  g i v e #
= «.x  + t> X + - c ' *e f V's +
Vc.i-i = *< v‘".i + fc< 9*'.j+/+C( v<.,i+x+J' *ty+3 + €< ‘'sp-*-+ ^ 
% = ■  ‘K ^ - l  =  * a ‘* ' t ^  +  b a.'fi ,y + <  +
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wher e  t b e c o e f i i c i e Dt s  a ^ #  b ^ # . . . . #  f ^  and  a ^ ,  b^#
r e s u l t  f rom t h e  s i m u l t a n e o u s  s o l u t i o n  o f  e q u a t i o n s  5 . 8  a n d  
5 . 1 0 .  S i v i l a r l y ,  s t a r t i n g  f r c n  e q u a t i o n  5 . 7 #  a  p a i r  o f  
e q u a t i o n s  c e n  be  d e r i v e d  t o  e l i m i n a t e  tw o  f i c t i t i o u s  mesh 
p o i n t s  i n  t h e  y d i r e c t i o n  i n  which  o n e  l i e s  o u t s i d e  t h e  
b o u n d a r y  w h i l e  t i e  o t h e r  i s  j u s t  i n s i d e  b u t  l e s s  t h a n  o n e  
mesh l e n g t h  a w a y .  Tfacs a s  shown i n  F i g  5 .3 #
-h ci+V /c~3,j. + e4
C 5 \ 4 . )
A p a i r  c f  e g u a t i c n s  f o r  e l i m i n a t i o n  o f  tw o  f i c t i t i o u s  
mesh p o i n t s  i n  t h e  n e g a t i v e  z d i r e c t i o n  f o r  t h e  r i g h t  c u r v e d  
b o u n d a r y  c a n  t e  o b t a i n e d  s t a r t i n g  f ro m  t h e  e q u a t i o n  5 . 7  t o  
y i e l d  ( a s  shewn i n  F ig  5 . 4 ) :
V * -  = A a %  +  * > * % - '  +  cs  V d s V £ i V + f 5
i s ■*$)
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Fig. 5.3: Elimination of F ic t i t ious  tosh Points
■in the Negative y-direct ion
CURVED
BOUNDARY
i . J - 4  I . J - 3  I J - 2  t , J - l  l,J
Fig. 5.4: Elimination of F ic t i t ious  tosh Points
in the Negative z-direction
92
The c o e f f i c i e n t s  a ^ ,  b3 ,  . . .  .  ,  b ^ ,  c ^ ,  . . . . , f ^  c a n  be
c o m p u te d  i n  t h e  m an n e r  d e s c r i b e d  e a r l i e r .
A f t e r  t h e  e l i m i n a t i o n  o f  f i c t i t i o u s  m esh  p o i n t s  i s  
c o m p l e t e d ,  t h e r e  nay  b e  m ore  f i c t i t i o u s  mesh p o i n t s  w h ic h  
w e re  n o t  i n c l u d e d  i n  t h e  13 p o i n t  f o r m u l a  h u t  were  
i n t r o d u c e d  by G r e g c r y - N e w t c n ' s  i n t e r p o l a t i o n  f o r m u l a e  
r e t a i n i n g  up t o  s i x t h  o r d e r  d i f f e r e n c e s .  T h e s e  w ere  
e l i m i n a t e d  i n  t h e  same m a n n e r  i n  t e r m s  o f  t h e i r  r e s p e c t i v e  
i n t e r i o r  mesh p o i n t s .
I n  g e n e r a l ,  t h e  p r c c e s s  o f  e l i m i n a t i o n  o f  f i c t i t i o u s  
mesh  p o i n t s  i s  v e r y  c o m p l e x .  The n a t u r e  o f  t h e  c u r v e d  
b o u n d a r y  a n d  mesh s i z e  i s  e i t h e r  d i r e c t i o n  a r e  t h e  i m p o r t a n t  
f a c t o r s  t h a t  i n f l u e n c e  t h e  number  o f  f i c t i t i o u s  m esh  p o i n t s  
w h ic h  m u s t  he e l i n i n a t e d .  F u r t h e r m o r e ,  d e p e n d i n g  upon  t h e  
o r d e r  o f  t h e  d i f f e r e n c e s  r e t a i n e d  i n  t h e  G r e g o r y - N e w t o n * s  
i n t e r p o l a t i o n  f o r m u l a e ,  a d d i t i o n a l  f i c t i t i o u s  mesh  p o i n t s  
may be  i n v o l v e d  w h ich  m us t  b e  e l i m i n a t e d  b e f o r e  a t t e m p t i n g  
t h e  s o l u t i o n  a t  t h e  mesh p o i n t  u n d e r  c o n s i d e r a t i o n .  A g a in  
some o f  t h e  f i c t i t i o u s  mesh p o i n t s  m u s t  b e  s i m u l t a n e o u s l y
e l i m i n a t e d  i n  b o t h  t h e  y a n d  z d i r e c t i o n s .  T h e  c o m p l e x i t y  
o f  t h e  p r o b l e m  c a n  be r e a l i z e d  when a l l  t h e s e  a s p e c t s  a r e
c o n s i d e r e d  a t  c n c e ,  and  a s t e p - b y - s t e p  p r o c e s s  i s  r e q u i r e d  
w h i c h  w i l l  s a t i s f y  a l l  t h e  r e q u i r e d  c o n d i t i o n s  and  s t i l l  
make i t  p o s s i b l e  t c  com pu te  a  s o l u t i o n  a t  t h e  mesh p o i n t
u n d e r  c c c s i d e r a t i c n .  The c o m p l e t e  p r o c e d u r e  o f  e l i m i n a t i o n  
o f  f i c t i t i o u s  a e s h  p c i n t s  i s  d e s c r i b e d  i n  d e t a i l  i n  A p p e n d ix
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The c o m p u t a t i o n a l  p r o c e d u r e  was i n i t i a t e d  b y  s e t t i n g  
a l l  o f  t h e  v a l u e s  o f  t h e  s t r e a m  f u n c t i o n  a t  a l l  m esh  p o i n t s  
e q u a l  t o  - 0 . C 1 #  an d  t h e  a c c e l e r a t i n g  f a c t o r  u s e d  was  i n  
a c c o r d a n c e  w i t h  e q u a t i o n  4 . 4 2 .  The v a l u e  o f  t h e  c o n s t a n t  B 
i n  e g u a t i o n  4 . 4 2  was f o u n d  t o  b e  h i g h e r  f o r  t h e
c o u n t e r - r o t a t i n g  c a s e  an d  t c  i n c r e a s e  a s  t h e  down c h a n n e l  
mesh  s i z e #  A z# d e c r e a s e d .  F o r  t h e  c o - r o t a t i n g  c a s e ,  t h e
v a l u e  o f  t h e  c c r s t a n t  B was 15 ,  w h i l e  f o r  t h e  c o u n t e r  
r o t a t i n g  c a s e  i t  was 20 f o r  t h e  sam e mesh s i z e ,  A z #  w h ic h  
i s  1 /30  t h  c f  t h e  b o t t c m  b o u n d a r y .  When A z  was d e c r e a s e d  
by a f a c t o r  o f  5 t o  i n c l u d e  o n l y  t h e  e n d  r e g i o n #  t h e  v a l u e
o f  b f c r  t h e  c c - r c t a t i n g  c a s e  r o s e  t o  3 0 ;  a n d  t h e  r a t e  o f
c o n v e r g e n c e  d r o p p e d .  T h c s#  t h e  a c c e l e r a t i n g  f a c t o r  v a l u e s  
w e re  low when t h e  n u m e r i c a l  s o l u t i o n  f o r  a n  e n d  s e g m e n t  o f  
t h e  c h a n n e l  was d e t e r m i n e d .  I n  a d d i t i o n #  t h e  a c c e p t a b l e  
v a l u e  o f  t h e  a c c e l e r a t i n g  f a c t o r  was f o u n d  t o  b e  v e r y  
s e n s i t i v e  t o  t h e  i n i t i a l l y  a s s u m e d  v a l u e s  o f  t h e  s t r e a m
funct ion  at  a l l  mesh p o in ts .
E q u a t i o n  4 . 2 4  f o r  t h e  c u r v e d  b o u n d a r y  f l a t  p l a t e  m o d e l
i n  r e c t a n g u l a r  c o o r d i n a t e s  was f i r s t  s o l v e d  o v e r  t h e  e n t i r e  
e x t r u d e r  c h a n n e l .  H cw ever#  s i n c e  t h e  d e p t h  o f  t h e  c h a n n e l  
o f  t h e  p r o b l e m  u n d e r  i n v e s t i g a t i o n  i s  much s m a l l e r  t h a n  t h e  
c h a n n e l  l e n g t h #  t h e  mesh l e n g t h  i n  t h e  y d i r e c t i o n #  Ay i s
very s n a i l  ccmpared tc  tha t  in  the z d ir e c t io n #  Az# and the  
accuracy i s  net  geed in  the  end reg ion .  in addit ion#
d e t a i l s  a r e  c b s c u r e d  by t h e  c o a r s e  g r i d .  T h e r e f o r e #  i n
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o r d e r  t o  g e t  a b e t t e r  n u m e r i c a l  s o l u t i o n  i n  t h e  e n d  r e g i o n s  
o f  t h e  c h a n n e l  w h e re  b c t h  v e l o c i t y  c o m p o n e n t s  Vy a n d  Vz 
c h a n g e  g u i c k l y  a n d  p r e s s u r e  g r a d i e n t s  a r e  h i g h ,  e g u a t i o n
4 . 2 4  was s c l v e d  f c r  c n l y  t h e  l e f t  end  r e g i o n  o f  t h e  c h a n n e l  
w i t h  t h e  r i g h t  s i d e  b o u n d a r y  c o n d i t i o n s  r e p l a c e d  b y  t h e  
known v e l o c i t y  p r o f i l e  o b t a i n e d  f rom  t h e  s o l u t i o n  o v e r  t h e  
e n t i r e  c h a n n e l  w h ic h  i s  e q u i v a l e n t  t o  t h e  a n a l y t i c a l  
s o l u t i o n .  S i n c e  t h e  l e f t  end r e g i o n  z  c o m p o n e n t  o f  v e l o c i t y  
i s  t h e  same a s  f o r  t h e  r i g h t  w h i l e  t h e  y c o m p o n e n t  o f  
v e l o c i t y  r e m a i n s  t h e  sam e i n  m a g n i t u d e  b u t  r e v e r s e d  i n  i t s  
d i r e c t i o n ,  t h e  s o l u t i o n  f o r  o n e  e n d  r e g i o n  w i l l  y i e l d  t h e  
s o l u t i o n  f o r  t h e  e t h e r .
The  n u m b e r  o f  i t e r a t i o n s  r e q u i r e d  t o  o b t a i n  t h e  
a p p r o x i m a t e  s o l u t i o n  f c r  t h e  e n t i r e  c h a n n e l  f o r  a  z e r o  h e l i x  
a n g l e  c a s e  was a b o u t  700 t c  800 a n d  t h e  t i n e  p e r  i t e r a t i o n  
was 0 . 1 2 5  s e c .  H o w e v e r ,  a b o u t  2000 i t e r a t i o n  c y c l e s  w ere  
r e g u i r e d  t o  o b t a i n  t h e  a p p r o x i m a t e  s o l u t i o n  f o r  t h e  e n d
r e g i o n  o f  t h e  same c h a n n e l .  The r e s u l t s  w e r e  t e s t e d  a g a i n s t  
t h e  c l o s e d  f o r a  s c l u t i c n  i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l
a s  g i v e n  by e q u a t i o n  5 . 1 7  w h ic h  i s  o b t a i n e d  i n  a  m an n e r  
s i m i l a r  t o  t h a t  f o x  e q u a t i o n  4 . 1 4 .
¥= HjC^-sSnoiwid + £s0) C^ S,r,0hlw0+Ji£^a
r  ( £ .1 7 )
The  a c c u r a c y  o f  t h e  c o n v e r g e n c e  i n  e a c h  c a s e  w as  o v e r  9 9 . 5  
p e r c e n t .  C o n s e c u t i v e  s t r e a m  f u n c t i o n  v a l u e s  a t  t h e  o t h e r  
mesh p o i n t s  were a l s o  c o m p a r e d  u n t i l  t h e y  d i d  n o t  c h a n g e
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s i g n i f i c a n t l y  a t  w h ich  t i n e  c o n v e r g e n c e  was a s s u m e d .  The 
c o m p u t e r  p ro g ra m  "THIN” w h ich  c a n  be  u s e d  f o r  t h e  e n t i r e  
c o n f i n i n g  c h a r n e l  c r  a  p a r t  o f  i t  i s  i n c l u d e d  i n  A p p e n d ix  
E-3  w i t h  a d e s c r i p t i o n  c f  a l l  t h e  m a j o r  c o m p u t a t i o n a l  s t e p s .
I n  each  c a s e ,  c o m p u t e r  p l c t s  o f  t h e  v e l o c i t y  p r o f i l e s  
and s t r e a m l i n e s  were o b t a i n e d  f ro m  t h e  f i n i t e  d i f f e r e n c e  
s o l u t i o n s .  C o m p u t a t i o n  o f  t h e  v e l o c i t y  c o m p o n e n t s  f ro m  
d e r i v a t i v e s  o f  t h e  s t r e a m  f u n c t i o n  was a c h i e v e d  u s i n g  
G r e g o r y - N e w t c n ' s  i n t e r p o l a t i o n  f o r m u l a e  i n v o l v i n g  f o r w a r d  a s  
w e l l  a s  b a c k w a r d  d i f f e r e n c e s  d e s c r i b e d  by e g u a t i o n s  4 .  19 
t h r o u g h  4 .2 2  i n  t h e  p r o c e e d i n g  c h a p t e r .  T h e s e  r e s u l t s  a r e  
p r e s e n t e d  i n  c h a p t e r  V I I  w h e re  t h e y  a r e  c o m p a r e d  t o  t h e  
e x p e r i m e n t a l  v a l u e s .
EXPERIMENTAL APPROACH
9 6
I d order to obta in  experimental v e l o c i t y  p r o f i l e s ,  two 
a l t e r n a t i v e s  to s im ula t ing  the twin screw extruder channel  
were con s id ered .  Beth cf  th e s e  approaches s im u la te  a zero  
h e l ix  angle  d e v ic e ,  but t h e i r  s imulation r e s u l t s  should be 
valuable for  analyzing  the end reg ion s  ana checking the  
models. In a d d i t i c r ,  a model to  s im ulate  a nonzero h e l i x  
angle channel vculd he extremely d i f f i c u l t  t o  build and 
subject  t c  sere experimental problems. I t  i s  a lso  almost  
impossible t c  cet  good data on an a c tu a l  unit  in the end 
regions o f  t i e  channel so the  idea o f  g e t t in g  experimental
i n f o r m a t i o n  cn  a n  a c t u a l  t w i n  s c re w  u n i t  was n o t  p u r s u e d  a t  
t h i s  s t a g e .
I n  t h e  f i r s t  c f  t h e  t w o  a p p r o a c h e s  c o n s i d e r e d ,  tw o  
r o l l e r s  o f  d i a m e t e r  D a r e  p l a c e d  a d i s t a n c e  7TI>i a p a r t  ( a s  
shewn i n  F i g  2 . 7 )  a i d  r o t a t e  a t  a r a t e  o f  N r e v o l u t i o n s  p e r
s e c o n d .  A b e l t  j t s t  t o u c h e s  t h e  o u t e r  r a d i u s  o f  t h e  r o l l e r s  
t a n g e n t i a l l y  and  m oves  a t  v e l o c i t y  7TD^N, w h i l e  a  s t a t i o n a r y  
p l a t e  j u s t  c l e a r s  t h e  r o l l e r  s u r f a c e s  a t  a h e i g h t  h / 2  f r o m  
t h e  l o v e r  b e l t .  I n  t h e  s e c o n d  a p p r o a c h ,  one  r o l l e r  i s  a b o v e  
a n o t h e r  w h i l e  j u s t  t o u c h i n g  e a c h  o t h e r .  They  a r e  o f  
d i a m e t e r  and D^, and  t h e  s m a l l e r  r o l l e r  i s  s u r r o u n d e d  by 
a p a r t i a l l y  c u t  t a r r e l  o f  i n s i d e  d i a m e t e r  t h a t  t o u c h e s  
t h e  b i g g e r  i d l e r  a x i a l l y  a t  two p o i n t s  a s  shown i n  F i g  3 . 3
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b e f o r e  u n w i n d i n g  t h e  c h a n n e l .  S i n c e  t h e  s e c o n d  a p p r o a c h  
r e q u i r e s  no b e l t ,  l e s s  f l u i d ,  and  t h e  s y s t e m  i s  more  c o n p a c t  
t h a n  t h e  f i r s t ,  t h i s  e x p e r i m e n t a l  t e c h n i q u e  w as  u s e d  t o  
o b t a i n  t h e  d e s i r e d  r e s u l t s .  I n  a d d i t i o n ,  i t  t a k e s  i n t o  
a c c o u n t  t h e  c u r v a t u r e  i n  t h e  t w i n  s c r e w  c h a n n e l .
The  main c o m p o n e n t s  o f  t h e  s y s t e a  c o n s i s t  o f  tw o  n y l o n  
r o l l e r s ,  o n e  t h r e e  i n c h e s  i n  d i a m e t e r  a n d  t h e  o t h e r  f o u r  a n d  
h a l f  i n c h e s  i n  d i a m e t e r ,  an d  a q u a r t e r  i n c h  t h i c k  p l e x i g l a s s  
b a r r e l  w i t h  a f o u r  and  h a l f  i n c h  i n s i d e  d i a m e t e r .  The  
r o l l e r s  a r e  s i x  i n c h e s  i n  l e n g t h  w i t h  t h e  m i d d l e  t h r e e  t o  
f o u r  i n c h e s  i n  t h e  f u l l y  d e v e l o p e d  f l o w  r e g i o n  s o  t h e  f l u i d  
v e l o c i t y  a l c n g  t h e  r o l l e r  a x i s  i s  z e r o  i f  l e a k a g e  i n  an d  o u t  
o f  t h e  e n d s  o f  t h e  c o d e r  i s  i g n o r e d .  C a l c u l a t i o n s  t o  
s u p p o r t  t h i s  a r e  shewn i n  A p p e n d ix  C. The r o l l e r s  a n d  t h e  
b a r r e l  a r e  s e t  i n  a  r e c t a n g u l a r ,  o p e n  p l e x i g l a s s  t a n k  6 i n c h  
w ide  by  1 0 .5  i n c h  d e e p  by 8 i n c h  l o n g .  The p l e x i g l a s s  w a l l s  
a r e  o n e  h a l f  i n c h  t h i c k ,  and  o n e  f a c e  w h ic h  s u p p o r t s  t h e  
r o l l e r s  i s  r e a c v a b l e .  A s c h e m a t i c  d i a g r a m  o f  t h e  a p p a r a t u s  
i s  shown i n  F i g  € . 1 .
The r c l l e r s  are p o s i t io n ed  in the tank such th a t  the  
bigger  one l i e s  above the smaller one, with t h e i r  c e n t e r s
ly in g  on a v e r t i c a l  l i n e ,  and they j u s t  touch one another.  
Both have a cne inch diameter s t e e l  sh a f t  p r o je c t in g  from 
each end, anc the centers  of the s h a f t  and the nylon r o l l e r
are in  almcst p er fe c t  alignment. A four inch  diameter  
sprocket  i s  mcunted cn cne end of  the s t e e l  s h a f t  of  the  
lower r o l l e r  ex tern a l  to  the tank while  the other end of  the
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s h a f t  r e s t s  i n  a b r a s s  b u s h i n g  f i x e d  h a l f  way i n t o  t h e  
p l e x i g l a s s  w a l l  c f  t h e  t a n k .  The  u p p e r  r o l l e r ,  u n l i k e  t h e  
l o w e r  o n e ,  h a n c s  i n t c  t h e  t a n k  by a n  e x t e r n a l  b r a c e ,  a n d  i t s
s h a f t  a t  b o t t  e n d s  p a s s e s  t h r o u g h  a  b r a s s  b u s h i n g  i n  a s t e e l
p l a t e  w h ich  i s  s u p p o r t e d  by an  a s s e m b l y  o f  s t e e l  p l a t e s
r e s t i n g  on t h e  t o p  o f  t h e  p l e x i g l a s s  w a l l s .  T h u s ,  t h e  u p p e r  
r o l l e r  c a n  b e  moved v e r t i c a l l y  up  c r  down a s  n e c e s s a r y .  &
tw o  i n c h  d i a n e t e r  s p r o c k e t  i s  f a s t e n e d  t o  t h e  end o f  t h e
u p p e r  r o l l e r  s h a f t  t h a t  p r o j e c t s  o u t  o f  t h e  t a n k  t h r o u g h  a 
v e r t i c a l  s l i t  s l i g h t l y  w i d e r  t h a n  t h e  s h a f t  d i a m e t e r .  I n
o r d e r  t o  n i n i m i z e  f l u i d  l e a k i n g  f ro m  t h e  t a n k ,  a 2 i n c h  w i d e
by 3 i n c h  l o n g  by  3 / 8  i n c h  t h i c k  p l e x i g l a s s  p l a t e  i s  u s e d  t o
c o v e r  t h e  s l i t  and  i s  f a s t e n e d  t o  t h e  r e m o v a b l e  f a c e  o f  t h e
t a n k  by s c r e w s .
The two r o l l e r s  a r e  d r i v e n  b y  two s e p a r a t e  Z e ro m a x  
v a r i a b l e  s p e e d  d r i v e s .  The u p p e r  r o l l e r  d r i v e  i s  JK3 t y p e  
r e v e r s i b l e  d r i v e ,  and  i t  i s  p c w e r e d  by  a  1 / 3  HP f a n  c o o l e d  
m o t o r .  The lo w e r  r o l l e r  c a n  o n l y  be r o t a t e d  i n  o n e  
d i r e c t i o n ,  a n d  i t  i s  d r i v e n  by 3 / 4  HP f a n  c o o l e d  m o t o r
t h r o u g h  QX2 t y p e  Ze rcm ax  d r i v e .  An a p p r o x i m a t e  e s t i m a t e  o f  
t h e  pow er  r e q u i r e d  t c  t u r n  t h e  r o l l e r s  i s  g i v e n  i n  A p p e n d i x
D. The v a r i a b l e  s p e e d  d r i v e s  on t h e  u p p e r  a n d  t h e  l o w e r
r o l l e r s  h a v e  s p e e d  r a n g e s  o f  0 - 1 3 5  rpm a n d  0 - 4 0 0  r p m ,  
r e s p e c t i v e l y  an d  a r e  c o n n e c t e d  t o  t h e i r  r o l l e r s  by d r i v e  
c h a i n s  and  s p r o c k e t s .  B o t h  Zeromax u n i t  o u t p u t  s h a f t s  c a r r y
tw o  i n c h  d i a m e t e r  s p r o c k e t s ,  a n d  t h e  m o t o r s  r u n  a t  1700 rp m .  
The d r i v e  a n d  t h e  m o to r  f o r  t h e  l o w e r  r o l l e r  a r e  c o n n e c t e d
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by a  f l e x i b l e  c o u p l i n g  w h i l e  t h o s e  f o r  t h e  u p p e r  r o l l e r  a r e  
d i r e c t l y  c o u p l e d .
The l o w e r  r o l l e r  i s  s u r r o u n d e d  by t h e  c o a x i a l  
p l e x i g l a s s  b a r r e l  w h ich  r u n s  a l l  t h e  way f r o m  o n e  s i d e  t o
t h e  o t h e r  c f  t h e  t a n k  a n d  r e s t s  i n  g r o v e s  made i n  t h e  t a n k
w a l l s .  The t a r r e l  i s  c u t  a x i a l l y  so  t h a t  t h e  u p p e r  r o l l e r  
w i l l  c o n t a c t  fcctb e d g e s  c f  t h e  s l i t  w h i l e  s i m u l t a n e o u s l y  
c o n t a c t i n g  t h e  l o w e r  t e l l e r  a s  shown i n  P ig  6 . 1 .  Two
p l e x i g l a s s  r i n g s  o f  t h r e e  i n c h  i n s i d e  d i a m e t e r *  f o u r  and
h a l f  i n c h  o u t s i d e  d i a s e t e r *  a n d  a b o u t  h a l f  i n c h  t h i c k  a r e  
u s e d  a t  e a c h  end o f  t h e  l e w e r  r o l l e r  t i g h t l y  f i t t e d  i n s i d e  
t h e  b a r r e l  t c  m i n i m i z e  a x i a l  l e a k a g e  o f  t h e  f l u i d .  A v e r y  
t h i n  s i l v e r  r e f l e c t i n g  t a p e  o n e  h a l f  a n  i n c h  w id e  a t t a c h e d  
a r c u n d  t h e  c i r c u n f e i e n c e  o f  t h e  m id d le  o f  t h e  l o w e r  r o l l e r  
r e f l e c t s  t a c k  t h e  i n c i d e n t  l i g h t  a n d  a i d s  t h e  i l l u m i n a t i o n  
o f  f l u i d  c o n t a i n e d  b e t w e e n  t h e  t a r r e l *  t h e  l o w e r  r o l l e r *  an d  
t h e  u p p e r  r o l l e r .
The  n o t c r s  and  t h e  d r i v e s  a r e  f a s t e n e d  t o  a 4 f o o t  by  4 
f o c t  p ly w o o d  b o a r d .  V i b r a t i o n  o f  t h e  p l y w o o d  b o a r d  i s
r e d u c e d  c o n s i d e r a b l y  by u s i n g  a n  u r e t h a n e  foam m a t e r i a l  
b e t w e e n  t h e  h o a r d  a n d  t h e  m o t o r  b a s e s  a n d  a l s o  t h e  d r i v e  
b a s e s .  A p o r t i o n  c f  t h e  p ly w ee d  b o a rd  i s  c u t  o u t  f o r  a 
s t a i n l e s s  s t e e l  s i n k  a p p r o x i m a t e l y  15 i n c h  lo n g *  12 i n c h  
wide* and  a b o u t  1 i n c h  d e e p  i n  w h ic h  t h e  t a n k  s i t s .  The
s i n k  h a s  a p l a s t i c  t u b e  a t t a c h e d  t o  i t s  o u t l e t  t h a t  r u n s  t o  
a r e s e r v o i r  s c  t h a t  f l u i d  may be  r e c o v e r e d  w h ic h  l e a k s  f rom
t h e  t a n k  an d  t h e  t a r k  c a n  be e a s i l y  d r a i n e d .  The t a n k  i s
101
k e p t  f r o m  moving  by two c l a m p s  a l o n g  i t s  t o p  which  a t e  
f a s t e n e d  t o  t h e  p l y w c c d  b o a r d ,  a n d  t h e  p ly w o o d  b o a r d  t e s t s  
on wooden l e g s  s c  i t  i s  a b c u t  t h r e e  i n c h e s  a b o v e  t h e  t a b l e .
The s a i n  o b j e c t  o f  t h i s  e x p e r i m e n t  i s  t o  o b t a i n
v e l o c i t y  p r o f i l e s  i n  t h e  c o n f i n e d  c h a n n e l ,  a n d  p a r t i c u l a r l y  
i n  t h e  end  r e g i o n s  o f  i t .  The  c o n f i n e d  c h a n n e l  i s  f o r m e d  
b e tw e e n  t h e  l c w e r  r o l l e r ,  t h e  u p p e r  r o l l e r ,  a n d  t h e  
p l e x i g l a s s  b a r r e l  s u r r o u n d i n g  t h e  l o w e r  r o l l e r .  By f i l l i n g  
t h e  c h a n n e l  w i t h  a h i g h  v i s c o s i t y  f l u i d  a n d  i n t r o d u c i n g  
m a r k e r  ( a r t i c l e s  c f  t h e  same d e n s i t y  a s  t h e  f l u i d ,  t h e  
m o t i o n  c f  t h e  p a r t i c l e s  c a n  b e  o b s e r v e d  b y  r o t a t i n g  t h e  
r o l l e r s .  The p a r t i c l e  movement c a n  b e  r e c o r d e d  w i t h  a
m o t i o n  p i c t u r e  c a m e r a ,  and  t h e  p a r t i c l e  v e l o c i t y  c a n  b e  
d e t e r m i n e d  by i n t e r p r e t i n g  t h e  r e s u l t s .  T h en ,  t h e  
e x p e r i m e n t a l  v e l o c i t y  p r o f i l e  c a n  be c o m p a r e d  w i t h  t h a t  
o b t a i n e d  by t h e  n u m e r i c a l  m e th o d s  o f  c h a p t e r  V.
The  t e s t  f l u i d  u s e d  was Dow C o r n i n g  200 F l u i d ,  a
s i l i c o n e  c i l  c f  1000 c e n t i s t o k e s  v i s c o s i t y ;  a n d  t h e  m a r k e r
p a r t i c l e s  w e re  30 mesh s i z e  p o l y e t h y l e n e  wax p a r t i c l e s .  T he  
d e n s i t y  o f  t h e  wax was 0 . 9 6  gms p e r  c u b i c  c e n t i m e t e r ,  w h i l e  
t h e  d e n s i t y  o f  t h e  s i l i c c n e  o i l  was  0 . 9 6 5  gms p e r  c u b i c
c e n t i m e t e r .  No p r c b l e m s  were e n c o u n t e r e d  i n  s u s p e n d i n g
t h e s e  p a r t i c l e s  i n  t b e  t e s t  f l u i d .
To p r e p a r e  f o r  an  e x p e r i m e n t a l  r u n ,  t h e  r o l l e r s ,  t h e
b a r r e l ,  an d  t h e  p l e x i g l a s s  r i n g s  w e re  rem oved  f rom  t h e  t a n k  
and  w iped  o f f  w i t h  a  c l e a n  c l o t h .  E x c e p t  f o r  t h e  u p p e r
r o l l e r ,  a l l  p a r t s  were t h e n  a s s e m b l e d .  The t a n k  was f i l l e d
102
w i t h  t h e  s i l i c c n e  o i l  t o  a  l e v e l  s u c h  t h a t  t h e  b a r r e l  was 
j u s t  u n d e r  t h e  o i l ,  a n d  s u f f i c i e n t  t i n e  ( 1 - 2  h r s )  was 
a l l o w e d  t o  e n s u r e  t h a t  a l l  a i r  b u b b l e s  t r a p p e d  i n  t h e  
c h a n n e l  e s c a p e d .  E c l j u a x  p a r t i c l e s  w e r e  t h e n  i n t r o d u c e d  i n  
t h e  r e g i o n  o f  i n t e r e s t  by s u s p e n d i n g  t h e n  i n  a  s n a i l  a m o u n t  
o f  s i l i c c n e  o i l  a n d  i n j e c t i n g  t h e  s u s p e n s i o n  i n t o  t h e  f l u i d  
by a p l a s t i c  s p r i n g e  w i t h o u t  a  n e e d l e .  The m o v a b l e  u p p e r  
r o l l e r  was new p l a c e d  i n  p o s i t i o n  s l i g h t l y  e l e v a t e d ,  a n d  t h e  
p l e x i g l a s s  p l a t e  was t i g h t e n e d  t o  t h e  r e m o v a b l e  w a l l  o f  t h e  
t a n k  t c  c o v e r  t h e  s l i t .  The t a n k  was f i l l e d  f u r t h e r  w i t h  
o i l  u n t i l  t h e  u p p e r  x c l l e r  w as  j u s t  im m e rs e d  i n  o i l .  A g a i n ,  
s u f f i c i e n t  t i n e  <1-2  h r s )  was a l l o w e d  f o r  t h e  l a s t  t r a c e s  o f  
a i r  b u b b l e s  t r a p p e d  in  t h e  f l u i d  t o  e s c a p e ,  a n d  t h e n  t h e  
u p p e r  r c l l e r  was l o w e r e d  u n t i l  i t  a l m o s t  t o u c h e d  t h e  b a r r e l  
a n d  t h e  l o w e r  x c l l e r .
A 35 w a t t  s p o t l i g h t  was u s e d  t o  i l l u m i n a t e  t h e  m i d d l e  
o f  t h e  r c l l e r  l e n g t h  w h e re  t h e  s i l v e r  r e f l e c t i n g  t a p e  on t h e  
l o w e r  r c l l e r  r e f l e c t e d  b a c k  m c s t  o f  t h e  i n c i d e n t  l i g h t .  T he  
m o t o r s  were t u r n e d  on a n d  t h e  d e s i r e d  r o l l e r  s p e e d s  w e r e  
a t t a i n e d .  The t e l l e r s  c o u l d  be r o t a t e d  i n  e i t h e r
c o - r o t a t i n g  o r  c o u n t e r - r o t a t i n g  mode by s e l e c t i o n  o f  t h e  
d i r e c t i o n  c f  r c t a t i c n  f o r  t h e  u p p e r  r o l l e r .
T he  m o t io n  c f  f l u i d  a s  r e p r e s e n t e d  by t h e  movement o f  
p o l y w a x  p a r t i c l e s  was r e c o r d e d  w i t h  a  B o l e x  16mm m o v ie  
c a m e r a  f t c m  t h e  e n d  o f  t h e  t a c k  o p p o s i t e  t h e  s p r o c k e t s .  The  
m o t i o n  p i c t c r e s  were  t a k e n  w i t h  t h e  room d a r k e n e d  a t  c a m e r a  
s h u t t e r  s p e e d s  o f  16 t c  64 f r a m e s  p e r  s e c o n d  d e p e n d i n g  on
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t h e  £ s t o p ,  t h e  ASA o f  t h e  f i l m  u s e d ,  a n d  t h e  i n t e n s i t y  o f  
t h e  s p o t l i g h t  e m p l o y e d .  The f  s t o p s  r a n g e d  f r o m  1 . 5  t o  2 .  
Kodak 4 - x  r e v e r s a l  b l a c k  a n d  w h i t e  No. 7277 m o v ie  f i l m  w i t h  
an ASA o f  2 00 c r  4C0 was u s e d ,  a n d  t h e  m oy ie  c a m e r a  was h e l d  
f i x e d  b y  a h e a v y  m ovie  c a m e r a  t r i p o d .
T h e  p r o c e s s e d  m ev ie  f i l m  was a n a l y s e d  by  p r o j e c t i n g  t h e  
p i c t u r e  w i t h  a  16mn s i n g l e  f r a m e  m o v ie  p r o j e c t o r  o n t o  a  
c o m p u t e r  r e p r e s e n t a t i o n  c f  t h e  m a g n i f i e d  c r o s s - s e c t i o n  o f
t h e  c h a n n e l .  The m a g n i f i c a t i o n  u s e d  was 1 1 . 3 3 3 .  By
a d j u s t i n g  t h e  d i s t a n c e  b e t w e e n  t h e  p l o t  p a p e r  s c r e e n  a n d  t h e  
m ovie  p r c j e c t c z ,  t h e  f i l m  c h a n n e l  was f o c u s e d  t o  f i t  t h e
m a g n i f i e d  c h a n c e l  cn t h e  p a p e r .  An i n i t i a l  p o s i t i o n  o f  a  
p a r t i c l e  was m arked  o n  t h e  p a p e r  when t h e  p r o j e c t o r  was
s t i l l .  Then t h e  f i l m  was moved f o r w a r d  by o n e  f r a m e ,  a n d
t h e  new l o c a t i o n  c f  t h e  p a r t i c l e  was m a r k e d  o n  t h e  p a p e r .  
T h u s ,  by m oving  t h e  f i l m  f r a m e - b y - f r a m e ,  t h e  p a r t i c l e  m o t i o n  
was t r a c e d .
S e v e r a l  p a r t i c l e s  o c c u p y i n g  d i f f e r e n t  r e g i o n s  i n  t h e  
c h a n n e l  w e re  t r a c e d  f o r  b o t h  c o - r o t a t i n g  a n d  
c o u n t e r - r o t a t i n c  c a s e s .  The v e l o c i t y  a t  a n y  p o i n t  was 
d e t e r m i n e d  by t h e  c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  i n  w h i c h  
t h e  a v e r a g e  v a l u e  c f  t h e  v e l o c i t y  i s  c a l c u l a t e d  b a s e d  o n  i t s  
p r e c e d i n g  a n d  s u c c e e d i n g  p o s i t i o n .  T h i s  i s  i l l u s t r a t e d  i n  
F ig  6 . 2  w here  a p a r t i c l e  t r a j e c t o r y  i s  t r a c e d  f ro m  i t s  
i n i t i a l  p c s i t i o n  A t o  t h e  f i n a l  p o s i t i o n  B f r a m e - b y - f r a m e  
w i t h  i t s  i n t e r m e d i a t e  p o s i t i o n s  s h o w n .  I n  t h e  f i g  6 . 2 ,  xp  







Fig. 6 .2: 'Particle Motion from i t s  In it ia l  Position A 
to the Final Position B with i t s  Intermediate 
Positions Traced at Each Frame Interval
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p o i n t  P t o  i t s  p r e c e d i n g  p o s i t i o n  tt a n d  i t s  s u c c e e d i n g  
p o s i t i o n  L r e s p e c t i v e l y .  I f  f  i s  t h e  f r e q u e n c y  i n  f r a a e s  
p e r  s e c o n d  a t  w h ich  t i e  n o t i o n  p i c t u r e s  were t a k e n  and  n i s  
t h e  m a g n i f i c a t i o n #  t h e n  t h e  v e l o c i t y  a t  t h e  p o i n t  P# Vp, i s  
g i v e n  by t h e  f o l l o w i n g  e x p r e s s i o n :
I n  d i m e n s i c n l e s s  f e r n #  t h e  v e l o c i t y  Vp a t  p o i n t  P i s  g i v e n  
by#
O l )
V p  &  V p / l C D , *
w h e re  i s  t h e  l o w e r  r c l l e r  c i  s c r e w  r o o t  d i a m e t e r  and  N i s  
i t s  f r e g u e n c y  c f  r e v o l u t i o n .
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E x p e r i m e n t a l  r e s u l t s  f o r  t h e  v e l o c i t y  p r o f i l e  i n  t h e  
m i d d l e  p a r t  o f  t h e  c h a n n e l  f o r  b o t h  c o - r o t a t i n g  a n d
c o u n t e r - r o t a t i n g  mcdes c f  r o l l e r  m o t i o n  i n  t h e  z e r o  h e l i x  
a n g l e  s i m u l a t i o n  u r i t  a r e  p r e s e n t e d  i n  t h e  A p p e n d i x  F - 1 .  
T h e se  d a t a  a r e  t a b u l a t e d  u n d e r  f o u r  d i f f e r e n t  r u n s ,  t h e  
f i r s t  tw o  b e i n g  f o r  t h e  c c - r o t a t i n g  c a s e  w h i l e  l a s t  two a r e  
f o r  t h e  c o u n t e r - r o t a t i n g  c a s e .  Each  o f  t h e s e  r u n s  i n c l u d e s  
s e v e r a l  p a r t i c l e s  and  t h e i r  d a t a  p o i n t s .  F o r  i n s t a n c e ,  i n  
t h e  f i r s t  r u t  f o r  t h e  c c - r c t a t i n g  c a s e ,  t h e  m o t i o n  o f  t h e  
t e n  wax p a r t i c l e s  was  s t u d i e d  f o r  w h i c h  v e l o c i t y  
m e a s u r e m e n t s  w e r e  made a t  92 p o i n t s .  T a b u l a t i o n  f o r  t h e  Run 
#1 i n c l u d e s  v e l o c i t y  s e a s u r e n e n t s  a t  e a c h  d a t a  p o i n t ,  a n d  i t  
a l s o  i n c l u d e s  t h e  c o r r e s p o n d i n g  v a l u e  o f  t h e  v e l o c i t y  
o b t a i n e d  by n u m e r i c a l  m e t h o d s  f o r  c o m p a r i s o n .  F o r  t h e  
s u b s e q u e n t  r u n s ,  d a t a  a r e  n o t  p r e s e n t e d  i n  d e t a i l ;  b u t  t h e  
n um ber  c f  p a r t i c l e s  s t u d i e d ,  t h e i r  a v e r a g e  f r a c t i o n a l  h e i g h t
f ro m  t h e  s cn ew  r o c t ,  a n d  t h e i r  e x p e r i m e n t a l l y  m e a s u r e d  
a v e r a g e  v e l o c i t y  w i t h  t h e  c o r r e s p o n d i n g  n u m e r i c a l  v e l o c i t y  
a r e  t a b u l a t e d .
Frcm t h e s e  r e s u l t s  f o r  t h e  v e l o c i t y  i n  t h e  m i d d l e  p a r t  
o f  t h e  c h a n n e l ,  t h e  o v e r a l l  a g r e e m e n t  b e t w e e n  t h e  
e x p e r i m e n t a l  a n d  t h e  n u m e r i c a l  r e s u l t s  b a s e d  upon  t h e  
s o l u t i o n  o f  t h e  e q u a t i o n  o f  m o t i o n  i n  c y l i n d r i c a l
10?
c o o r d i n a t e s  i s  v e r y  g c c d .  With t h e  e x c e p t i o n  o f  p a r t i c l e s  
#3 a n d  4 i n  Eun 11# #9 i n  Bun « 2 ,  #7 a n d  8 i n  Bun *3 ,  a n d  #9 
i n  Bun # 4 ,  a g r e e m e n t  b e t w e e n  tfce e x p e r i m e n t a l  an d  n u m e r i c a l  
r e s u l t s  i s  w i th  i b  4 maximum o f  a b o u t  a  5 p e r c e n t  d e v i a t i o n .
The d i s c r e p a n c i e s  b e t w e e n  t h e  e x p e r i m e n t a l  r e s u l t s  a n d  
t h e  n u m e r i c a l  s c l u t i c n  f o r  t h e  v e l o c i t y  p r o f i l e  i n  t h e  
m i d d l e  p a r t  c f  t h e  c h a n n e l  m i g h t  b e  d u e  t o  num ber  o f  
r e a s o n s .  S i n c e  t h e  e x p e r i m e n t a l  s i m u l a t i o n  u n i t  i s  n o t  a 
p e r f e c t  l e a k p x c c f  c h a n n e l ,  t h e  m a j o r  f a c t o r  c a u s i n g  t h i s  
d e v i a t i o n  i s  p io fc a b ly  t h e  l e a k a g e  o f  f l u i d  a t  p o i n t s  A a n d  b 
i n  F ig  7 . 1 a  c r  a t  p c i n t s  A' a n d  B* in  F i g  7 . 1 b  w h e r e  t h e  c u t  
b a r r e l  i n t e r s e c t s  t h e  u p p e r  r o l l e r  a s  w e l l  a s  a t  p o i n t  0 
w h e r e  t h e  t e l l e r s  t o u c h  e a c h  o t h e r  a s  shown i n  F i g  7 . 3 .  
L e a k a g e  may a l s o  c c c u r  i n  t h e  a x i a l  d i r e c t i o n  a t  t h e  e n d s  o f  
t h e  l o w e r  r c l l e r .  A l s o ,  o t h e r  s o u r c e s  o f  e r r o r ,  t h o u g h  
m i n o r ,  may be t h e  a c c u r a c y  c f  m e a s u r e m e n t s ,  t h e  e f f e c t s  o f  
g r a v i t y  a n d  a c c e l e r a t i o n  t e r m s  w h ic h  w e re  i g n o r e d  i n  s o l v i n g  
t h e  e g u a t i o n  c f  m c t i o n ,  and t h e  movement  o f  p a r t i c l e  i n  t h e  
f l  u i d .
F o r  v i s c c u s  f l u i d s ,  Tadmor £ 3 6 ]  sh o w e d  t h a t  t h e  e f f e c t
o f  g r a v i t y  and  t h e  a c c e l e r a t i o n  t e r m s  a g a i n s t  t h e  
p r e d o m i n e n t  p r e s s u r e  a n d  v i s c o u s  f o r c e s  i s  l e s s  t h a n  a  t e n t h
o f  a  p e r c e n t .  Due t c  t h e  v e r y  s m a l l  d i f f e r e n c e  b e t w e e n  t h e  
p a r t i c l e  - d e n s i t y  and  d e n s i t y  o f  t h e  f l u i d ,  t h e  movement o f
p a r t i c l e s  i n  t h e  f l u i d  can  b e  r u l e d  o u t .  T h e  movement o f  
p a r t i c l e s  c a n  a l s o  be  r u l e d  o u t  f rom t h e  f a c t  t h a t  t h e  
p a r t i c l e s  r e m a in e d  i n  t h e i r  s u s p e n d e d  p o s i t i o n  i n  t h e  f l u i d
(a) (b)
Ftg. 7.1: Leakage of Fluid >bterial a t  Points A,0, and B for Co-Rotating Roller 
Motion (a) and for Counter-Rotating Roller M)t1on (b)
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e v e n  a f t e r  s i x  h c u r s .
T h e  a m o u n t  o f  m a t e r i a l  l e a k a g e ,  which  i s  t h e  p r o b a b l e  
m a j o r  s c c r c e  c f  d i s c r e p a n c y  b e t w e e n  t h e  e x p e r i m e n t a l  a n d  
n u m e r i c a l  r e s u l t s ,  c a n  be  p a r t i a l l y  d e t e r m i n e d  by c o m p u t i n g  
t h e  n e t  f l e w  r a t e  i n  t h e  0  d i r e c t i o n  b a s e d  upon t h e  
e x p e r i m e n t a l  v e l o c i t y  p r o f i l e  i n  t h e  m id d le  p a r t  o f  t h e  
c h a n n e l .  S i n c e  i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l  u n d e r  
c o n s i d e r a t i o n ,  t b e  p r e s s u r e  g r a d i e n t  i n  t h e  0  d i r e c t i o n ,  
i s  c c n s t a n t  a n d  t h e  r  c o m p o n e n t  o f  t h e  v e l o c i t y  i s  
n e g l i g i b l e ,  t h e  e g u a t i o n  o f  m o t i o n  i n  t h e  c y l i n d r i c a l  
c o o r d i n a t e s  f c r  t h e  K i d d l e  p a r t  o f  t h e  z e r o  h e l i x  a n g l e  t w i n  
s c r e w  c h a n n e l  c a n  be s o l v e d  a n a l y t i c a l l y  n e g l e c t i n g  a x i a l  
l e a k a g e .  Tbe e g u a t i o n  c f  m o t i o n ,  e g u a t i o n  3 . 9  i n  t h i s  c a s e  
r e d u c e s  t o  [ 5 ] :
Now, i f  t h e  s c re w  r o o t  o f  r a d i u s  R^ r o t a t e s  w i t h  N 
r e v o l u t i o n s  p e r  u n i t  t i m e  a n d  t h e  b a r r e l  o f  r a d i u s  R ^  i s  
s t a t i o n a r y ,  t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h i s  c a s e  c a n  be  
s t a t e d  a s  f o l l o w s :
so  t h a t  t h e  r e s u l t i n g  e x p r e s s i o n  f o r  t h e  v e l o c i t y  
b e c o m e s :
V0  =: 2  A  f j  f t
Vo = O
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As a r e s u l t  c f  l e a k a g e  c f  f l u i d  m a t e r i a l  b e t w e e n  t h e  
u p p e r  r c l l e r  and  t h e  t a r r e l  s u r f a c e *  b e t w e e n  r o l l e r s ,  a n d  
a l s o  i n  t h e  a x i a l  d i r e c t i o n *  t h e  e x p e r i m e n t a l  s i m u l a t i o n  
u n i t ,  a s  d e s c r i b e d  i n  c h a p t e r  VI* d o e s  n o t  p r o d u c e  a p e r f e c t  
no n e t  f l o w  s i t u a t i o n .  However* t h e  am o u n t  o f  l e a k a g e  o f  
f l u i d  m a t e r i a l  i n  t h e  0  d i r e c t i o n  i n  t h e  m i d d l e  p a r t  o f  t h e  
c h a n n e l  c a n  he d e t e r m i n e d  by i n t e g r a t i n g  f rom  e g u a t i o n
7 . 3  w i t h  r e s p e c t  t c  r  a c r o s s  t h e  e n t i r e  c h a n n e l  d e p t h  H^-R^
a n d  w i d t h  W t h u s  g i v i n g  an  e x p r e s s i o n  f o r  t h e  n e t  f lo w  q i n  
t h e  £> d i r e c t i o n :
Z X N R t W
wh e r e t h e  c c r s t a n t  c i n  e gua t jLon ? a j S  g i v en  b y
C
Frcm e g u a t i c n  7 .5 *  e g u a t i o n  7 . 3  c a n  be r e a r r a n g e d  t o :
2 .XHR/
I l l
w h e r e  t b e  f i r s t  an d  s e c o n d  t e r m s  o f  t h e  r i g h t  s i d e  o f  
e q u a t i o n  7 . 6  r e p r e s e n t  t h e  d r a g  f l o w  v e l o c i t y  a n d  t h e  
p r e s s u r e  f l e w  v e l o c i t y  r e s p e c t i v e l y .  L e t t i n g  V e / 2 7 i N f i ^  b e  
t h e  d i o e r s i c n l e s s  v e l o c i t y  ,  a n d  t h e  t e r m s  an d
An e s t i m a t e  o f  t h e  l e a k a g e  i n  t h e  0  d i r e c t i o n  f o r  t h e  
m i d d l e  f a r t  c f  t b e  c h a n n e l  c a n  b e  made f ro m  a  g i v e n  s e t  o f  
e x p e r i m e n t a l  d a t a  p c i n t s  o f  v e l o c i t y  a s  f u n c t i o n  of  r a d i a l  
d i s t a n c e  r  s i n c e  t b e  v e l o c i t y  i n  t b e  e x p e r i m e n t a l  u n i t  
s h o u l d  o n l y  he a c o m b i n a t i o n  c f  t h e  d r a g  and  t h e  p r e s s u r e  
f l o w .  T h c s ,  u s i n g  a l e a s t  s q u a r e  f i t  a p p r o a c h ,  t h e  v a l u e  o f  
t h e  c o n s t a n t  C f o r  n d a t a  p o i n t s  i s .
w h e r e  a r e  f u n c t i o n s  c f  r  a s  g i v e n  by e q u a t i o n s  7 . 7
a n d  7 . 8 ,  a n d  Votx frb  i s  t i i e  d i m e n s i o n l e s s  e x p e r i m e n t a l  
v e l o c i t y .
The v a l u e  o f  t b e  c o n s t a n t  C f o r  a n y  g i v e n  s e t  o f  d a t a  
p o i n t s ,  when s u b s t i t u t e d  i n  e g u a t i o n  7 . U ,  g i v e s  t b e  a m o u n t
b e  :
e q u a t i o n  7 . 6  c a n  be r e w r i t t e n  as :
hr*
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o f  f l u i d  l e a k i n g  i n  t h e  0  d i r e c t i o n .  F o r  B ^ / R £  e q u a l  t o  
1 .5  a n d  no  l e a k a g e  i n  t h e  0  d i r e c t i o n *  t h e  v a l u e  o f  t h e  
c o n s t a n t  C i s  2 0 . 7 9 7 9 .  S i n c e  t h e  v a l u e  o f  t h e  c o n s t a n t  C 
f r c n  e q u a t i o n  7 . 5  i s  p r o p o r t i o n a l  t o  t h e  p r e s s u r e  g r a d i e n t  
i n  t h e  0  d i r e c t i o n  and  t h e r e f o r e  t o  t h e  p r e s s u r e  f lo w *  t h e  
n e t  f l o w  i n  t h e  0  d i r e c t i o n  v i l l  be  n e g a t i v e  i f  t h e  v a l u e  
o f  C b e c o m e s  g r e a t e r  t h a n  2 0 . 7 9 7 9  b u t  p o s i t i v e  o t h e r w i s e .  
F o r  n c  p i e s s t r e  f l e w  ( p u r e  d r a g  f l o w ) ,  t h e  c o n s t a n t  C 
r e d u c e s  t o  v e x c .  C e f i n i n g  t h e  t h e  p e r c e n t a g e  o f  f l u i d  
m a t e r i a l  l e a k i n g  i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l  b a s e d  
upon  t h e  p e r c e n t a g e  c f  t h e  n e t  f l o w  d u e  t o  p u r e  d r a g  f low *  
t h e  r e s u l t i n g  e x p r e s s i o n  f o r  p e r c e n t  l e a k a g e  o f  f l u i d  i n  t h e  
m i d d l e  p a r t  o f  t h e  c h a n n e l  b e c c m e s :
F o r  a b e t t e r  s t a t i s t i c a l  e s t i m a t e  o f  t h e  c o n s t a n t  c  i n  
e a c h  ru n *  a l l  t h e  d a t a  p o i n t s  a r e  u s e d  d e s p i t e  t h e  
n o n u n i f c x a  d i s t r i b u t i o n  o f  t h e s e  p o i n t s  a c r o s s  t h e  c h a n n e l  
d e p t h .  I n  a c c o r d a n c e  w i t h  e q u a t i o n  7 . 1 1 *  t h e  p e r c e n t a g e  o f  
l e a k a g e  i n  t h e  p o s i t i v e  0  d i r e c t i o n  f o r  a l l  f o u r  r u n s  a r e
t a b u l a t e d  i n  t h e  T a b l e  7 . 1 .  T h e s e  r e s u l t s  c l e a r l y  show  t h a t  
f o r  a l l  r u n s  t h e  n e t  f l e w  i n  t h e  0  d i r e c t i o n  i s  p o s i t i v e ,
a n d  t h e r e f o r e ,  t h e  l e a k a g e  c f  m a t e r i a l  i n  e a c h  c a s e  i s  i n  
t h e  p o s i t i v e  0  d i r e c t i o n .  An e x p r e s s i o n  f o r  v e l o c i t y  b a s e d
on t h e  c o n s t a n t  C* e q u a t i o n  7 .9 *  was o b t a i n e d  f o r  e a c h  c a s e  
an d  c o m p a re d  w i t h  t h e  a c t u a l  e x p e r i m e n t a l  v e l o c i t y  d a t a
20-7179  -  C loo
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T A B IjE 7 . 1
E s t i m a t i o n  c f  L e a k a g e  i n  t h e  B i d d l e  P a c t  o f  t h e  C h a n n e l
Bun # B o i l e r  H o t i o n  C o n s t a n t  C % Le a k a g e
1 c o - r o t a t i n g 1 9 . 9 5 3 0 4 . 0 6
2 c o - r o t a t i n g 1 9 .5 2 7 0 6 . 1 1
3 c o u n t e r - r o t a t i n g 1 9 . 6 7 3 8 5 . 4 0
a c c u n t e c - r o t a t i n g 2 0 . 4 4 6 3 1 . 6 8
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p o i n t s .  The d e v i a t i o n s  i n  t h e  r e s u l t s  r a n g e d  f ro m  - 3  t o  8 
p e r c e n t  f c r  r u n  #1 and  2# an d  f rom  - 1  t o  9 p e r c e n t  f o r  r u n  
*3 a n d  !|, However#  i t  n u s t  b e  n o t e d  t h a t  s i z e  o f  g a p s  a t  
p o i n t s  A an d  C o r  A* an d  0* a s  show n i n  F i g  7 .1 #  n a y  n o t  
i d e n t i c a l  f o r  a l l  r u n s .
Q u a l i t a t i v e l y  t h e  f l u i d  l e a k a g e  i n  t h e  c h a n n e l  u n d e r  
c o n s i d e r a t i c n  s a y  b e  e x p l a i n e d  a s  f o l l o w s .  S i n c e  t h e  am ount
o f  f l u i d  i n  t h e  c h a n n e l  s h o u l d  r e m a i n  c o n s t a n t ,  t h e  g u a n t i t y  
o f  m a t e r i a l  l e a k i n g  i n  a n d  o u t  o f  t h e  c h a n n e l  t h e r e f o r e  must  
be e g u a l .  At E c i n t  C o r  0* i n  F i g  7 . 1 #  m a t e r i a l  f l o w s  f rom  
t h e  l e f t  t c  t h e  r i g h t  en d  r e g i o n  o r  v i c e  v e r s a  d e p e n d i n g  
upcn  t h e  mode c f  r o t a t i o n  c f  t h e  r o l l e r s  a n d  t h e  p r e s s u r e  
g r a d i e n t .  T h u s ,  t c t  a l y  p l u c e s  a t  w h ic h  m a t e r i a l  c a n  e n t e r  
i n  o r  l e a v e  t i e  c h a n n e l  a r e  a t  p o i n t s  A a n d  B in  F i g  7 . 1 a #  
o r  A' and  B' i n  E i g  7 . 1 b .  I f  a n d  F0  a r e  f l o w  r a t e s  a t  
p o i n t s  A and  B f c r  t h e  c c - r o t a t i n g  c a s e #  t h e n  t h e i r  
m a g n i t u d e s  m u s t  he i d e n t i c a l  s o  t h a t  F^  e q u a l s  F g .
s i m i l a r l y  f l e w  r a t e s  a t  p o i n t s  A* a n d  B' f o r  t h e  
c o u n t e r - r o t a t i n g  c a s e  s h o u l d  b e  t h e  i d e n t i c a l  i n  m a g n i t u d e
s o  t h a t  F e g u a l s  I q * .
Now, c o n s i d e r  t h e  c o - r o t a t i n g  r o l l e r  m o t i o n  a s  show n i n
F i g  7 . 1 a .  Due t c  t h e  u p p e r  r o l l e r  m o t i o n #  f l u i d  w i l l  be 
d r a g g e d  i n t c  t h e  c h a n n e l  a t  p c i n t  A. S i n c e  t h e  p r e s s u r e  
i n s i d e  t i e  c h a n n e l  i s  g r e a t e r  t h a n  t h a t  o u t s i d e  a t  p o i n t  A# 
a p r e s s u r e  f lo w  w i l l  be d e v e l o p e d  c a u s i n g  f l o w  o u t  o f  t h e  
c h a n n e l .  Thus# t h e  n e t  f l o w  a t  p o i n t  A# i . e .  F ^ ,  c o n s i s t s  
o f  c o m b i n a t i o n  o f  twe o p p o s i n g  f l o w s .  The d r a g  f l o w  i s  t h e
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r e s u l t  c f  t h e  r o l l e r  n o t i o n  w h i l e  t h e  p r e s s u r e  f l o w  d u e  t o  
t h e  u p p e r  r o l l e r  n o t i o n  a l o n e  o n l y  e x i s t s  when d r a g  f l o w  
e x i s t s .  However  * t h e  l o w e r  r o l l e r  n o t i o n  a l s o  i n f l u e n c e s  
t h e  p r e s s u r e  f l o w  s o  t h a t  t h e  o v e r a l l  p r e s s u r e  f l o w  n i g h t  be  
l o w e r  t h a n  t h e  d r a g  f lo w  d u e  t o  t h e  u p p e r  r o l l e r  n o t i o n  a t  
p o i n t  A. Assum ing  t h e  n e t  r e s u l t  o f  t h e  d r a g  a n d  t h e  
p r e s s u r e  f l e w  a t  p o i n t  A i s  t c  c a u s e  t h e  f l u i d  t o  f l o w  i n t o  
t h e  c h a n n e l ,  t h e  s a v e  am o u n t  o f  f l u i d  must l e a k  o u t  o f  t h e  
c h a n n e l  a t  p o i n t  E t c  c o n s e r v e  t h e  m ass  o f  t h e  f l u i d  i n  t h e  
c h a n n e l .
I n  o r d e r  t o  g u a l i t a t i v e l y  e s t i m a t e  t h e  n e t  f l o w  r a t e  i n  
t h e  p o s i t i v e  0  d i r e c t i o n ,  t h e  f l o w  r a t e  a t  p o i n t  0 m u s t  b e  
known. A s s u s i n g  t h a t  a t  p o i n t  0 d r a g  f lo w  p r e d o n i n a t e s ,  t h e  
f l u i d  t h e n  m ost  f l e w  f x e n  r i g h t  t o  t h e  l e f t  end  r e g i o n  d u e  
t o  t h e  h i g h e r  l i n e a r  v e l o c i t y  c f  t h e  u p p e r  r o l l e r  a l t h o u g h  
t h e  p r e s s u r e  g r a d i e n t  w i l l  o p p o s e  t h i s  s i n c e  t h e  p r e s s u r e  a t  
A i s  l e s s  t h a n  a t  E due t o  t h e  n e g a t i v e  p r e s s u r e  g r a d i e n t  i n  
t h e  0  d i r e c t i o n .  C o n s e q u e n t l y ,  t h e  n e t  f lo w  i n  t h e  0  
d i r e c t i o n  b e c o m e s :
C7-I3-)
=  h - F c
S i m i l a r l y ,  i t  c a n  be  a r g u e d  t h a t  a t  p o i n t  A* f o r  t h e
c o u n t e r - r o t a t i n g  m o t i o n  c f  t h e  r o l l e r s  a s  shown i n  F i g  7 . 1 b ,  
f l u i d  l e a k s  c u t  o f  t h e  c h a n n e l ;  w h i l e  a t  p o i n t  O' i t  f l o w s
from l e f t  t o  t h e  r i g h t  end  r e g i o n  r e s u l t i n g  t h e  n e t  f l o w  i n  
t h e  p o s i t i v e  0  d i r e c t i o n  t o  b e :
/- FV C 7‘ *3^Qcoun+e.r- rotzvKng ^ Fq
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F o r  t h e  c c - r c t a t i n g  c a s e  a t  p c i n t  0 ,  d r a g  f l o w s  a t  t h e
r o l l e r  s u r f a c e s  o p p o s e  e a c h  o t h e r  w h i l e  t h o s e  i n  t h e
c o u n t e r - r c t a t i n g  c a s e  r e i n f o r c e  e a c h  o t h e r .  T h u s ,  i t  nay  be  
a s s u a e d  t h a t  t h e  n a g n i t u d e  o f  Fgf i s  g r e a t e r  t h a n  t h a t  o f  
F g .  At p c i n t s  A and A* i n  F ig  7 .  l a  a n d  7 . 1 b ,  t h e  f l o w  r a t e s  
and l e a k  i n  a n d  o u t  o f  t h e  c h a n n e l  r e s p e c t i v e l y ,  a n d  
i t  i s  d i f f i c u l t  t c  t e l l  w h ich  c n e  i s  g r e a t e r  a s  e a c h  o f  t h e n
c o n s i s t  c f  p r e s s u r e  and  d r a g  f l o w s .  From F ig  7 . 1 b ,  t h e  n e t
f l o w  r a t e  a s  c i v e n  by e g u a t i o n  7 . 1 3  i s  t h e  d i f f e r e n c e  
b e tw e e n  t h e  f l e w  x a t e s  F ^ ' a n d  F^'. I f  t h i s  d i f f e r e n c e  i s  
p o s i t i v e ,  t h e  m a t e r i a l  w h ich  f l o w s  o u t  o f  t h e  c h a n n e l  a t  
p o i n t  A* c c o e s  f r c a  t h e  amount f l o w i n g  i n  a t  p o i n t  O '  f ro m  
t h e  l e f t  t o  r i g h t  end  r e g i o n  t h r o u g h  t h e  g a p  b e t w e e n  t h e  
r o l l e r s .  I n t u i t i v e l y ,  i t  c a n  b e  s a i d  t h a t  i t  i s  e a s i e r  f o r  
f l u i d  t o  f l e w  f z e n  p c i n t  O '  t o  A1 a l o n g  t h e  u p p e r  r o l l e r  
s u r f a c e  t h a n  t h a t  i n  t b e  c o - r o t a t i n g  c a s e .
The  e x p e r i m e n t a l  t r a j e c t c r i e s  o f  p a r t i c l e s  r e p r e s e n t i n g  
f l u i d  m e t i e r ,  i n  t h e  e n d  r e g i o n  e x t e n d i n g  o v e r  a b o u t  o n e
f i f t h  o f  t h e  t c t a l  c h a n n e l  l e n g t h  a r e  shown i n  F i g  7 . 2 a , b , c  
a n d  i n  F ig  7 . 3 a , b  f o r  c o - r o t a t i n g  a n d  c o u n t e r - r o t a t i n g  
r o l l e r  m e t i e n s  r e s p e c t i v e l y .  T h e s e  t r a j e c t o r i e s  o f  c i r c l e s
c o n n e c t e d  by l i n e s  w e re  f o u n d  b y  t r a c i n g  a  wax p a r t i c l e * s
m o t io n  when t h e  movie p i c t u r e s  o f  t h e  c h a n n e l  a r e  p r o j e c t e d  
on a  s c r e e n  w i t h  a  16 mm s i n g l e  f r a m e  m ovie  p r o j e c t o r  a s
d e s c r i b e d  i n  t h e  c h a p t e r  VI.  S t r e a m l i n e s  b a s e d  on t h e  
n u m e r i c a l  r e s u l t s  o b t a i n e d  by s o l v i n g  t h e  e g u a t i o n  o f  m o t i o n  
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a s  s o l i d  l i n e s .  T h i s ,  t h e s e  F i g u r e s  show d i r e c t  c o m p a r i s o n  
o f  t h e  e x p e r i m e n t a l  and  t h e  n u n e r i c a l  s t r e a a l i n e s  f o r  t h e  
e n d  r e g i o n  c f  t h e  c o n f i n e d  c h a n n e l  w h e r e  h o t h  t h e  y a n d  z 
c o m p o n e n t s  c f  v e l o c i t y  v a r y  r a p i d l y  a s  f l u i d  moves  t h r o u g h  
t h i s  r e g i c n .
From F i g  7 . 2 a  t h r o u g h  7 . 2 c  i t  c a n  be  s e e n  t h a t
a g r e e m e n t  b e t w e e n  t h e  e x p e r i m e n t a l  a n d  n u m e r i c a l  s t r e a m l i n e s  
f o r  t h e  c c - i c t a t i n g  c a s e  i s  r e m a r k a b l y  good* a n d  t h e  
v e l o c i t i e s  t h e m s e l v e s  a g r e e  t c  w i t h i n  5-7%  d e v i a t i o n s .  The 
a g r e e m e n t  b e t w e e n  t h e  c o r r e s p o n d i n g  s t r e a m l i n e s  f o r  t h e  
c o u n t e r - r o t a t i n g  c a s e ,  a s  shown i n  F i g  7 . 3 a  a n d  7 . 3 b ,  i s  n o t  
s o  good  w h ich  f l i g h t  be d u e  t o  i n c r e a s e d  a x i a l  l e a k a g e  a l o n g  
t h e  r o l l e r  a x e s  a s  a r e s u l t  o f  h i g h e r  p r e s s u r e  g r a d i e n t s  i n
t h e  e n d  r e g i o n s .  F l u i d  n o t i o n  r e p r e s e n t e d  by  p a r t i c l e s  A, 
B, R, and  S w h ich  l i e  i n  t h e  s t a g n a n t  r e g i o n  i s  shown
i n c o m p l e t e  a s  t h e i r  m c t i c n  a l c n g  t h e  b i g g e r  r o l l e r  s u r f a c e  
was  t o o  f a s t  t c  t r a c e .
d e a s u r e v e n t s  c f  t h e  v e l o c i t i e s  o f  wax p a r t i c l e s  i n  t h e  
e n d  r e g i o n  w ere  a l s c  c a r r i e d  o u t .  The r e s u l t s  a r e  t a b u l a t e d  
o n l y  f o r  a few  r e p r e s e n t a t i v e  p a r t i c l e s  i n  A p p e n d i x  F - 2 ,  a  
p a i r  o f  p a r t i c l e s  f o r  e a c h  mode o f  r o t a t i o n  o f  r o l l e r s
r e p r e s e n t i n g  f l u i d  m c t i c n  i n  t h e  s t a g n a n t  a s  w e l l  a s  i n  t h e  
n o n - s t a g n a n t  r e g i o n .  T h u s ,  f o r  t h e  c o - r o t a t i n g  c a s e ,
v e l o c i t y  d a t a  f o r  p a r t i c l e  C i n  t h e  n o n - s t a g n a n t  r e g i o n  a n d  
p a r t i c l e  F i n  t h e  s t a g n a n t  r e g i o n  a r e  shown i n  T a b l e s  1 a n d  
2 r e s p e c t i v e l y  i n  A ppend ix  F - 2 .  A g r e e m e n t  b e t w e e n  t h e  
e x p e r i m e n t a l  and  t h e  n u n e r i c a l  v e l o c i t y  p r o f i l e  i s  f o u n d  t o
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w i t h  i n  5 p e r c e n t  t e r  t h e  h c t h  p a r t i c l e s .  H o w e v e r ,  when t h e  
r o l l e r  n c t i c r  was c o u n t e r - r o t a t i n g ,  t h e  c o r r e s p o n d i n g  
a g r r e m e n t  f c r  p a r t i c l e s  J  and  R r e p r e s e n t i n g  f l u i d  n o t i o n  i n  
t h e  n o n s t a g n a n t  a n d  s t a g n a n t  r e g i o n  r e s p e c t i v e l y  i s  n o t  so  
good  a s  e v i d e n t  f r c n  T a b l e s - 3 a n d  4 i n  A p p e n d i x  F - 2 .
A t t e m p t s  w ere  made t c  o b t a i n  n u n e r i c a l  s o l u t i o n s  f o r  
t h e  v e l o c i t y  p r o f i l e  an d  s t r e a n l i n e s  i n  a  c h a n n e l  where  
l e a k a g e  c f  m a t e r i a l  i s  t a k e n  i n t o  a c c o u n t .  F o r  t h i s ,  t h e  
s t r e a m  f u n c t i o n  v a l u e  cn t h e  r o o t  i s  s e t  t o  z e r o  a n d  f r o n  
t h e  knewn e x p e r i m e n t a l  l e a k a g e  a s  shown i n  T a b l e  7 . 1 ,  t h e  
v a l u e  o f  t h e  s t r e a m  f u n c t i o n  o n  b o u n d a r y  f o r n e d  by t h e  
b a r r e l  was o b t a i n e d .  The s t r e a n  f u n c t i o n  v a l u e  o n  t h e
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c u r v e d  l e u n c a r y  was s e t  t o  a  v a l u e  a p p r o x i m a t e l y  b a s e d  on 
t h e  l e a k a g e  o f  t h e  f l u i d  i n  a c c o r d a n c e  w i t h  t h e  q u a l i t a t i v e  
d e s c r i p t i o n  d e v e l o p e d  e a r l i e r .  T he  s t r e a m l i n e s  s o  o b t a i n e d  
w e re  c o m p a r e d  w i t h  t h e  e x p e r i m e n t a l  s t r e a m l i n e s  a n d  t h e y  
showed t h e  e x p e c t e d  t r e e d  i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l  
w h i l e  i n  end  r e g i o n s  t h e  f l o w  p a t t e r n  was n o t  q u i t e  a s  
e x p e c t e d .  I b i s  n i g h t  be d u e  t o  t h e  a s su m e d  v a l u e s  o f  t h e
s t r e a n  f u n c t i o n  on  t h e  c u r v e d  b o u n d a r y  w h i c h ,  i n  r e l a t i o n  t o  
t h e  v a l u e  cn  t h e  b a r r e l  b o u n d a r y ,  n i g h t  b e  l o w  o r  h i g h .  I n
a d d i t i o n ,  a x i a l  l e a k a g e  i n  t h e  e n d  r e g i o n s  may be  c r i t i c a l ,  
a n d  e x p e r i m e n t a l  m e a s u r e n e n t s  o f  t h e  v e l o c i t y  n e a r  t h e  
c u r v e d  b o u n d a r y  z c n e  n i g h t  n o t  b e  a s  a c c u r a t e  a s  t h o s e  i n  
t h e  m i d d l e  p a r t  due  t c  q u i c k l y  c h a n g i n g  v e l o c i t y  p r o f i l e  an d  
d i f f i c u l t y  i n  a c c u r a t e l y  d e t e r n i n i n g  p a r t i c l e  l o c a t i o n s .
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I n  t h e  p r e s e n t  a n a l y s i s ,  t h e  t o t a l  s t r a i n  e x p e r i e n c e d  
by m a t e r i a l  a s  i t  n e v e s  t h r o u g h  t h e  n e l t  c o n v e y i n g  z o n e  o f  
an i n t e r t r e s h i o g  t w i n  s c r e w  e x t r u d e r  i s  c a l c u l a t e d .  
A t t e n t i o n  i s  f o c u s e d  on t h e  e n d  r e g i o n s  w h e r e  t h e  
i n t e r m e s h i n g  l a n d s  c f  t h e  s e c o n d  s c r e w  c o n t a c t  t h e  r o o t  o f  
t h e  f i r s t  t o  d e t e r m i n e  how i m p o r t a n t  t h e s e  z o n e s  a r e  f o r  t h e  
t o t a l  s t r a i n  i t  t h e  d e v i c e .  The c r o s s  c h a n n e l  c o m p o n e n t  o f  
v e l o c i t y  i s  e x c l u d e d  t c  s i m p l i f y  t h e  e q u a t i o n s  o f  m o t i o n  s o  
t h e  a n a l y s i s  c r l y  a p p l i e s  i n  t h e  m i d d l e  o f  t h e  c h a n n e l  
w i d t h ;  and  t h e r e f o r e ,  t h e  f o l l o w i n g  a n a l y s i s  i s  b a s e d  on 
t h e  v e l o c i t y  c c m p c n e n t s  i n  t h e  down c h a n n e l  d i r e c t i o n  an d  
a l c n g  t h e  c h a n c e l  d e p t h .  H ow ev er ,  t h e  e f f e c t  o f  t h e  
c o m b in e d  c r o s s  and  down c h a n n e l  v e l o c i t y  c o m p o n e n t s  on
s t r a i n  w i l l  he s t u d i e d  f o r  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l  
l e n g t h  i n  c h a p t e r  I X .
As a l r e a d y  d e s c r i b e d  i n  c h a p t e r  I I ,  t h e  s t r a i n  ( ^ )  
e x p e r i e n c e d  hy a  p a r t i c l e  i s  t h e  s h e a r  r a t e  ( ^ f )  m u l t i p l i e d  
by t h e  t i n e  e v e r  which  t h e  s h e a r  r a t e  a c t s .  I f  t h i s  s h e a r  
r a t e  i t s e l f  v a r i e s  w i t h  t i m e ,  t h e n  t h e  s t r a i n  m u s t  be 
c a l c u l a t e d  by i n t e g r a t i n g  t h e  s h e a r  r a t e  w i t h  r e s p e c t  t o  
t i m e  o v e r  t h e  t i m e  i n t e r v a l  u n d e r  c o n s i d e r a t i o n .  T h u s ,  t h e  
s h e a r  s t r a i n  "f by d e f i n i t i o n  i s  g i v e n  b y .
7
125
w h e r e  and  a r e  t h e  i n i t i a l  a n d  f i n a l  t i m e s .  S i n c e  i n  
t h e  e n d  r e g i o n s  t h e  p r e s s u r e  g r a d i e n t s  a r e  n o t  c o n s t a n t  a n d  
t h e  v e l o c i t y  c f  f l u i d  v a r i e s  r a p i d l y ,  t h e  s h e a r  r a t e  m u s t  
a l s o  c h a n g e  r a p i d l y .  I n  c r d e r  t o  o b t a i n  t h e  s h e a r  r a t e  f o r  
e q u a t i o n  £ . 1  a s  w e l l  a s  t h e  t i n e  r e q u i r e d  t o  n o v e  f l u i d  
t h r o u g h  t h e s e  r e g i c n s ,  t h e  t r a j e c t o r y  o f  f l u i d  f l o w i n g  i n  
t h e  end  r e g i c n  n u s t  b e  known.
I n  F i g  7 . 2  and  7 . 3 ,  s t r e a n l i n e s  o r  p a r t i c l e  
t r a j e c t o r i e s  b a s e d  on t h e  n u n e r i c a l  r e s u l t s  a r e  shown a s  
s o l i d  l i n e s .  C o m p u t a t i o n  o f  t h e s e  t r a j e c t o r i e s  i s  a c h i e v e d
by f i n d i n g  a g i v e n  v a l u e  o f  t h e  s t r e a n  f u n c t i o n  o n
s u c c e s s i v e  nesfa l i n e s .  I n  F i g  8 . 1 ,  a  p a r t  o f  o n e  s u c h  
s t r e a n l i n e ,  AB, i s  shown w h e r e  p o i n t s  P ,  Q, B, a n d  S a r e  t h e  
n e s b  p o i n t s ,  f o i n t s  1 a n d  B w h ich  h a v e  t h e  s a n e  s t r e a n  
f u n c t i o n  v a l u e  an d  l i e  cn  n e s b  l i n e s  BQ a n d  PQ r e s p e c t i v e l y  
a r e  fo u n d  by l i n e a r l "  i n t e r p o l a t i n g  t h e i r  v a l u e s  b e t w e e n  t h e  
v a l u e s  a t  p o i n t s  b a c d  Q a n d  P a n d  Q, w h ic h  b r a c k e t  t h e  
v a l u e  o f  p o i n t s  A a n d  E .  I n  t r a c i n g  a s t r e a m l i n e ,  t h e  
d i s t a n c e  b e t w e e n  t h e  p o i n t s  A a n d  B i s  a p p r o x i m a t e d  by  a  
s t r a i g h t  l i c e  AB, a s  shown i n  F ig  8 . 1 .  A f t e r  d e t e r n i n i n g
t h e  l o c a t i o n  c f  p o i n t  B ,  t h e  n e x t  p o i n t  C ,  n o t  shown i n  t h e
f i g u r e ,  i s  f o u n d  by c h e c k i n g  t h e  s t r e a m  f u n c t i o n  v a l u e s  o f  
t h e  s u r r o u n d i n g  s e s h  p o i n t s  and  i n t e r p o l a t i n g  t h e  l o c a t i o n
o f  t h e  d e s i r e d  v a l u e  a t  t h e  a p p r o p r i a t e  p o s i t i o n  o n  t h e  
r e s p e c t i v e  mesh l i n e .  The s t r e a n l i n e s  a r e  t r a c e d  b y
c o n n e c t i n g  t h e  n e a r e s t  p o i n t s  c f  c o n s t a n t  s t r e a n  f u n c t i o n  
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Once a t r a j e c t o r y  o r  a s t r e a m l i n e  i s  t r a c e d ,  t h e  s t r a i n  
% e x p e r i e n c e d  t y  f l u i d  f o l l o w i n g  t h i s  t r a j e c t o r y  i s  o b t a i n e d  
by u s i n g  e g u a t i c n  8 . 1 .  I n  o r d e r  t o  do t h i s ,  t h e  s h e a r  r a t e  
a l o n g  t h e  t r a j e c t o r y  i s  c o m p u t e d  a t  e a c h  p o i n t  l y i n g  on t h e  
t r a j e c t o r y .  B i r d  e t  a l  [ 5 ]  d e f i n e d  a  f u n c t i o n  w h ic h
e g u a l s  c n e  h a l f  t h e  s e c o n d  i n v a r i a n t  a n d  i s  p r o p o r t i o n a l  t o  
t h e  a m o u n t  c f  v i s c o u s  d i s s i p a t i o n  o r  t h e  a m o u n t  o f  
m e c h a n i c a l  e n e r g y  c c n v e r t e d  i n t o  h e a t .  p o r  t h e  p r e s e n t  
a n a l y s i s  i n  t h e  r e c t a n g u l a r  c c c r d i n a t e  s y s t e m  i n v o l v i n g  tw o  
v e l o c i t y  c c m p c n e n s  Vy and Vz, i s  g i v e n  b y .
F o r  N e w t o n i a n  f l u i d s ,  t h e  v i s c o s i t y  t i m e s  t h e  f u n c t i o n  
r e p r e s e n t s  t h e  e n e r g y  o f  v i s c o u s  d i s s i p a t i o n  £ 5 ]  s o  t h a t  t h e  
s g u a r e  r o o t  c f  i s  a q u a n t i t y  p r o p o r t i o n a l  t o  t h e  a c t u a l  
s h e a r  r a t e  v a l u e .  I n  s i n p l i f i e d  s y s t e m s  i n  e x t r u s i o n  t h e o r y
£ 1 9 , 2 0 , 3 6  ] ,  t h e  s g u a r e  r o o t  o f  has  b e e n  t a k e n  a s  t h e  
s h e a r  r a t e ;  and  f o r  t h e  pow er  l a w  or  n o n - N e w t o n i o n  f l u i d s ,
t h e  f u n c t i o n  ^  i s  u s e d  t o  e s t i m a t e  t h e  s h e a r  r a t e  f o r  
c a l c u l a t i o n  c f  t h e  power law v i s c o s i t y  £ 2 , 5 ] .  T h u s ,  i n  t h e  
s u b s e g u e n t  a n a l y s i s ,  t h e  s h e a r  r a t e  "J a t  a  mesh p o i n t  i s  
e s t i m a t e d  a s  t h e  s g u a r e  r o c t  o f  t h e  f u n c t i o n  v a l u e  a t  
t h a t  p c i n t .
F o r  t h e  mesh p c i n t  S a s  s h o w n  i n  F ig  8 . 1 ,  t h e  f u n c t i o n  
i n  t h e  r e c t a n g u l a r  f i n i t e  d i f f e r e n c e  f o r m  b a s e d  on t h e  
c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  c a n  be  e x p r e s s e d  a s :
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T h u s ,  ^  a t  a s s  n e s t  p c i n t  S c a n  b e  d e t e r m i n e d  f r o n  t h e  
v e l o c i t y  c c i p c n e n t s  Vy a n d  Vz a t  t h e  s u r r o u n d i n g  f o u r  n e s h  
p o i n t s  p ,  B, C, an d  H. D i s t a n c e s  b a n d  k a r e  t h e  n e s h
l e n g t h s  a s  shown i n  f i g  6 .  1. A s i m i l a r  e x p r e s s i o n  f o r  <f>y i s  
e m p lo y e d  i n  t h e  c y l i n d r i c a l  c c c c d i n a t e  s y s t e m  t o  o b t a i n  t h e  
s h e a r  r a t e  a t  e a c h  mesh p o i n t .  I n  e q u a t i o n  8 . 3 ,  t h e  s h e a r
r a t e  c o m p o n e n t s  w h ic h  a r e  f u n c t i o n  o f  t h e  y c o o r d i n a t e  a r e  
c o r r e c t e d  by m u l t i p l y i n g  t h e n  t i m e s  t h e  f a c t o r  0 . 5  t o  t a k e  
c a r e  o f  t h e  s h r u n k  c h a n n e l  d e p t h  f o r  t h e  r e c t a n g u l a r  
c h a n n e l .  Now, t h e  s h e a r  r a t e  a t  t h e  n e s h  p o i n t  S i s  g i v e n
<fs  = J ( M  < *■+ )
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The s h e a r  r a t e  7  a t  n e s h  p o i n t s  L ,  M, N, 0 ,  P ,  Q, B, and  T 
c a n  be d e t e r m i n e d  f r c m  t h e  kncwn v e l o c i t y  c o m p o n e n t s  Vy a n d  
Vz a t  t h e  f o u r  mesh p o i n t s  s u r r o u n d i n g  e a c h  o f  t h e m .
I n  o r d e r  t c  c a l c u l a t e  t h e  s h e a r  r a t e  a t  p o i n t s  & an d  B 
w h i c h  a r e  n e t  mesh p o i n t s ,  a  l i n e a r  i n t e r p o l a t i o n  t e c h n i q u e  
i s  u s e d  s c  t h a t  w e i g h t e d  s h e a r  r a t e s  a t  p o i n t s  A a n d  b a r e :
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i e  =  V p
w h e re  f # and f ^  a r e  f r a c t i o n a l  n e s h  l e n g t h s  a s  shown i n  F i g
8 . 1 .  I n  c o n f u t i n g  t h e  a v e r a g e  s h e a r  r a t e  e x e r t e d  u p o n  by 
f l u i d  i n  n c v i n g  f r c n  p c i n t  A t o  B, t h e  s h e a r  r a t e s  a t  p o i n t s  
A a n d  B a r e  a v e r a g e d  a s :
■y*6  =  c ' 7 )
2.
Thus  e g u a t i o n  8 . 1  f o r  c o m p u t i n g  t h e  s t r a i n  o v e r  t h e  
s t r e a m l i n e  AB c a n  b e  s i n p l i f i e d  a s :
r  =  r A® ^  o * >
wher@ ,At i s  t h e  t i m € i n t e r v a i  c v 6r  t h e  p o r t i o n  c a ^ c ul a ^ e d
by d i v i d i n g  t h e  d i s t a n c e  AB by t h e  v e l o c i t y  a v e r a g e d  o v e r  
d i s t a n c e  AB. As d e s c r i b e d  e a r l i e r ,  t h e  d i s t a n c e  t r a v e l l e d
by t h e  p a r t i c l e  a l c n g  t h e  s t r e a m  l i n e  f rom  p o i n t  A t o  B i s  
a p p r o x i m a t e d  by t h e  l i n e a r  d i s t a n c e  b e t w e e n  th em  a n d  t h e
t i m e  r e g u i r e d  t c  iiove t h e  p a r t i c l e  f r c m  p o i n t  A t o  B i s  
c a l c u l a t e d  a s :
L i n z * r  D i s M n o s .  A6  _ ( 8 ,e?)
t =  [ ( a - * v  0 , 5
*" a .  cl
w h ere  v e l o c i t y  c o m p o n e n t s  a t  p o i n t s  A an d  B a r e  c o m p u te d  a s :
V z *  *  (
< 8 ' 0
V3 A  -  -fj +  v» *
vafl -  ( ^ - v ^ f L + V
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F r c a  e g u a t i c n  £ . U ,  t h e  s h e a r  r a t e  ^ i s :
The  a n a l y t i c a l  e x p r e s s i o n  f o r  TM i s  g i v e n  by e g u a t i o n  9 . 1 0  
i n  c h a p t e r  I X ,  an d  t h e  t i n e  r e q u i r e d  t o  move a  p a r t i c l e  i n  
t h e  down c h a n n e l  d i r e c t i o n  i s ,
w h e r e  Zm i s  t h e  dovn  c h a r n e l  l e n g t h  i n  t h e  B i d d l e  p a r t  o f  
t h e  c h a n n e l .  T h u s ,  t h e  s t r a i n  Yj* b e c o m e s :
S i n c e  f l u i d  a c t i c n  i s  c y c l i c  i n  t h e  c o n f i n e d  c h a n n e l  
u n d e r  c o n s i d e r a t i o n ,  t h e  p a r t i c l e s  f o l l o w  a  c l o s e d  
s t r e a m l i n e ;  and  a s  a  r e s u l t ,  t h e y  o u s t  a l t e r n a t e l y  move i n  
tw o  d i f f e r e n t  XZ p l a n e s  i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l .  
The  t o t a l  s t r a i n  e x p e r i e n c e d  by s u c h  p a r t i c l e  i n  t h e  a i d d l e  
p a r t  f o r  e a c h  c y c l e  i s  t h e  sum o f  tw o  s t r a i n s  e x p e r i e n c e d  i n  
t h e  tw o  XZ p l a n e s  and  i s  g i v e n  by .
The down c h a n n e l  length  Zm i s  not the same for  b o t h  the  
upper and le v e r  planes in  the Biddle part  o f  th e  channel f o r
t h e  a c t u a l  h e l i c a l  s c r e w  c h a n n e l  b u t . w i l l  d e p e n d  u p o n  t h e
c h a n n e l  d e p t h .  h c v e v e r ,  f o r  t h e  c u r v e d  b o u n d a r y  m o d e l s  i n
r e c t a n g u l a r  c o o r d i n a t e s ,  Zm w i l l  b e  a p p r o x i m a t e d  a s  t h e  sam e
f o r  b o t h  l e v e r  a n d  u p p e r  p l a n e s .
Tfm -  A'tnn
£ 8 / 7 )
C8-I8)
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The s h e a r  s t r a i n  e x p e r i e n c e d  b y  t h e  p a r t i c l e  i n  m ov ing  
f r c m  p o i n t  1 t c  £ a l c n g  t h e  s t r e a m l i n e  AB i s  t h u s  c a l c u l a t e d  
a c c o r d i n g  t c  e q u a t i o n  8 . 8 ,  a n d  t h e  t o t a l  s h e a r  s t r a i n  i s  
o b t a i n e d  by s u s s i n g  a l l  s u c h  s h e a r  s t r a i n s .  T h u s ,  i f  a  
s t r e a m l i n e  i s  f o l l o w e d ,  t h e  t o t a l  s h e a r  s t r a i n  f o r  t h a t
s t r e a m l i n e  f c r  o n e  r o t a t i o n a l  c y c l e  c a n  be d e t e r m i n e d .  I n  
s t a g n a n t  r e g i o n s  w hich  l i e  i n  t h e  c h a n n e l  e n d s  f o r  b o t h  t h e  
c o - r o t a t i n g  a n d  c o u n t e r - r o t a t i n g  mode o f  r o l l e r  r o t a t i o n ,  
t h e  s t r a i n  d i s t r i b u t i o n  p e r  u n i t  t i m e  i s  c o m p u t e d .  F o r
s t r e a m l i n e s  w h ic h  form t h e  n o n s t a g n a n t  r e g i o n  a n d  move 
t h r o u g h  t h e  e n d  a n d  l i d d l e  r e g i o n s  o f  t h e  c h a n n e l ,  t h e  t o t a l  
s t r a i n  p e r  c y c l e  i s  t h e  sum o f  s t r a i n s  i n  t h e  b o t h  e n d  
r e g i o n s  a n d  t h e  m i d d l e  r e g i o n .
I n  t h e  m i d d l e  p a r t  c f  t h e  t w i n  s c r e w  c h a n n e l ,  t h e  y 
c o m p o n e n t  o f  v e l c c i t y  i s  n e g l i g i b l e  a n d  t h e  down c h a n n e l
c o m p o n e n t  c f  v e l o c i t y  r e m a i n s  u n c h a n g e d  a s  a  p a r t i c l e  moves
i n  t h i s  r e g i c n .  l h u s ,  t h e  d o v n  c h a n n e l  v e l o c i t y  i s  a 
f u n c t i o n  c f  y o n l y  and  t h e  s h e a r  r a t e  i n  t h e  m i d d l e  p a r t ,  
i s  c o n s t a n t  i n  any  XZ p l a n e ,  t h e  p l a n e  p a r a l l e l  t o  t h e
p l a n e  o f  s c r e w  r c o t .  I n  s u c h  c a s e s ,  t h e  c o m p u t a t i o n  o f  t h e
■
s h e a r  r a t e  ,  and h e n c e  t h e  s h e a r  s t r a i n  ,  i s  
s t r a i g h t f o r w a r d  s i n c e  e g u a t i o n  8 . 2 ,  i n  t h i s  c a s e ,  r e d u c e s
t o :
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The e x p r e s s i o n  f o r  t h e  v e l o c i t y  vzn  i n  t h e  m i d d l e  p a r t  
o f  t h e  c h a n n e l  w h ic h  i s  r e q u i r e d  t o  c o m p u te  t h e  s h e a r  r a t e  
YL a s  g i v e n  ky e q u a t i o n  8 . 1 5  f o r  a  c h a n n e l  o f  h e l i x  a n g l e  &
i s :
_  a £a-'»<OVt>sm0+an« + C*1’ )
w h e r e  Vb and  Vr a r e  7tEbll an d  7TDrN r e s p e c t i v e l y ;  N i s  t h e  
r o t a t i o n a l  s p e e d  o f  t h e  s c r e w s  i n  r e v o l u t i o n s  p e r  u n i t  t i m e ;  
a  e q u a l s  t h e  f r a c t i o n a l  c h a n n e l  h e i g h t  y / H ,  a n d  t h e  v e l o c i t y  
i s  w i t h  r e s p e c t  t o  t h e  l a n d s  o f  t h e  s e c o n d  s c r e w .  The 
d e r i v a t i o n  c f  e q u a t i c r  8 . 1 9  i s  p r e s e n t e d  i n  t h e  c h a p t e r  I X .
S i n c e  t h e  s h e a r  s t r a i n s  i n  b o t h  e n d  z o n e s  a r e  
i d e n t i c a l ,  t h e  t o t a l  s h e a r  s t r a i n  f o r  t h e  c o m p l e t e  c y c l e  i s  
t h e r e f o r e ,
c %■**>)
In  o r d e r  t c  c a l c u l a t e  t h e  t o t a l  s h e a r  s t r a i n  e x p e r i e n c e d  by
a  p a r t i c l e  d u e  t c  t h e  y a n d  z c o m p o n e n t s  o f  v e l o c i t y  f o r  i t s  
e n t i r e  s t a y  i n  t h e  t w i n  s c r e w  e x t r u d e r  c h a n n e l ,  t h e  n u m b er  
o f  c y c l e s  o f  e a c h  s t r e a m l i n e  m u s t  be  known s i n c e  i n  e q u a t i o n  
8 . 2 0  t h e  s k e a t  s t r a i r  i s  e x p r e s s e d  p e r  c y c l e .  T h e r e f o r e ,  i t  
i s  c o n v e n i e n t  t c  c h a n g e  t o  a  u n i t  r e s i d e n c e  t i m e  b a s i s ,  an d  
i n  t h e  p r e s e n t  a n a l y s i s ,  t h e  s t r a i n  c a l c u l a t i o n s  a r e
p r e s e n t e d  p e r  u n i t  c f  d i n e n s i c n l e s s  r e s i d e n c e  t i n e .  I f  t h e  
v e l o c i t i e s  and  d i s t a n c e s  a r e  made d i m e n s i o n l e s s  w i t h  r e s p e c t  
t o  t h e  r o o t  v e l o c i t y  Vr a n d  t h e  r o o t  d i a m e t e r  Or
r e s p e c t i v e l y ,  t h e  d i m e n s i o n l e s s  u n i t  o f  t i m e  t h e n  b e c o m e s
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1 /irH  - Ibe  a c t u a l  r e s i d e n c e  t i n e  a n d  t h e  d i m e n s i o n l e s s  
r e s i d e n c e  t i n e  a r e  r e l a t e d  b y :
I f  1 i s  t h e  d i a e n s i c n l e s s  t i m e  r e q u i r e d  f o r  a  p a r t i c l e  
t o  c o m p l e t e  o n e  c y c l e  i n  t h e  YZ p l a n e ,  t h e n  t h e  e x p r e s s i o n  
f o r  T b e c o m es :
w h e r e  ^rrht i s  t h e  sum o f  f a t ' s  g i v ^ n  by e q u a t i o n  8 .  g o v e r
t h e  s t r e a m l i n e  i n  e i t h e r  o f  t h e  n o n s t a g n a n t  e n d  r e g i o n s ,  a n d  
a l l  f a t ' s  i n  e g u a t i c n  8 . 2 2  a c e  b a s e d  o n  d i m e n s i o n l e s s  u n i t
a m o u n t  o f  s t r a i n  e x p e r i e n c e d  by t h e  p a r t i c l e  i n  o n e  c y c l e  
o v e r  a  t i n e  p e r i o d  I  s o  t h e  s t r a i n  p e r  u n i t  d i m e n s i o n l e s s  
r e s i d e n c e  t i m e  i s :
E g u a t i c n  8 . 2 3  g i v e s  t h e  d i s t r i b u t i o n  o f  t o t a l  s h e a r  
s t r a i n  p e r  u c i t  d i s e n s i c n l e s s  r e s i d e n c e  t i m e  f o r  f l u i d  
m o t i o n  a c r o s s  t h e  c h a n n e l  h e i g h t .  The s h e a r  s t r a i n  
d i s t r i b u t i o n  i n  t h e  s t a g n a n t  r e g i o n s  i s  c o m p u te d  on a  
s i m i l a r  b a s i s ,  b u t  i t  m u s t  b e  n o t e d  t h a t  i n  p r a c t i c e  t h e  
i n f l u e n c e  o f  t h e  c r e s s  c h a n n e l  c o m p o n e n t  o f  v e l o c i t y  may 
move f l u i d  f r o *  t h e  s t a g n a n t  r e g i o n  t o  t h e  m a in  c h a n n e l  a n d
v i c e  v e r s a .  C c n s e g u e n t l y ,  t h e  t o t a l  s h e a r  s t r a i n  w ould  be
i J e n e e  ~ h 'r* e . -  ( n  r e s i d e ) i «  - t i m e )
< * - * o
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h i g h e r  a n d  a c r e  u n i f o r m  t h a n  t h a t  p r e d i c t e d  by s u b s e q u e n t
m o d e l s .
F o r  t h e  z e r o  h e l i x  a n g l e  m o d e l s ,  t h e  c r o s s  c h a n n e l  
com ponen t  c f  v e l o c i t y  i s  a b s e n t  a n d  t h e  t o t a l  s h e a r  s t r a i n ,  
f o r  s u c h  c a s e s ,  i s  d u e  t o  t h e  y a n d  z c o m p o n e n t s  o f  v e l o c i t y  
in  t h e  r e c t a n g u l a r  c o o r d i n a t e  s y s t e m ,  o r  t h e  r  a n d  6
c o m p o n e n t s  o f  v e l o c i t y  i n  t h e  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m .  
The r e s u l t s  f c * t h e  t o t a l  s h e a r  s t r a i n  p e r  u n i t
d i m e n s i o n l e s s  r e s i d e n c e  t i m e  a r e  t a b u l a t e d  i n  T a b l e  8 . 1  f o r  
t h e  c y l i n d r i c a l  m o d e l  a s  w e l l  a s  f o r  t h e  t h r e e  d i f f e r e n t  
c u r v e d  b o u n d a r y  f l a t  p l a t e  m o d e l s .  T h e s e  r e s u l t s  a r e  f o r
t h e  c o - i c t a t i n g  i n t e r m e s h i n g  t w i n  s c r e w  c h a n n e l  w i t h  t h e  
r a t i o  o f  b a r r e l  d i a m e t e r  t o  t h e  r o o t  d i a m e t e r  b e i n g  1 . 5 .  
The s t r e a m l i n e s  o b t a i n e d  by t h e  c u r v e d  b o u n d a r y  f l a t  p l a t e  
model  f o r  t c t b  t h e  c c - r c t a t i n g  a n d  c o u n t e r - r o t a t i n g  c a s e s  
a r e  s h o w n  in  F i g  8 . 2 .  S i n c e  t h e  v e l o c i t y  p r o f i l e  f o r  t h e  
c o n f i n i n g  f l a t  El a *€ m odel  d e v i a t e  s i g n i f i c a n t l y  f r o m  t h e  
a c t u a l  o b s e r v e d  v e l o c i t y  p r o f i l e ,  i t  i s  n o t  i n c l u d e d  i n  t h e  
f o l l o w i n g  a n a l y s i s *
i n  T a b l e  8 - 1 ,  s t r a i n  r e s u l t s  a r e  shown f o r  t h e  
n o n s t a g n a n t  r e g i o n  a c c e s s  t h e  c h a n n e l  d e p t h .  F o r  t h e  c u r v e d  
b o u n d a ry  f l a t  p l a t e  m o d e l ,  t h e  c o m p u t a t i o n  o f  s t r a i n  i s  d o n e  
i n  t h r e e  ways. I n  t h e  f i r s t  c a s e ,  m o d e l  B, t h e  s t r a i n  
d i s t r i b u t i o n  i s  c a l c u l a t e d  d i r e c t l y  f rom v e l o c i t y  p r o f i l e s  
i n  t h e  r e c t a n g u l a r  c o o r d i n a t e s ,  i n  t h e  s e c o n d  o n e ,  m odel  C, 
t h e  s h e a r  r a t e s  w e r e  co m p u ted  b a s e d  u p o n  t h e  v e l o c i t y  
p r o f i l e  i n  r e c t a n g u l a r  c o o r d i n a t e s ,  a n d  t h e n  t h e  v e l o c i t y
T A B L E  8«_1
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S t r a i n  D i s t r i b u t i o n  i n  t h e  N o n - s t a g n a n t  R e g i o n  o f  a 
C o - r o t a t i n g  Z e r o  H e l i x  A n g l e  I n t e r a e s h i n g  I v i n  S c rew  
C h a n n e l ,  t h e  R a t i o  o f  t h e  B a r r e l  D i a m e t e r  t o  t h e  R o o t  
D i a n e t e r  B e in g  1 . 5 .
T o t a l  S t r a i n  /  ( R e s i d e n c e  Time**)
: a c t i o n a l *
H e i g h t
C y l i n d r i c a l
Model
C u r v e d B o u n d a r y  F l a t  
M o d e ls
P l a t e
A B c D
0 . 0 3 3 3 8 .  34 1 2 . 5 5 11 .51 2 0 . 4 4
0 . 0 6 6 6 6 . 9 8 9 . 0 1 6 . 4 7 8 . 2 3
0 . 1 0 0 0 6 . 2 6 6 . 8 6 7 . 2 4 6 . 8 2
0 . 1 3 3 3 6 . 7 9 7 . 3 5 7 . 8 3 6 . 8 9
0 . 1 6 6 6 7 . 2 7 9 . 2 9 7 . 9 6 7 . 2 2
0 . 2 0 0 0 7 . 5 7 8 .  27 8 . 2 7 7 . 6 0
0 . 2 3 3 3 7 . 7 6 8 . 4 3 8 . 4 7 7 . 8 8
0 . 2 6 6 6 7 . 8 5 8 . 4 5 8 . 5 2 8 . 0 5
0 .3 0 0 0 7 . 7 7 8 . 2 8 8 . 4 6 8 . 0 9
0 . 3 3 3 3 7 . 2 9
* f / H  o r  ( r - R 1 ) /  (B 2-R 1)
** d i m e n s i o n l e s s  r e s i d e n c e  t im e
Co-Rotating
> < ^ - 7 '  /  /  / /
Counter-Rotating
Fig. 8 .2 : Streamlines in an End Region o f  a Zero Helix Angle Twin Screw Channel 
consistin g  about 20% o f the Total Channel based on ftodel B
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p r o f i l e s  a n d  t h e  s h e a r  r a t e s  w ere  t r a n s f e r r e d  i n t o  
c y l i n d r i c a l  c o o r d i n a t e s  t o  c a l c u l a t e  t h e  s t r a i n s .  L a s t l y ,  
f o r  t h e  m o d e l  l f t h e  r e c t a n g u l a r  v e l o c i t y  p r o f i l e  was 
t r a n s f e r r e d  t c  t h e  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m ,  a n d  t h e n
s h e a r  r a t e s  an d  s h e a r  s t r a i n s  w e re  o b t a i n e d .
I n  T a b l e  £ . 2  t h e  r e s u l t s  c f  T a b l e  8 . 1  a r e  r e p r o d u c e d  a s  
t h e  r a t i o  c f  t h e  s t r a i n s  o f  n o d e l s  B, C, and  D t o  t h a t  f o r  
m odel  A i n  c y l i n d i c a l  c o o r d i n a t e s .  From t h e s e  T a b l e s ,  i t  
c a n  be s e e n  t h a t  a l l  t h r e e  a p p r o a c h e s  f o r  t h e  c u r v e d  
b o u n d a r y  f l a t  p l a t e  m o d e l s  p r o d u c e  d e v i a t i o n s  i n  t h e  s t r a i n s  
i n  t h e  n c n s t a g n a n t  r e g i o n  r e l a t i v e  t o  t h o s e  o b t a i n e d  by 
m o d e l  A. H o w e v e r ,  t h e s e  d e v i a t i o n s  a r e  t o o  c l o s e  t o  o n e  
a n o t h e r  t o  d e f i n i t e l y  p o i n t  o u t  t h e  i m p o r t a n t  d i f f e r e n c e  
b e tw e e n  t h e n .
I n  T a b l e  8 . 3 ,  t h e  s t r a i n  d i s t r i b u t i o n  i n  t h e  s t a g n a n t  
r e g i o n s  f o r  t h e s e  m o d e l s  a r e  t a b u l a t e d ,  a n d  i t  c a n  be n o t e d  
t h a t  t h e  s t r a i n  d i s t r i b u t i o n  d e v i a t e s  s i g n i f i c a n t l y  f r o m  
t h a t  p r e d i c t e d  by a c d e l  A i n  c y l i n d r i c a l  c o o r d i n a t e s .  T h u s ,  
m ode ls  fi« C ,  and D o v e r e s t i m a t e  t h e  s t r a i n  by 8 0 ,  55 ,  a n d  15 
p e r c e n t  r e s p e c t i v e l y .  The s t r a i n  d i s t r i b u t i o n  f o r  t h e  
c o u n t e r - r o t a t i n g  c a s e  i s  p r e s e n t e d  f o r  m o d e l s  A a n d  B i n  
T a b l e  8 . 4  f c r  t h e  n c n s t a g n a n t  r e g i o n  a n d  i n  t a b l e  8 . 5  f o r
t h e  s t a g n a n t  r e g i o n .  s t r a i n  r e s u l t s  f o r  m o d e l s  C and  D a r e  
n o t  i n c l u d e d  in  t h e s e  T a b l e s  f c r  t h e  r e a s o n  e x p l a i n e d  l a t e r .
Again  a  s i m i l a r  t r e n d  i n  d e v i a t i o n s  i n  t h e  s t r a i n  
d i s t r i b u t i o n  was o b s e r v e d  f o r  a l l  m o d e l s .  T h e s e  d e v i a t i o n s  
d e m o n s t r a t e  t h a t  t h e  s h r i n k i n g  o f  t h e  b a r r e l ,  e s p e c i a l l y  t h e
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T AB L E  8 . 2
The R a t i o  o f  t h e  S t r a i n  D i s t r i b u t i o n s  o f  t h e  F l a t  P l a t e  
M o d e ls  t o  t h a t  o f  t h e  C y l i n d r i c a l  M o d e l .
F r a c t i o n a l  C u rv e d  B o u n d a ry  P l a t  P l a t e
H e i g h t  M ode ls
B/A C/A D/A
0 . 0 3 1 3  1 . 5 0  1 . 3 8  2 . 4 5
0 . 0 6 b 6  1 .2 9  0 . 9 2  1 . 1 7 9
0 . 1 0 0 0  1 .0 9  1 . 1 5 b  1 .0 9
0 . 1 3 1 3  1 .0 8  1 . 1 5 3  1 . 0 1 4
0 . 1 6 6 6  1 .2 7  1 . 0 9  0 . 9 9 4
0 . 2 0 0 0  1 .0 9  1 . 0 9  1 . 0 0 4
0 . 2 3 3 3  1 .0 7  1 . 0 9  1 . 0 0 3
0 . 2 6 6 6  1 .0 8  1 . 0 8 b  1 . 0 2 5
0 . 3 0 0 0  1 .0 7  1 . 0 8 8  1 .0 4
1 3 9
T ABL E  8 . 1
S t r a i n  D i s t r i b u t i o n  i n t h e  S t a g n a n t R e g io n  o f  a  Zo -  r o t a  t i n g
Z e r o  H e l i x A n g le  I n t e r u e s h i n g  Twin S crew  c h a n n e l , t h e  R a t i o
o f  t h e  B a r r e l  D i a a e t e r t o  t h e  R o o t  D i a a e t e r  B e in g 1 . 5 .
S t r a i n *
S t r e a m l i n e
N u a b e r * *
Model  A Model  B M odel  C Model  D
1 1 0 .8 2 1 .  53 1 8 . 9 5 1 3 .6 4
2 1 1 . 6 7 1 9 .8 1 1 6 . 5 3 1 3 . 0 3
3 1 1 . 6 3  - 1 9 . 3 3 1 6 . 6 1 1 2 . 6 3
4 1 1 .4 9 2 0 . 7 1 1 7 . 3 7 13.  16
5 11.  10 2 1 . 9 8 1 6 . 9 0 1 2 . 9 0
6 1 0 . 2 3 2 2 . 2 2 1 6 . 0 4 12. 24
7 8 . 6 6 1 8 . 0 9 1 5 . 2 6 11 . 6 0
8 b .  11* 1 4 .7 1 1 4 . 7 0 1 0 . 9 0
* per unit  of d in e n s io n le s s  time
** Iroa outer to inner of the stagnant zone
1^0
t a b u  8 - t*
S t r a i n  C i s t r i b u t i c n  i n  t h e  N o n - s t a g n a n t  R e g i o n  o f  a 
C o u n t e r - r c t a t i n g  Z e r o  H e l i x  A n g l e  I n t e r n e s h i n g  Twin S c r e w
C h a n n e l ,  t h e  R a t i c  c f  t h e  B a r r e l  D i a a e t e r  t o  t h e  R o o t
/
D i a a e t e r  E e i n g  1 . 5 .
T o t a l  s t r a i n  /  ( R e s i d e n c e  Time)
F r a c t i o n a l  C y l i n d r i c a l  C u rv e d  B o u n d a r y  F l a t  P l a t e
H e i g h t H o d e l H o d e l
A B B/A
0 . 0 3 3 3 7 .S S 9 . 4 4 1. 18
0 . 0 6 6 6 6 .  11 6 . 7 6 1.  11
C. 1000 5 . 2 6 5 . 7 7 1. 10
0 .  1333 5 . 7 9 6 . 3 0 1.  088
0 .  1666 6 . 4 3 6 . 7 9 1 . 0 5 5
0 . 2 0 0 0 6 . 9 6 7 . 2 2 1 . 0 3 7
0 . 2 3 3 3 7 . 3 6 7 . 5 5 1 . 0 2 5
0 . 2 6 6 6 7 . 6 3 7 . 8 0 1. 022
C. 3000 7 . 7 6 7 . 9 6 1 . 0 2 5
0 . 3 3 3 3 7 . 3 2
li+1
T A B L E  8 . 5
S t r a i n  D i s t r i b u t i o n  i n  t h e  S t a g n a n t  R e g io n  o f  a 
c o u n t e r - r o t a t i n g  Z e r o  H e l i x  A n g le  I n t e r n e s h i n g  Twin s c r e w  
c h a n n e l ,  t h e  R a t i o  o f  t h e  B a r r e l  D i a a e t e r  t o  t h e  R o o t  
D i a m e t e r  B e in g  1 . 5 .
S t r a i n
S t r e a m l i n e  Model  A Model  B
Humber
1 1 1 4 . 1 8  8 1 . 6 6
2 2 8 . 0 3  2 4 . 5 2
3 2 3 . y3 3 7 . 7 1
4 2 0 . 2 2  4 2 . 8 7
1^2
c h a n n e l  d e p t h #  beco m e  i m p o r t a n t  i f  t h e  r e s u l t s  a r e  n o t  
t r a n s f e r r e d  f e e s  t h e  r e d u c e d  r e c t a n g u l a r  t o  t h e  c y l i n d r i c a l  
c o o r d i n a t e  s y s t e m .
C o a p a r i n g  d e v i a t i o n s  i n  t h e  n o n s t a g n a n t  r e g i o n  s t r a i n  
d i s t r i b u t i o n  c f  t h e  c o - r o t a t i n g  a n d  t h e  c o u n t e r - r o t a t i n g  
c a s e s #  i t  c a n  be s e e n  t h a t  t h e  a g r e e m e n t  b e t w e e n  m o d e ls  A 
an d  B i s  t e t t e r  i n  t h e  l a t t e r  c a s e  t h a n  i n  t h e  f o r m e r .  T h i s  
i s  p r o b a b l y  due  t o  t h e  f a c t  t h a t  t h e  s t r e a m l i n e s  i n  t h e  
n o n s t a g n a n t  r e g i o n  c f  t h e  c o u n t e r - r o t a t i n g  c a s e  t u r n  a r o u n d  
b e f o r e  t h e y  r e a c h  t h e  s t a g n a n t  r e g i o n  a n d  t h u s #  t h e y  s t a y  i n  
r e g i o n s  w h e re  t h e  e f f e c t s  o f  t h e  s h r i n k i n g  b a r r e l  and  t h e  
c h a n n e l  d e p t h  a r e  n e t  i m p o r t a n t .  F o r  t h e  c o - r o t a t i n g  mode 
o f  s c r e w  r o t a t i o n #  t h e  s t r e a m l i n e s  i n  t h e  n o n s t a g n a n t  
r e g i o n #  o n  t h e  e t h e r  band# h a v e  t o  g o  a r o u n d  t h e  s t a g n a n t  
zo n e  s o  t h e y  a r e  s u b j e c t  t o  t h e  e f f e c t s  o f  t h e  s h r i n k i n g  
c h a n n e l  d e p t h  a n d  t h e  b a r r e l .  T h e r e f o r e #  t h e  e f f e c t s  
d e s c r i b e d  a b c v e  b e t w e e n  t h e  s e c o n d  s c r e w  l a n d s  and t h e  
s t a g n a n t  r e g i o n  w i l l  beccme i m p o r t a n t  i f  t h e  t r a n s f o r m a t i o n  
o f  r e s u l t s  a r e  n e t  t a k e n  i n t o  c o n s i d e r a t i o n .  T h i s  i s
e v i d e n t  i f  t h e  s o l i d  s t r e a m l i n e s  o f  F i g  8 . 3 a  a n d  8 . 3 b  a r e  
c o m p a red  w i t h  t h e s e  i n  F ig  7 . 2  a n d  7 . 3  r e s p e c t i v e l y .  Thus# 
t h e  t e c h n i g u e  c f  t h e  t r a n s f o r m a t i o n  m i n i m i z e s  t h e  e f f e c t s  o f  
t h e  c h a n g e  i n  c h a n n e l  g e c m e t r y .
A l t h o u g h  t h e  s t r a i n  d i s t r i b u t i o n  b y  t r a n s f o r m i n g  t h e  
v e l c c i t y  ’p r o f i l e  fxcm  t h e  r e d u c e d  r e c t a n g u l a r  c o o r d i n a t e  
s y s t e m  t o  t h e  a c t u a l  c y l i n d r i c a l  c o o r d i n a t e  g e o m e t r y  a r e  i n  
good a g r e e m e n t  w i t h  t h o s e  o b t a i n e d  b y  m odel  A d i r e c t l y  i n
°n the
H > £ f *
Fig. 8.3b: Streamlines for a Zero Helix 
Angle Counter-Rotating Twin 
Screw Channel Based on the 
Nbdel C or D
1 1*5
c y l i n d r i c a l  c o o r d i n a t e s ,  t h e  c o n f i d e n c e  in  t h i s  t e c h n i q u e  o f  
t r a n s f o r m a t i o n  i s  r e d u c e d  when i t  i s  a p p l i e d  t o  a n  a c t u a l  
n o n z e r o  h e l i x  a n g l e  t w i n  s c r e w  c h a n n e l  s i n c e  t h e  r e s u l t s  
m u s t  be t r a n s f o r m e d  t o  a  h e l i x .  I n  a d d i t i o n ,  t h e  s i m p l i c i t y  
o f  t h e  c u r v e d  b o u n d a r y  r e c t a n g u l a r  f l a t  p l a t e  m o d e l  i s  
d i m i n i s h e d  when t h e  t e c h n i q u e  o f  t r a n s f o r m a t i o n  i s  a d d e d .  
F u r t h e r m o r e ,  t h e  s t r e a m l i n e s  t h e m s e l v e s  a r e  a p p a r e n t l y  g o o d  
r e p r e s e n t a t i c r s  c f  t h e  c u r v e d  m ode l  p a t h s .  T h e r e f o r e ,  h o d e l  
B w i l l  be u s e d  t o  p r e d i c t  s t r a i n  d i s t r i b u t i o n  i n  an a c t u a l  
t w i n  s c r e w  c h a n n e l  r e a l i z i n g  t h a t  t h e  r e s u l t s  s o  p r e d i c t e d  
w i l l  b e  i n  e r r o r  by t h e  a p p r o x i m a t e  f a c t o r s  show n  i n  T a b l e s
8 . 1 ,  8 . 2 ,  a n d  8 . 3 .  H o w e v e r ,  t h e s e  c o r r e c t i o n  f a c t o r s  f o r
s t r a i n  d i s t r i b u t i o n s  m u s t  be a p p l i e d  c a u t i o u s l y  s i n c e  t h e y  
may be d e p e n d e n t  on t h e  h e l i x  a n g l e .
i n  f i g  8 . 4  t h r o u g h  8 . 6 ,  s t r e a m l i n e s  i n  a n  e n d  r e g i o n
c o n s i s t i n g  c f  a b c u t  20 p e r c e n t  o f  t h e  c h a n n e l ,  a r e  shown f o r  
h e l i x  a n g l e s  r a n g i n g  f rom  15 t o  45 d e g r e e s  f o r  b o t h
c o - r o t a t i n g  an d  c o u n t e r - r o t a t i n g  modes o f  s c r e w  r o t a t i o n .  
T h e s e  f i g u r e s  c l e a r l y  shew f l e w  p a t t e r n s  i n  t h e  n o n s t a g n a n t  
r e g i o n s ,  t h e  t o p  cn e  b e i n g  c l o c k w i s e  a n d  t h e  l o w e r  o n e
c o u n t e r - c l o c k w i s e ,  a n d  t h e i r  v a r i a t i o n  w i t h  t h e  h e l i x  a n g l e .  
F l u i d  m o t i o n  i n  t h e  u p p e r  r e g i o n  becom es  m ore  i m p o r t a n t  a s  
t h e  f c e l ix  a n g l e  i n c r e a s e s .  The s h e a r  s t r a i n  d i s t r i b u t i o n s  
f o r  t h e  s t a g n a n t  a s  w e l l  a s  n o n s t a g n a n t  r e g i o n s  a r e
t a b u l a t e d  i n  T a b l e s  £ . 6  t h r o u g h  8 . 9  f o r  b o t h  m odes  o f  s c r e w
r o t a t i o n .  I n  t h e s e  t a b l e s ,  s t r a i n  d i s t r i b u t i o n s  a r e
e x p r e s s e d  p e r  u n i t  c f  d i i i e n s i c n l e s s  r e s i d e n c e  t i m e ;  an d  f o r
i H ' w i V i M K i y r 1V
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FJg. 8 .6: Streamlines in an End Region o f  a 45 Degree Helix Angle Twin 
Screw Channel
I  M i l  Jb .6
S t r a i n  D i s t r i b u t i o n  i n  t h e  N o n - s t a g n a n t  R e g i o n  o f  an  
I n t e r n e s h i n g  I w i n  S c re w  C h a n n e l ,  t h e  R a t i o  o f  t h e  B a r r e l  
D i a m e t e r  t o  t h e  Roo t  D i a a e t e r  E e i n g  1 . 5 .
H e l i x  A n g l e  = 15 d e g r e e s
F r a c t i o n a l F r a c t i o n a l T o t a l  S t r a i n  / ( R e s i d e n o
H e i g h t H e i g h t  o f  
Cc n p l e m e n t a r y  
P l a n e * c o - r o t a t i n g c o u n t e r - :
C .0 0 0 0 G.SCE6 3 3 . 8 8 1 2 .2 0
0 . 0 3 3 3 C .7 5 5 6 1 5 . 0 2 9 . 9 7
0 . 0 6 6 6 0 . 6 7 1 2 7 . 4 7 6 . 9 5
0 . 1 0 0 0 0 .6 0 4 3 7 . 4 8 6 . 8 6
0 . 1 3 3 3 0 . 5 0 7 0 8 . 0 4 7 . 0 2
0 . 1 6 6 6 C. 4964 8 . 6 3 7 . 5 8
0 . 2 0 0 0 0 . 4 5 0 6 8 . 9 6 8 . 0 6
0 . 2 3 3 3 C.4CE8 9 . 1 1 8 . 3 3
0 . 2 6 6 6 C . 37 01 9 . 1 1 8 . 6 0
C . 300 0 0 .3 3 4 3 8 . 7 4 8 .7  1
0 . 9 3 3 3 0 . 9 7 7 0 8 . 7 2 9 . 7 6
* t h e  c o m p l e m e n t a r y  p l a n e  h e i g h t  i s  g i v e n  by e q u a t i o n  G-7 o r  G-1G.
1 5 0
TABLE 8 ^ 7
S t r a i n  D i s t r i b u t i o n  i n  t h e  B o n - s t a g n a n t  R eg ion  o f  an 
I n t e r n e s h i n g  Twin  S c rew  C h a n n e l ,  t h e  R a t i o  o f  t h e  B a r r e l  
D i a n e t e r  t o  t h e  H oo t  D i a a e t e r  B e in g  1 . 5 .
H e l i x  A n g le  -  30 d e g r e e s
F r a c t i o n a l
H e i g h t
F r a c t i o n a l  
H e i g h t  o f  
C o m p le m e n ta r y
T o t a l  S t r a i n  /  ( R e s i d e n c e  T i n e )
P l a n e c o - r o t a t i n g c o u n t e r -
0 . 0 0 0 0 0 . 7 2 7 2 7 3 . 3 5 1 8 .4 7
0 . 0 3 3 3 0 . 6 3 1 2 1 4 .1 0 1 2 .6 3
0.  0666 0 .560U 9 . 1 5 8 . 5 3
0 . 1 0 0 0 0 . 5 0 1 4 1 0 .0 4 9 . 2 4
0 . 1 3 3 3 0 . 4 4 9 9 1 0 . 7 9 9 . 9 2
0 . 1 6 6 6 0 . 4 0 3 8 1 1 .2 8 1 0 .5 0
0 . 2 0 0 0 0 . 3 6 1 9 1 1 . 5 6 1 0 .9 6
0 . 2 3 3 3 0 . 3 2 3 5 1 1 .6 2 1 1 .2 8
0 . 2 6 6 6 0 . 2 8 8 0 1 1 .3 5 1 1 .3 6
0 . 7 3 3 3 0 . 9 9 5 5 1 0 .6 1 1 1 .3 8
0 . 7 6 6 6 0 . 9 7 0 0 1 0 .9 3 1 2 .9 2
0 . 8 0 0 0 0 .9 4 2 7 11.  10 1 2 . 0 8
0 . 8 3 3 3 0 .9 1 3 2 1 1 . 2 9 1 1 .7 4
0 . 8 6 6 6 0 . 8 8 1 6 1 1 .3 4 1 1 .3 7
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TABL E  8 . 8
S t r a i n  D i s t r i b u t i o n  i n  t h e  N o n - s t a g n a n t  R e g i o n  o f  an  
I n t e r n e s h i n g  Twin  Screw  C h a n n e l ,  t h e  R a t i o  o f  t h e  B a r r e l  
D i a m e t e r  t o  t h e  R o o t  D i a m e t e r  E e in g  1 . 5 .
H e l i x  A n g le  -  45 d e g r e e s
f r a c t i o n a l  F r a c t i o n a l  T o t a l  S t r a i n  /  ( R e s i d e n c e  T i n e )  
H e i g h t  H e i g h t  c f
Cc n p l e n e n t a r y
P l a n e c o - r o t a t i n g c o u n t e r - ;
C .0 0 0 0 0 . 5 7 1 4 9 7 . 7 8 2 3 . 5 2
0 . 0 3 3 3 0 . 5 0 2 0 1 7 .9 0 1 5 . 8 2
0 . 0 6 6 6 0 . 4 4 4 2 1 5 . 1 2 14 .5 1
0 . 1 0 0 0 0 . 3 9 3 6 1 6 . 0 6 1 5 . 3 7
0 . 1 3 3 3 0 . 3 4 6 4 1 6 . 7 0 1 6 . 1 0
0 . 1 6 6 6 0 .3 C 7 3 17.  18 1 6 . 7 5
0 . 2 0 0 0 0 . 2 6 S 7 1 7 .3 4 1 7 . 1 0
C . 2333 0 . 2 3 4 9 1 7 .2 0 1 7 . 2 0
0 . 6 0 0 0 0 . 9 8 3 0 1 3 .3 2 1 4 . 9 5
0 . 6 3 3 3 0 . 9 6  16 1 4 .3 9 1 5 .2 4
0 . 6 6 6 6 0 . 5 3 6 5 15 .2 1 1 6 . 3 6
0 . 7 0 0 0 0 . 9 1 3 6 1 5 . 9 6 1 7 . 2 2
0 . 7 3 3 3 0 . 8 8 6 7 1 6 .5 5 1 7 . 5 7
0 . 7 6 6 6 0 . 6 5 7 8 1 6 .9 7 1 6 . 9 3
0 . 8 0 0 0 0 . 8 2 6 7 1 7 .1 9 1 7 . 1 8
152
t a b l e  6 . 9
S t r a i n  D i s t r i b u t i o n  i n  t h e  S t a g n a n t  R e g i o n  o f  an  
I n t e r n e s h i n g  Twin  S c rew  C h a n n e l ,  t h e  R a t i o  o f  t h e  B a r r e l  
D i a n e t e r  t o  t h e  Boot  D i a a e t e r  E e in g  1 . 5 .
CC-fOlATING CASE
S t r e a m l i n e  H e l i x  A n g l e  ( d e g r e e s )
Number
15 30 45
1 1 7 .6 7 2 0 . 0 2 2 3 . 8 2
2 2 0 .2 3 2 2 . 5 4 2 5 . 6 0
3 2 2 .6 1 2 7 . 8 7 2 6 . 6 0
4 2 2 .9 9 2 3 . 8 2 2 9 .3 1
5 1 9 .6 0 18.  19 2 2 . 3 0
6 15 .91 1 9 .0 2
COUNTER -ROTATING CASE
1 4 1 .3 0 4 1 . 1 4 3 9 . 2 2
2 2 3 . 2 8 3 7 . 1 8 5 8 . 5 7
3 3 6 .6 6 2 5 . 6 9 6 6 . 5 7
4 4 4 .4 3 3 6 .  19 6 8 . 6 0
5 4 7 . 0 8
1 5 3
t h e  s t a c n a n t  r e g i o n ,  s t r e a m l i n e s  a r e  t a b u l a t e d  f ro m  t h e  
o u t e r a o s t  t o  t h e  i n n e r m o s t  o n e .  As t h e  h e l i x  a n g l e
i n c r e a s e s ,  a r i s e  i n  t h e  s t r a i n  i s  e v i d e n t  f r o n  t h e s e  
t a b l e s ,  a l t h o u g h  i t  i s  n e t  a s  s h a r p  i n  t h e  s t a g n a n t  r e g i o n  
a s  f o r  t h e  n c n s t a g n a n t .
T a b l e  8 . 7  s h o e s  t h e  s t r a i n  d i s t r i b u t i o n  i n  a  30 d e g r e e
h e l i x  a n g l e  c o - i c t a t i n g  a s  w e l l  a s  c o u n t e r - r o t a t i n g  t w i n  
s c r e w  c h a n n e l  f c r  t h e  n c n s t a g n a n t  r e g i o n .  The s t r e a n l i n e s  
c o r r e s p o n d i n g  t o  t h i s  T a b l e  a r e  shown i n  F i g  8 . 5 .  F r o n  t h i s  
f i g u r e ,  two  s e p a r a t e  f l e w  p a t t e r n s ,  o n e  c l o c k w i s e  a n d  t h e  
o t h e r  c o u n t e r - c l o c k w i s e ,  a r e  s e p a r a t e d  a t  a  l e v e l  
c o r r e s p o n d i n g  t o  a f r a c t i o n  0 . 7 2 7 2  o f  t h e  m a in  c h a n n e l
h e i g h t  f c r  b c t h  n o d e s  c f  r o t a t i o n .  F o r  t h e  c o - r o t a t i n g  
c a s e ,  t h e  c l o c k w i s e  s t r e a n l i n e s  c o n p r i s i n g  t h e  l o w e r  r e g i o n ,
i . e .  f r c n  t h e  s c r e w  r o o t  t o  t h e  l e v e l  o f  0 . 7 2 7 2  o f  t h e  
c h a n n e l  h e i g h t ,  gc a i c u n d  t h e  s t a g n a n t  r e g i o n  w h i l e  t h e  
s t r e a m l i n e s  b e l o n g i n g  t o  t h e  u p p e r  r e g i o n  t u r n  a r o u n d  b e f o r e
t h e y  r e a c h  t h e  s t a g n a n t  r e g i o n .  From T a b l e  8 . 7  t h e  s t r a i n  
d i s t r i b u t i o n  f c r  t h e  l o w e r  r e g i o n  s t r e a m l i n e s  i s ,  i n
g e n e r a l ,  s o m e w h a t  h i g h e r  t h a n  t h a t  f o r  t h e  u p p e r  r e g i o n
s t r e a m l i n e s .  T h i s  may b e  e x p l a i n e d  on t h e  g r o u n d s  t h a t  t h e  
s t r e a m l i n e s  p a s s i n g  t h r o u g h  t h e  z o n e s  c l o s e r  t o  t h e  s e c o n d  
s c r e w  l a n d s  u n d e r g o  g r e a t e r  s t r a i n .  A lso  f o r  t h e  l o w e r  
r e g i o n ,  t h e  s t r a i n  i s  t h e  h i g h e s t  f o r  t h e  o u t e r m o s t  
s t r e a m l i n e  d u e  t o  t h e  f a c t  t h a t  i t  i s  t h e  c l o s e s t  o n e  t o  t h e  
h i g h  s h e a r  r a t e s  o f  t h e  s e c o n d  s c r e w  l a n d s .  F o r  t h e  u p p e r  
r e g i o n  s t r e a m l i n e s ,  t h e  s t r a i n  i s  t h e  h i g h e s t  f o r  t h e
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i n n e r m o s t  s t r e a m l i n e .
F o r  t h e  c c u n t e r - r c t a t i n g  c a s e ,  e x a c t l y  t h e  o p p o s i t e  i s  
t r u e  s o  t h e  c l o c k w i s e  s t r e a m l i n e s  o c c u r r i n g  i n  t h e  l o w e r  
r e g i o n *  i n  g e n e r a l ,  c n d e r g c  l e v e r  s h e a r  s t r a i n .  T h i s  may be
a g a i n  e x p l a i n e d  by t h e  f a c t  t h a t  t h e  s t r e a m l i n e s  o f  t h e
u p p e r  r e g i o n  g c  a r o u n d  t h e  s t a g n a n t  zone w h i l e  t h e  o t h e r s  do 
n o t .  a l s o ,  f c r  t h e  l o w e r  r e g i o n ,  t h e  s t r a i n  v a l u e s  i n c r e a s e  
f r c m  t h e  i n n e r  t c  t h e  c u t e i m o s f  s t r e a m l i n e s .
I t  c a n  be  c o n c l u d e d  t h a t  f o r  t h e  n o n z e r o  h e l i x  a n g l e  
c a s e ,  t h e  u p p e r  r e g i o n  s t r e a m l i n e s  o f  t h e  c o - r o t a t i n g  c a s e  
shew a  s i n i l a i  t r e n d  i n  t h e  s t r a i n  d i s t r i b u t i o n  t o  t h a t  o f  
t h e  l o w e r  r e c i c n  s t r e a m l i n e s  o f  t h e  c o u n t e r - r o t a t i n g  c a s e  
a n d  v i c e  v e r s a .  H o w e v e r ,  f o r  t h e  n o n s t a g n a n t  s t r e a m l i n e s ,  
t h e  e f f e c t  o f  t h e  n o d e  o f  r o t a t i o n  o f  t h e  s c r e w s  o n  t h e
s t r a i n  d i s t r i b u t i o n  i s  i n s i g n i f i c a n t .  F r o n  T a b l e  8 . 7 ,  t h e  
o b s e r v a t i c n  c a n  he made t h a t  s t r a i n s  f o r  t h e  n o n s t a g n a n t
s t r e a m l i n e s  c o r r e s p o n d i n g  to  t h e  p l a n e s  o f  f r a c t i o n a l  h e i g h t
0 . 2 6 6 6  and  C .8 6 6 6  f o r  l o w e r  and.  u p p e r  r e g i o n s
r e s p e c t i v e l y  a x e  a l m c s t  i d e n t i c a l  r e g a r d l e s s  o f  t h e  mode o f  
r o t a t i o n  o f  t h e  s c r e w s .  t h i s  ± s  b e c a u s e  t h e  s t r e a m l i n e s  
c o r r e s p o n d i n g  t o  t h e s e  l e v e l s  d o  c o t  e x t e n d  t o  t h e  en d  
r e g i o n s .
A l t h o u g h  s h e a r  r a t e s  i n  t h e  e n d  r e g i o n s  a r e  h i g h e r  t h a n  
i n  t h e  m i d d l e  r e g i o n ,  t h e  f l u i d  s t r a i n  d o e s  n o t  v a r y  
s i g n i f i c a n t l y  when t h e  f l u i d  m o v e s  i n t o  t h e  n o n s t a g n a n t
r e g i o n  o f  t h e  end z o n e .  T h i s  i s  p r o b a b l y  b e c a u s e  v e l o c i t i e s  
i n  t h e  end  r e g i o n s  a r e  h i g h e r  t h e r e b y  r e d u c i n g  t h e  t r a v e l i n g
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t i m e  s o  t h e  h i y h e r  s h e a r  r a t e s  a r e  c o m p e n s a t e d  by s h o r t e r  
t i n e s .
I n  T a b l e  £ . 9  t h e  s t r a i n  d i s t r i b u t i o n  f o r  t h e  s t a g n a n t  
r e g i o n  i s  p r e s e n t e d .  I f  t h i s  s t r a i n  d i s t r i b u t i o n  f o r  t h e  30 
d e g r e e  h e l i x  a n g l e  c a s e  i s  c o m p a r e d  w i t h  t h a t  i n  t h e  
n o n s t a g n a n t  r e g i o n  c o n s i d e r e d  e a r l i e r ,  a  s i g n i f i c a n t  
d i f f e r e n c e  b e t w e e n  t h e i r  v a l u e s  c a n  be  n o t e d ,  s t r a i n  i n  t h e  
s t a g n a n t  r e g i o n s  i s  a b o u t  2 t i m e s  h i g h e r  t h a n  i n  t h e  
n o n s t a g n a n t  z o n e s  f c r  t h e  c o - r o t a t i n g  c a s e ,  a n d  a b o u t  4 
t i m e s  h i g h e r  f c r  t h e  c o u n t e r - r o t a t i n g .  F u r t h e r m o r e ,  t h e
s t a g n a n t  z o n e  s t r a i n  d i s t r i b u t i o n  i s  a b o u t  t w i c e  a s  h i g h  f o r  
t h e  c o u n t e r - r o t a t i n g  c a s e  a s  t h e  c o - r o t a t i n g  c a s e .  On t h e  
o t h e r  h a n d ,  f r c m  f i g  8 . 5  t h e  r e g i o n  o v e r  w h ich  t h e
n o n s t a g n a n t  z c n e  e x t e n d s  i s  a b o u t  o n e  a n d  a  h a l f  t i m e s  a s  
b i g  f o r  t h e  c c - r c t a t i n g  c a s e  a s  f o r  t h e  c o u n t e r - r o t a t i n g  
c a s e .  T h u s ,  t h e  a v e r a g e  v a l u e  o f  t h e  s t r a i n  o v e r  t h e s e
r e g i o n s  a r e  som ew ha t  h i g h e r  f o r  t h e  c o u n t e r - r o t a t i n g  c a s e .
A l t h o u g h  t h e  s t r a i n  d i s t r i b u t i o n  i n  a  t w i n  s c r e w
c h a n n e l  i s  a l m c s t  i n d e p e n d e n t  c f  t h e  mode o f  s c r e w  r o t a t i o n ,  
t h e  l e a k a g e  c f  f l u i d  b e tw e e n  t h e  s c r e w s  a n d  b e t w e e n  t h e  
b a r r e l  s u r f a c e  a n d  e a c h  s c r e w  w i l l  i n f l u e n c e  t h e  s t r a i n
d i s t r i b u t i o n  p a t t e r n  s i g n i f i c a n t l y ;  a n d  t h e  mode o f  s c r e w  
r o t a t i o n  nay  become an i m p o r t a n t  f a c t o r .  I n  a d d i t i o n ,  t h e
i n f l u e n c e  o f  t h e  c r o s s  c h a n n e l  v e l o c i t y  on t h e  s t r a i n  w i l l  
i n c r e a s e  w i t h  t h e  h e l i x  a n g l e  s i n c e  i t  w i l l  c a u s e  f l u i d  t o  
f l e w  f rc m  t h e  s t a g n a n t  r e g i o n  t o  t h e  n o n s t a g n a n t  an d  v i c e  
v e r s a .  T h i s  a c t i o n  c o u l d  p l a y  a n  i m p o r t a n t  r o l e  i n  m i x i n g .
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F u r t h e r m o r e ,  m i r i n g  w i l l  be i m p r o v e d  b y  l e a k a g e  o f  f l u i d  a n d  
t h e  c r o s s  c h a n n e l  v e l o c i t y  s i n c e  t h e s e  e f f e c t s  w i l l  p r o v i d e  
a d d i t i o n a l  c o m b i n i n g  a n d  d i v i d i n g  a c t i o n  f o r  t h e  f l u i d ,  
r e s u l t i n g  i n  i n c r e a s e d  s t r a i n  and  a  more  u n i f o r m  s t r a i n  
d i s t r i b u t i o n  £ 1 4 , 2 3 , 2 7 , 2 8 ] .
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ix  i l  311 JS IfS II S M I  Q l 3HS t u i m  s c r e w  e x t r u d e r
I n  c h a p t e c  I I ,  t h e  p r o c e d u r e s  d e v e l o p e d  by d c ^ e ^ v e y  
£ 2 h ]  a n d  l a d n o r  £ 3 6 ]  t c  a n a l y s e  n i x i n g  i n  a  s i n g l e  s c r e w  
e x t r u d e r  were b a s e d  upon s h e a r  s t r a i n .  T h e s e  c o n s i d e r  o n l y  
t h e  n i d d l e  p a r t  o f  t h e  s i n g l e  s c r e w  e x t r u d e r  c h a n n e l  w h e re  
f l o w  i s  f u l l y  d e v e l o p e d  i n  t h e  c r o s s  c h a n n e l  a s  w e l l  a s  i n  
t h e  down c h a n n e l  d i r e c t i o n ,  a n d  t h u s ,  t h e  s t r a i n  
d i s t r i b u t i o n  f o r  a g i v e n  s c r e w  g e o u e t r y  an d  o p e r a t i n g  
c o n d i t i o n  i s  a  f u n c t i c n  o f  y c o o r d i n a t e  ( t h e  v e r t i c a l  
d i s t a n c e  c f  t h e  p a r t i c l e  f r o a  t h e  s c r e w  r o o t )  o n l y .
T h e  s a m e ' t e c b n i g u e ,  h o w e v e r ,  i s  l i m i t e d  i n  i t s  a b i l i t y  
t o  p r e d i c t  n i x i n g  i n  t h e  m i d d l e  p o r t i o n  o f  t h e  t w i n  s c r e w  
c h a n n e l  due  t c  a  t t i g u e  p h e n c n e n o n  w hich  w i l l  be c a l l e d  
" s p l i t t i n g " .  C o n s i d e r  t h e  f l u i d  n o t i o n  i n  t h e  m i d d l e  o f  a  
s t a t i o n a r y  t w i n  s c r e w  c h a n n e l  i n  r e c t a n g u l a r  c o o r d i n a t e s .  
The b a r r e l  n e v e s  a t  a v e l o c i t y  Vb w h i c h  e g u a l s  7TDbN w i t h  
c o o p o n e n t s  v t . s i n ©  and  V b . c o s e  i n  t h e  c r o s s  c h a n n e l  a n d  i n  
t h e  down c h a n c e l  d i r e c t i o n  r e s p e c t i v e l y .  The c r o s s  c h a n n e l  
v e l o c i t y  d i s t r i b u t i o n  Vx i n  t h e  m i d d l e  p a r t  o f  t h e  c h a n n e l  
w h e re  t h e  c r e s s  c h a n n e l  f l e w  i s  f u l l y  d e v e l o p e d  c a n  be 
o b t a i n e d  i n  a s a n n e r  s i m i l a r  t o  t h a t  f o r  s i n g l e  s c r e w  t h e o r y  
w i t h  t h e  b o u n d a r y  c o n d i t i o n s  t h a t  Vx e q u a l s  z e r o  a t  t h e  
s c r e w  r o o t  (y=0)  and V b . s i n t f  a t  t h e  b a r r e l  s u r f a c e  (y=H) .  
F u r t h e r m o r e ,  i f  t h e  c r o s s  c h a n n e l  p r e s s u r e  g r a d i e n t  i s
158
a s s u m e d  c o n s t a n t  [ 2 4 , 3 6 ] ,  i t  c a n  be  e l i m i n a t e d  s i n c e  t h e  n e t  
f l o w  i n  t h e  c r o s s  c h a n n e l  d i r e c t i o n  i s  z e r o .  T h u s , t h e
r e s u l t i n g  e x p r e s s i o n  b eco m es  [ 2 4 , 3 6 ] :
Vx s Vbsin© CV h)  Cl'O
and  t h e  c r o s s  c h a n n e l  v e l o c i t y  p r o f i l e  i s  shown i n  F i g  9* l a .
J u s t  a s  d i s c u s s e d  f o r  a  s i n g l e  s c r e w  e x t r u d e r  c r o s s  c h a n n e l  
i n  c h a p t e r  I I ,  a  f l u i d  p a r t i c l e  w i l l  now t r a v e l  a  c l o s e d  
l o o p  i n  t i e  c r o s s  c h a n n e l  d i r e c t i o n  b e t w e e n  a  p l a n e  a t  a
h e i g h t  a ,  i . e .  y / H ,  and i t s  c o m p l e m e n t a r y  p l a n e  a *  a s  shown 
i n  F i g  9 . 1 a .
The  down c h a n n e l  v e l o c i t y  d i s t r i b u t i o n ,  Vz,  i n  t h e  
m i d d l e  p a r t  c f  t h e  c h a n n e l  f o r  a c o n s t a n t  down c h a n n e l  
p r e s u r e  g r a d i e n t ,  & p /2 z ,  a n d  f u l l y ,  d e v e l o p e d  f l o w  i s  a  
f u n c t i o n  c f  y c n l y .  With t h e  b o u n d a r y  c o n d i t i o n s  Vz e g u a l s  
z e r o  a t  t h e  s c r e w  r o o t  a n d  V b . c o s B  a t  t h e  b a r r e l  s u r f a c e ,  
Wyman [ 4 0 ]  s h e w e d  t h a t ,
= Mbcose, C s/H;  + •*£ ( g ) C W t ) C  */»->)*• OZ
The n e t  f lo w  r a t e  i n  t h e  down c h a n n e l  d i r e c t i o n ,  Q, i s  t h e
i n t e g r a l  o f  t h e  dcvn  c h a n e l  v e l o c i t y  Vz o v e r  t h e  c r o s s  
c h a n n e l  s e c t i o n  £ 4 0 ] ,  o r ,
= j j Hvz  ^  = V O & S *  - - % £ ( & )
S i n c e  t h e  i n t e r n e s h i n g  t w i n  s c r e w  m a c h i n e  i s  a  p o s i t i v e  
d i s p l a c e m e n t  d e v i c e ,  Q i s  a l s o  e g u a l  t o  t h e  f l o w  r a t e  d u e  t o  
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Ffg. 9 .1 : (a) Cross Channel V elocity  P ro file  in Mddle Part
o f the Channel; The Screw Root and F ligh ts Being 
Stationary with Respect to the X-Direction
(b) Down Channel V elocity P ro file  in the Middle Part 
o f the Channel; Screw Root and the Barrel ttjving 
in the Negative z Direction
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c h a n n e l  i s  h e l i c a l ,  t h e  m a t e r i a l  i s  p u s h e d  by  t h e  s e c o n d  
s c r e w  l a n d s  a t  d i f f e r e n t  l i n e a r  v e l o c i t i e s  a c r o s s  t h e
by i n t e g r a t i n g  t h e  s e c o n d  s c r e w  l a n d  v e l o c i t y  o v e r  t h e  
c h a n n e l  d e p t h  a s :
w h e re  D i s  t h e  d i a m e t e r  c o r r e s p o n d i n g  t o  t h e  h e i g h t  y,  o r  D 
e q u a l s  D r+ 2 y .  T h u s ,  t h e  r e s u l t i n g  e x p r e s s i o n  f o r  ^  i s ;
w h e r e  v r  e g u a l s  7 f I r N .
Now, t h e  f l e w  r a t e  due  t o  t h e  p o s i t i v e  d i s p l a c e m e n t  o f  
t h e  s c r e w ,  i . e .  HKVz, o u s t  e g u a l  t h e  n e t  f l o w  r a t e  Q g i v e n  
by e q u a t i o n  S . 3 .  T h u s ,  t h e  r e s u l t i n g  e x p r e s i o n  f o r  t h e  
p r e s s u r e  g r a d i e n t  i s .
I f  t h e  r e f e r e n c e  f r a o e  i s  now s h i f t e d  f ro m  t h e  s t a t i o n a r y  
s c r e w  r o c t  u s e d  f o r  e q u a t i o n  9 . 7  t o  a  s t a t i o n a r y  s e c o n d  
s c r e w  l a n d ,  t h e n  7 T D S / c o s 0  m us t  be  s u b t r a c t e d  f r o m  e q u a t i o n  
9 . 7  t o  g i v e ,
c h a n n e l  d e p t h  and  t h e  a v e r a g e  v e l o c i t y  vL m u s t  b e  d e t e r m i n e d
C * - 5 )
(  V bsiV iO  4- . Y f  )  
3z '  wa. « 6 0
a n d  e q u a t i o n  9 . 2  b e c o m e s :
l 6 l
V Z 5 = .  f t £ f t - 3 4 )  \ Z b s f n o - f a n 0  +  V r / c o s e  ( ? ’ * )
w h e re  a e 3 U a i s  y/B a s  b e f o r e .
The clown c h a n n e l  v e l o c i t y  p r o f i l e  Vzs f r o m  e q u a t i o n  9*8 
i s  shown i n  f i g  9 - I t .  i t  c a n  b e  s e e n  f r o m  t h i s  f i g u r e  t h a t  
u n l i k e  t h e  c r e s s  c h a n n e l  f l o w ,  t h e r e  a r e  t w o  s e p a r a t e  f l o w  
p a t t e r n s  f o r  the  down c h a n n e l  f l o w ,  o n e  c o m p r i s i n g  t h e  
r e g i o n  f * c n t h e  screw r o c t  t o  t h e  p o i n t  P w i t h  c l o c k w i s e  
f l u i d  i“c t i c n  a nd  t h e  e t h e r  c o r r e s p o n d i n g  t o  t h e  r e g i o n  f rom  
t h e  p o i n t  F t c  t h e  b a r r e l  s u r f a c e  w h e re  t h e  f l u i d  n o t i o n  i s  
a n t i c l o c k w i s e  f o r  t h e  s t a t i o n a r y  s c re w  l a n d s  t h e  n e t  f l o w  
i s  z e r o  i n  t f c e  dcvn c h a n n e l  d i r e c t i o n  s o  a  f l u i d  p a r t i c l e  
m u s t  move t e t u e e n  c c n p l e m e n t a r y  p l a n e s  i n  t h e  down c h a n n e l  
a s  w e l l  a s  i n  th e  c r o s s  c h a n n e l  d i r e c t i o n .  T h u s ,  a s  shown
i n  Fig 9 * 1 f c ,  th® P l a n e s  a n d  a£*  ( t h e  c o m p l e m e n t a r y
p l a n e s )  d e ® c r i t e  f l u i d  a c t i o n  i n  t h e  l o w e r  r e g i o n  w h i l e  t h e  
p l a n e s  and a p p l y  i n  t h e  u p p e r  r e g i o n .  The
s t r e a m l i n e s  i n  c h a p t e r  v i l l  c o n f i r m  t h i s  f a c t .
I n  a s i n c l e  s c r e w  e i t r u d e r ,  f l u i d  p a r t i c l e s  c i r c u l a t e
i n  t h e  c r o s s  c h a n n e l  d i r e c t i o n  a l o n g  t h e  sam e  p a t h  a n d  
s i m u l t a n e o u s l y  Bo v e  c c r t i n u o u s l y  i n  t h e  down c h a n n e l  
d i r e c t i o n  u n t i l  t h e y  r e a c h  t h e  d i e .  . T h u s ,  i n  a  s i n g l e
s c r e w ,  o n l y  ^he c i c s s  c h a n n e l  f l o w  i s  r e s p o n s i b l e  f o r
c i r c u l a t i c n  Cf f l u i d  a c r o s s  t h e  c h a n n e l  d e p t h .  H o w e v e r ,  i n  
a  tw in  s c r e w  e x t r u d e r ,  i n a d d i t i o n  t o  t h e  c r o s s  c h a n n e l  
c i r c u l a t i c n ,  f l u i d  i s  a l s o  c i r c u l a t e d  i n  t h e  down c h a n n e l
p l a n e  g i v i n q  a  com bined  c i r c u l a t i o n  p a t t e r n .  B e c a u s e  o f  t h e
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t v o  s e p a r a t e  c l o c k w i s e  and  a n t i c l o c k w i s e  f l o w  p a t t e r n s  d u e  
t o  t h e  down c h a n n e l  f l o w ,  t h e  f l u i d  m o t i o n  i s  f u r t h e r  
c o m p l i c a t e d .  A f l u i d  p a r t i c l e  d o e s  n o t  c o n t i n u e  t o  move 
b e t w e e n  o n l y  tw o  p l a n e s  a c r o s s  t h e  c h a n n e l  d e p t h  a s  i n  a 
s i n g l e  s c r e w  e x t r u d e r ,  h u t  i n s t e a d ,  i t  m oves  f rom  o n e  p l a n e  
t o  i t s  c c i p l e m e n t a r y  p l a n e  e i t h e r  d u e  t o  t h e  c r o s s  c h a n n e l  
v e l o c i t y  c r  t h e  down c h a n n e l  v e l o c i t y .  When i t  m o v e s  t o  i t s  
c o m p l e m e n t a r y  p l a n e  due  t o  t h e  down c h a n n e l  v e l o c i t y ,  i t  may 
move t o  a d i f f e r e n t  p l a n e  t h a n  f o r  t h e  c r o s s  c h a n n e l  m o t i o n .  
T h u s ,  i n  a f e w  c y c l e s ,  a  f l u i d  p a r t i c l e  may t r a v e l  t h r o u g h  a 
num ber  o f  d i f f e r e n t  p l a n e s  o v e r  t h e  c h a n n e l  d e p t h .
I n  o r d e r  t o  i l l u s t r a t e  t h e  s p l i t t i n g  p h e n o m e n o n ,  
c o n s i d e r  a  t y p i c a l  m i d d l e  p o r t i o n  o f  a  t w i n  s c r e w  c h a n n e l  a s  
shown i n  F i g  9 . 2 .  The  c r o s s  c h a n n e l  a n d  t h e  down c h a n n e l  
d i r e c t i o n s  o f  t h e  c h a n n e l  l i e  a l o n g  x a n d  z  a x e s  
r e s p e c t i v e l y  w h i l e  t h e  c h a n n e l  d e p t h  l i e s  a l o n g  t h e  y 
d i r e c t i o n .  Two f l u i d  p a r t i c l e s ,  i n i t i a l l y  s e p a r a t e d  by a  
d i s t a n c e  o f  c n e  h u n d r e d t h  c f  t h e  c h a n n e l  h e i g h t  a n d  t h e  
l o v e r  c n e  l c c a t e d  a t  a l e v e l  c o r r e s p o n d i n g  t o  o n e  t e n t h  o f
t h e  c h a n n e l  h e i g h t ,  a r e  shown by p o i n t s  0 a n d  0 .  T h e i r  
s u c c e s s i v e  l o c a t i o n s  a f t e r  e v e r y  t e n t h  o f  t h e  t o t a l  
s i m u l a t e d  r e s i d e n c e  t i n e  a x e  c a l c u l a t e d  a n d  shown a s  p a i r s  
o f  p o i n t s  1 a n d  1, 2 a n d  2 ,  a n d  s o  o n .  From F i g  9 . 2 ,  i t  c a n  
be  s e e n  t h a t  t h e  d i s t a n c e  b e t w e e n  t h e s e  p a r t i c l e s  v a r i e s  
r a n d o m ly  a s  t h e y  move t h r o u g h  t h e  c o n f i n e d  c h a n n e l *  a n d  
f i n a l l y  end t b e i r  : c c i n e y  a t  l o c a t i o n s  s h o w n  by p o i n t s  10 
a n d  10 w h ich  a r e  f a r  a p a r t .
Y/H
Fig. 9 .2 : A Typical Representation o f the Middle Portion o f a Twin Screw Channel with 
Two Fluid P artic les I n it ia l ly  Located at Points 0 and 0 in the Wddle o f the 
Diagram Hiving through the Channel and F in ally  Ending Their Travel a t Points 





The v a r i a t i o n  o f  t h e  d i s t a n c e  b e t w e e n  t h e s e  p a r t i c l e s  
i s  due t c  two f a c t o r s .  As l o n g  a s  t h e y  t r a v e l  i n  t h e  same 
XZ p l a n e  o r  n o v e  t c  t h e  same c o m p l e m e n t a r y  p l a n e s  d u e  t o  t h e  
s a n e  v e l o c i t y  c o m p o n e n t ,  i t  i s  t h e  s h e a r  s t r a i n  w hich  
bec o m es  r e s p o n s i b l e  f o r  t h i s  v a r i a t i o n .  H o w e v e r ,  when one  
o f  t h e n  n e v e s  t c  a  c o m p l e m e n t a r y  p l a n e  d u e  t o  o n e  v e l o c i t y  
c o m p o n e n t  w h i l e  t h e  o t h e r  n o v e s  t o  a n o t h e r  c o m p l e m e n t a r y  
p l a n e  du e  t o  t h e  o t h e r  v e l o c i t y  c o m p o n e n t ,  t h e  p a r t i c l e s  
w i l l  t h e n  t r a v e l  d i f f e r e n t  p a t h s  f o r  t h e  r e s t  o f  t h e i r  s t a y
i n  t h e  e x t r u d e r .  I k e  phenomenon i s  c a l l e d  s p l i t t i n g  an d  i s  
r e s p o n s i b l e  f o r  a s i g n i f i c a n t  and  r a p i d  s e p a r a t i o n  o f  t h e s e  
p a r t i c l e s .
S i n c e  a h i c h e r  r e s i d e n c e  t i n e  n e a n s  a  g r e a t e r  number  o f  
c y c l e s  f o r  f l u i d  p a r t i c l e s  a n d  c o n s e g u e n t l y  a  l a r g e r  
p r o b a b i l i t y  o f  moving t o  t h e i r  c o m p l e m e n t a r y  p l a n e s ,  
s p l i t t i n g  w i l l  i n c r e a s e  w i th  t w i n  s c r e w  e x t r u d e r  r e s i d e n c e  
t i n e .  S i a i l a i l y ,  a s  t k e  h e l i x  a n g l e  o f  a  t w i n  s c r e w  
e x t r u d e r  i n c r e a s e s ,  t h e  c r o s s  c h a n n e l  v e l o c i t y  c o m p o n e n t  
b eco m es  a s  e i f e c t i v e  a s  t h e  down c h a n n e l  v e l o c i t y  c o m p o n e n t  
s o  t h e  e f f e c t  c f  s p l i t t i n g  w i l l  become m o re  i m p o r t a n t .
C o m p l e t e  n i x i n g  c a n  b e  a c h i e v e d  £ 2 4 , 3 6 ]  by e i t h e r
r e d u c i n g  t h e  s c a l e  o f  s e g r e g a t i o n  t o  t h e  m o l e c u l a r  l e v e l  o r  
by r e d u c i n g  t h e  i n t e n s i t y  c f  s e g r e g a t i o n  t o  z e r o .  The s c a l e
o f  s e g r e g a t i o n  r e f e r s  t o  t h e  p h y s i c a l  s i z e  o f  t h e  m i n o r  
c o m p o n e n t  a n d  t h e  i n t e n s i t y  o f  s e g r e g a t i o n  i s  a  m e a s u r e  o f  
t h e  d i f f e r e n c e  i n  c o m p o s i t i o n  o f  t h e  m i n o r  c o m p o n e n t  f ro m
t h e  u l t i m a t e  d e s i r e d  c c n p o s i t i o n .  I n  a m i x i n g  p r o c e s s  t h e
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s c a l e  o f  s e g r e g a t i o n  i s  r e d u c e d  by m e c h a n i c a l  e n e r g y  t h r o u g h  
s h e a r i n g  t h e  m a t e r i a l  w h i l e  r e d u c t i o n  i n  i n t e n s i t y  i s  
a c h i e v e d  by a m o l e c u l a r  d i f f u s i o n  p r o c e s s .  S i n c e  f o r  
p o l y m e r  m e l t s ,  t i e  d i f f u s i o n  p r o c e s s  i s  v e r y  s lo w  a n d  
c o n t r i b u t e s  v e r y  l i t t l e  t c  n i x i n g  i n  a n  e x t r u d e r ,  t h e  s c a l e  
o f  s e g r e g a t i o n  i s  p r i m a r i l y  r e s p o n s i b l e  f o r  m i x i n g  i n  t h e  
e x t r u d e r .  T h e r e f o r e ,  i n  m i x i n g  t h e o r i e s  f o r  v i s c o u s  
m a t e r i a l s  d e v e l o p e d  s o  f a r ,  m i x i n g  due  t o  t h e  r e d u c t i o n  o f  
t h e  s c a l e  c f  s e g r e g a t i o n ,  and  o n l y  t h e  s h e a r  s t r a i n  w hich  i s  
p r i m a r i l y  r e s p o n s i b l e  f o r  i t  i n  a s i n g l e  s c r e w  e x t r u d e r ,  i s  
c o s i d e r e d  [ 3 6 ] .
I n  o r d e r  10 a c c u r a t e l y  a n a l y s e  m i x i n g  i n  a  t w i n  s c r e w  
e x t r u d e r ,  t h e  e f f e c t  c f  s p l i t t i n g  s h o u l d  a l s o  b e  i n c l u d e d  
a l c n g  w i t h  t h e  s h e a r  s t r a i n  d i s t r i b u t i o n .  As l o n g  a s  a 
p o r t i o n  o f  f l u i d  i n  a t w i n  s c r e w  c h a n n e l  m oves  w i t h o u t  
s p l i t t i n g ,  t h e  s t r a i n  c r i t e r i a  may b e  a d e g u a t e  t o  d e s c r i b e  
m i x i n g .  I t  i s  d i f f i c u l t  a t  t h i s  t i m e  t o  p r e d i c t  how much o f  
t h e  t o t a l  m a t e r i a l  m o v in g  t h r o u g h  t h e  t w i n  s c r e w  c h a n n e l  
w i l l  b e  s u b j e c t e d  t o  s p l i t t i n g  s i n c e  i t  d e p e n d s  upon  many
f a c t o r s  l i k e  r e s i d e n c e  t i m e ,  t h e  h e l i x  a n g l e ,  t h e  r a t i o  o f  
c h a n n e l  h e i g h t  t o  i t s  w i d t h ,  a n d  t h e  i n f l u e n c e  o f  t h e  e n d
r e g i o n s  a n d  f l i g h t s  on v e l o c i t y  p r o f i l e s .  I n  a d d i t i o n ,  i t  
i s  now n o t  known w h e t h e r  s p l i t t i n g  i s  on a  m i c r o s c o p i c  o r  
m a c r o s c o p i c  l e v e l .  T h e r e f o r e ,  f o r  t h e  p r e s e n t  a n a l y s i s ,
m i x i n g  i s  d e s c r i b e d  b a s e d  upon t h e  s t r a i n  d i s t r i b u t i o n  
a c r o s s  t h e  c h a n n e l  d e p t h  t a k i n g  i n t o  a c c o u n t  t h e  f l u i d
m o t i o n  b e tw e e n  t h e  c o m p l e m e n t a r y  p l a n e s .  A c t u a l l y ,
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s p l i t t i n g  s h o u l d  p r o v i d e  t e t t e r  a i r i n g  t h a n  t h a t  - p r e d i c t e d  
by t h e  s h e a r  s t r a i n  d i s t r i b u t i o n  s i n c e  s p l i t t i n g  p r o v i d e s  a  
c o n t a i n i n g  a n d  c i v i d i r g  a c t i o n  f o r  t h e  f l u i d .  When two 
f l u i d s  o f  d i f f e r e n t  v i s c o s i t i e s  a r e  m i x e d ,  t h e  v i s c o s i t y  o f  
t h e  a i n o r  c c a p c n e n t  p l a y s  i m p o r t a n t  r o l e  i n  t h e i r  m i x i n g .  
I f  i t  i s  h i g h e r ,  i t  w ou ld  be  m ere  d i f f i c u l t  t o  a t t a i n  a  good  
m ix in g  [ 3 6 ] .  H o w ev e r ,  f o r  t h e  p r e s e n t  a n a l y s i s  v i s c o s i t y  
e f f e c t s  a r e  i g n o r e d .
S i n c e  i n  t h e  m i d d l e  p a r t  c f  t h e  c h a n n e l  t h e  y c o m p o n e n t  
v e l o c i t y  i s  n e g l i g i b l y  s m a l l  [ 2 4 ] ,  a  f l u i d  p a r t i c l e  w i l l  b e  
i n f l u e n c e d  by c n l y  t h e  x a n d  z c o m p o n e n t s  o f  v e l o c i t y ,  a n d  
t h e s e  v e l o c i t i e s  w i l l  r e m a i n  c o n s t a n t  a s  l o n g  a s  t h e  
p a r t i c l e  r e m a i n s  i n  t h e  s a n e  XZ p l a n e .  T h i s  a s s u m e s  t h a t
c h a n n e l  e n d  e f f e c t s  a r e  n e g l i g i b l e .  T h u s ,  t h e  s h e a r  r a t e  
* *
c o m p o n e n t s  Ifx and  Tfz i n  t h e  x a n d  z d i r e c t i o n s  
r e s p e c t i v e l y  c a n  be o b t a i n e d  by d i f f e r e n t i a t i n g  t h e  c r o s s  
c h a n n e l  a n d  t h e  dewn c h a n n e l  v e l o c i t y  c o m p o n e n t s
r e s p e c t i v e l y  w i t h  r e s p e c t  t o  y ;
The r e s u l t a n t  s h e a r  r a t e  i s  o b t a i n e d  b y  c o m b i n i n g  t h e  s h e a r
• •
r a t e  c o m p o n e n t s  flx a n d  #2  v e c t o r i a l l y  [ 3 6 ] :
£!* -  s.Vie £6*-s0
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The s h e a r  r a t e  g i v e n  by e g u a t i o n  9 . 1 1  w i l l  a c t  on  t h e  
p a z t i c l e  u n t i l  i t  c h a n g e s  t h e  XZ p l a n e  e i t h e r  d u e  t o  t h e
c r o s s  c h a n n e l  c r  t h e  down c h a n n e l  v e l o c i t y .  T h e  am o u n t  o f
t i n e  i t  v i l l  s p e n d  i n  t h e  i n i t i a l  XZ p l a n e  c a n  he  c a l c u l a t e d
by k n o w in g  i t s  i n i t i a l  a n d  f i n a l  p o s i t i o n  i n  t h a t  p l a n e .
The  i n i t i a l  p o s i t i o n  i s  <xf l , y 0 , z 0 ) a n d  t h e  f i n a l  p o s i t i o n  i s
d e t e r m i n e d  f r c n  i t s  r e s p e c t i v e  v e l o c i t y  c o m p o n e n t s  a n d  t h e  
d i s t a n c e  t c  t h e  f l i g h t  a c r o s s  t h e  c h a n n e l  w i d t h  a n d  t o  t h e
s e c o n d  s c r e w  l a n d  a l c n g  t h e  c h a n n e l  l e n g t h ,  
i s  i t s  f i n a l  p o s i t i o n  i n  t h e  i n i t i a l  XZ p l a n e ,  t h e  t i m e
s p e n t  i n  t h a t  p l a n e  i s  c a l c u l a t e d  a s :
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The  s h e a r  s t r a i n  e x p e r i e n c e d  fcj t h e  p a r t i c l e  i n  t h e  i n i t i a l
XZ p l a n e  i s  t h e r e f o r e ,
t o  = ? ,* .
#
w h e r e  tf0 i s  t h e  r e s u l t a n t  s h e a r  r a t e  i n  t h e  i n i t i a l  P1 a n e
c a l c u l a t e d  f r c n  e g u a t i c n  9 . 1 1 .
How, i f  t h e  p a r t i c l e  h a s  c h a n g e d  t h e  i n i t i a l  XZ p l a n e  
d u e  t o  t h e  c r e s s  c h a n n e l  c o m p o n e n t  o f  v e l o c i t y ,  t h e  n e x t  XZ 
p l a n e  c a n  t c  d c t e r i i n e d  b y  f i n d i n g  t h e  c o m p l e m e n t a r y  p l a n e  
f r c n  e q u a t i o n  2 . 6 ;  an d  i f  i t  h a s  moved t o  t h e  n e x t  XZ p l a n e
d u e  t h e  d c u n  c h a n n e l  c o m p o n e n t  o f  v e l o c i t y ,  i t s
c o m p l e m e n t a r y  p l a n e  c a n  b e  d e t e r m i n e d  by  s o l v i n g  t h e  
f o l l o w i n g  c u b i c  e g u a t i o n  f o r  a * .
tohcre A _ ~
The d e r i v a t i o n  c f  e q u a t i o n s  9 . 1 4  a n d  9 . 1 5  i s  g i v e n  i n
A p p e n d ix  G.
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The p r o c c d c r e  t o  f i n d  ' jf  f r o a  t h e  s h e a r  r a t e  I f  a n d  
t i m e  t  i n  t i e  new XZ p l a n e  i s  e x a c t l y  t h e  s a n e  a s  d e s c r i b e d  
a b o v e ,  a n d  i s  r e p e a t e d  c n  t h e  c o m p u t e r  f o r  a l l  s u c c e s s i v e  
c o n p l e a e n t a r y  p l a n e s  u n t i l  t h e  p a r t i c l e  l e a v e s  t h e  e x t r u d e r  
c h a n n e l .  A d d in g  s t i a i n s  e x p e r i e n c e d  b y  t h e  f l u i d  p a r t i c l e  
i n  e a c h  o f  t h e s e  XZ p l a n e s ,  t h e  t o t a l  s h e a r  s t r a i n  i s  
c o o p u t e d .
To c o v e r  a s i g n i f i c a n t  f r a c t i o n  o f  t h e  p a r t i c l e s  i n  t h e  
e x t r u d e r ,  s t r a i n s  o u s t  be  c o m p u te d  f o r  s e v e r a l  i n i t i a l  
p o s i t i o n s  a s  w e l l  a s  h e l i x  a n g l e s .  The t o t a l  s t r a i n  
d i s t r i b u t i o n  a c r o s s  t i e  c h a n n e l  d e p t h  shown i n  F i g  9 . 3  f o r  a  
p a r t i c l e  a t  t b e  m i d d l e  o f  t h e  i n t i a l  XZ p l a n e  v a r i e s  w i t h i n
5 p e r c e n t  c f  i t s  a v e r a g e  v a l u e .  A s i a i l a r  t r e n d  i n  t h e
s t r a i n  d i s t r i b u t i c n  was o b s e r v e d  w i t h  a b o u t  10 p e r c e n t  
d e v i a t i o n s  f o r  p a r t i c l e s  i n i t i a l l y  a t  d i f f e r e n t  l o c a t i o n s  i n  
t h e  s a n e  XZ p l a n e  a n d  s e v e r a l  s u c h  XZ p l a n e s .  F r o a  t b e
A = -  + r a + f > + < p \ r -  ))
t> = ^  sine fan® ± se>
<1 -  ~  smofan® + V c o f )
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u n i f o r a  s t r a i n  d i s t r i b u t i o n  a c r o s s  t h e  c h a n n e l  d e p t h  i n  a 
t w i n  s c r e w  c h a n n e l ,  i t  c a n  be  s a i d  t h a t  a l l  p a r t i c l e s  s h o u l d  
e x p e r i e n c e  t i e  s a n e  d e g r e e  o f  n i x i n g  p r o d u c i n g  a  h o m o g e n e o u s  
p r o d u c t .  T h i s  s t r a i n  r a p i d l y  i n c r e a s e s  w i t h  h e l i x  a n g l e  f o r  
a  p a r t i c l e  i n i t i a l l y  a t  t h e  a i d d l e  o f  t h e  c h a n n e l  a s  e v i d e n t
f r c a  t h e  c u r v e  shown in  F i g  9 . 4 ,  a n d  a l l  o t h e r  p a r t i c l e s
show t h e  s a a e  d e p e n d e n c e .
I n  a s i n c l e  s c r e w  e x t r u d e r ,  h o w e v e r ,  t h e  e f f e c t  o f  
h e l i x  a c g l e  cn t o t a l  s t r a i n  a n d  t h e r e f o r e  n i x i n g  i s
c o n p l e t e l y  d i f f e r e n t  t h a n  a b o v e .  As sh o w n  i n  F i g  2 . 6  f o r  a
s i n g l e  s c r e w  e x t r u d e r ,  t h e  s t r a i n  d e c r e a s e s  w i t h  i n c r e a s i n g  
h e l i x  a n g l e  f t c a  z e x c  t c  30 d e g r e e s ,  r e a a i n s  a l n o s t  c o n s t a n t  
f r c n  30 t c  60 d e g r e e s ,  and  t h e n  s t a r t  i n c r e a s i n g  f ro m  60
d e g r e e s  c n w a z d .
I n  c c n p a r i n g  n i x i n g  i n  a s i n g l e  s c r e w  t o  t h a t  i n  a  t w i n
s c r e w  e x t r u d e r ,  t h e  n a g n i t u d e  o f  t h e  s t r a i n  a l o n e  d o e s  n o t  
p r o v i d e  an  a d e g u a t e  f i x i n g  c r i t e r i o n .  F o r  i n s t a n c e ,  t h e
n a g n i t u d e  c f  t h e  s t r a i n  d i s t r i b u t i o n  i n  a  2 0  d e g r e e  h e l i x
a n g l e  t w i n  s c r e w  c h a n n e l  i s  e g u i v a l e n t  t o  t h a t  i n  a  s i n g l e
s c r e w  o f  t k e  s a a e  h e l i x  a n g l e  w i t h  t h e  p r e s s u r e  f lo w  e q u a l
t o  30  p e r c e n t  c f  t b e  d r a g  f l o w .  I n  a  s i n g l e  s c r e w  e x t r u d e r ,  
t h e  r e s i d e n c e  t i i e  d i s t r i b u t i o n  a c r o s s  t h e  c h a n n e l  d e p t h  
v a r i e s  f r c a  a low v a l u e  t o  a l m o s t  i n f i n i t y  a t  t h e  r o o t  a n d
b a r r e l  s u r f a c e  [ 3 6 ] ,  and a s  a  r e s u l t ,  w id e  v a r i a t i o n s  i n  t h e  
n a g n i t u d e  c f  s t r a i n  e x p e r i e n c e d  by  f l u i d  a c r o s s  t h e  c h a n n e l  
h e i g h t  i s  e v i d e n t  a s  shown i n  F i g  2 . 3  an d  2 . 4 .  I n  o t h e r  
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p a r t i c l e s  a r e  n i x e d  i n t e n s e l y  w h i l e  o t h e r s  a r e  n o t  m ix e d  
w e l l  a t  a l l .  Thus# d e s p i t e  t b e  p o s s i b i l i t y  o f  a  h i g h  
w e i g h t e d  £ 3 6 ]  a v e r a g e  v a l u e  o f  t h e  s t r a i n #  n i x i n g  i n  a  
s i n g l e  s c re w  w i l l  n e t  be a s  u n i f o r m  a s  i n  a  t w i n  s c r e w  
e x t r u d e r  i n  which  a l l  p a r t i c l e s #  a s  a  r e s u l t  o f  u n i f o r m  
s t r a i n  d i s t r i b u t i o n ,  w i l l  r e c e i v e  e q u a l  o p p o r t u n i t y  f o r  
m i x i n g .  C o n s e q u e n t l y #  t h e  p r c d u c t  f r o m  a s i n g l e  s c r e w  
e x t r u d e r  s a y  h a v e  s c u e  r e g i o n s  w h ic h  a r e  p o o r l y  m i x e d .  T h i s  
l e a d  us  t c  b e l i e v e  t h a t  t h e  u n i f o r m i t y  i s  a s  i m p o r t a n t  a s  
t h e  m a g n i t u d e  c f  t b e  s t r a i n  d i s t r i b u t i o n  a n d  t h e r e f o r e ,  t h e  
m i x i n g  a n a l y s i s  w ou ld  be more  m e a n i n g f u l  i f  i t  a l s o  
c o n s i d e r e d  t b e  u n i f c r i i t y  c f  t h e  s t r a i n  d i s t r i b u t i o n .  I n  
a d d i t i o n #  i s  a t w i n  s c r e w  e x t r u d e r #  h i g h  s h e a r  r a t e  z o n e s  i n  
t h e  e n d  r e g i e n s  w h e re  b o t h  s c r e w s  i n t e r m e s h ,  p o s i t i v e l y  
c o n t r i b u t e  t o  l i x i n g  by d e c r e a s i n g  t h e  s c a l e  o f  s e g r e g a t i o n .
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^ t o n  t h e  ^ a b ! e s  ^ n ^  * i 9 u r €s  s h o ^ n  i n  c h a p t e r  t h e
s t r a i n  d i s t r i b u t i o n  a c r o s s  t h e  i n t e r a e s h i n g  t w i n  s c r e w  
c h a n n e l  i s  e s s e n t i a l l y  u n i f o r a .  T h i s  u n i f o r a i t y  o f  t h e
s t r a i n  d i s t r i b u t i o n  g u a r a n t e e s  e g u a l  a i r i n g  f o r  a l l  f l u i d
f r a c t i o n s  i n  t b e  c h a n n e l  r e g a r d l e s s  o f  t h e  n o d e  o f  r o t a t i o n  
o f  t h e  s c r e w s ,  on  t h e  o t h e r  h a n d ,  a  h i g h e r  a v e r a g e  s t r a i n  
i s  p o s s i b l e  i n  a  s i n g l e  s c r e w  e x t r u d e r .  F o r  i n s t a n c e ,  t h e  
a v e r a g e  s t r a i c  v a l u e  f o r  a  t w i n  s c r e w  e x t r u d e r  w i t h  a  20 
d e g r e e  h e l i x  a n g l e  i s  n e a r l y  t h e  s a n e  a s  t h a t  i n  a  s i n g l e  
s c r e w  o f  t h e  s a n e  g e c n e t r y  a n d  s p e e d  b u t  w i t h  t h e  d i e  c l o s e d  
s u c h  t h a t  t h e  r e t  t h r o u g h p u t  r a t e  i s  7 0  p e r c e n t  o f  t h a t  f o r  
an  o p e n  d i s c h a r g e .  T h u s ,  w i t h  f u r t h e r  c l o s i n g  o f  t h e  d i e ,  
h i g h e r  s t r a i n s  c a n  be o b t a i n e d  i n  a  s i n g l e  s c r e w  d e v i c e .  
D e s p i t e  c f  t b e  p o s s i b i l i t y  o f  h i g h e r  a v e r a g e  s t r a i n ,  t h e  
s t r a i n  i n  a s i n g l e  s c r e w  e x t r u d e r  i s  w i d e l y  d i s t r i b u t e d
a c r o s s  t h e  c h a n n e l  d e p t h  due  t o  t h e  l a r g e  s p r e a d  i n  t h e
r e s i d e n c e  t i n e  d i s t r i b u t i c n  a s  show n i n  F i g  2 . 3  a n d  2 . 4 .  I f  
s o n e  x i n i a u n  l e v e l  o f  s t r a i n  i s  r e g u i r e d  f o r  a n  a d e g u a t e
n i x i n g ,  t h e n  s c n e  c f  t h e  s i n g l e  s c r e w  e x t r u d e r  p r o d u c t  n a y  
f a l l  b e lo w  t h a t  l e v e l  a n d  c a u s e  p r o d u c t  d e f i c i e n c i e s  e v e n  
t h o u g h  t h e  a v e r a g e  s t r a i n  was a b c v e  t h e  r e g u i r e d  l e v e l .  On 
t h e  e t h e r  h a n d ,  i f  t h e  a v e r a g e  s t r a i n  i n  a  t w i n  s c r e w  
e x t r u d e r  i s  a d e g u a t e  f o r  g c o d  a i x i n g ,  e s s e n t i a l l y  a l l  o f  t h e
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m a t e r i a l  I n  t h e  e x t r u d e r  w i l l  Ice m ixed  v e i l  e n o u g h  t o  i n s u r e  
a  h o m o g e n e o u s  p r o d u c t  due  t o  i t s  u n i f o r m  d i s t r i b u t i o n .  T h i s  
l e a d s  u s  t c  b e l i e v e  t h a t  t h e  u n i f o r m i t y  r a t h e r  t h a n  t h e  
m a g n i t u d e  c f  t h e  s t r a i n  c a n  be  d e c i s i v e  i n  a n a l y z i n g  m i x i n g
i n  t w i n  s c r e w  e x t r u d e r s .
T h e  p r a c t i c a l  r a n g e  w i t h i r  w hich  t h e  h e l i x  a n g l e  v a r i e s  
i s  10 t c  SC d e g r e e s  f c r  b o t h  t h e  t w i n  a n d  s i n g l e  s c r e w  
e x t r u d e r s .  3n a t w i n  s c r e w  e x t r u d e r ,  a s  shown i n  F ig  9 * 4 ,  
t h e  s t r a i n s  r i s e  s h a r p l y  w i t h  i n c r e a s i n g  h e l i x  a n g l e  i n  t ^ a t  
r a n g e .  On t h e  c o n t r a r y ,  i n  a  s i n g l e  s c r e w ,  a s  e v i d e n t  f r o m  
F ig  2 . 6 ,  t h e  s t r a i n s  a r e  a t  t h e i r  l o w e s t  l e v e l  w i t h i n  t h i s  
r a n g e .  T h u s ,  f o r  t w i n  s c r e w  e x t r u d e r s ,  t h e  h e l i x  a n g l e  
p r o v i d e s  an c p p c r t u n i t y  f o r  a  s t r a i n  i n c r e a s e .  One may 
a r g u e  t h a t  s t r a i n  i n  a s i n g l e  s c r e w  c a n  be i n c r e a s e d  b y  
c o n t r o l l i n g  t h e  p r e s s u r e  f l o w ,  b u t  t h i s  c a n  o n l y  b e  a c h i e v e d  
by l o w e r i n g  t h e  t h r o u g h p u t  r a t e s  w h i c h  i s  g e n e r a l l y  n o t  
d e s i r a b l e .
Among t h e  i n t e r a e s h i n g  t w i n  s c r e w  e x t r u d e r s ,  t h e  s t r a i n  
d i s t r i b u t i o n  f o r  a l e a k p r o o f  c h a n n e l  d o e s  n o t  show s t r o n g  
d e p e n d e n c e  cn t h e  mcde o f  t h e  s c r e w  r o t a t i o n .  H o w e v e r ,  t h i s  
a n a l y s i s  d o e s  n e t  i n c l u d e  t h e  e f f e c t  o f  t h e  c r o s s  c h a n n e l  
v e l o c i t y  c o m p e t e n t ,  w i th  an  i n c r e a s e  i n  t h e  h e l i x  a n g l e ,  
f l u i d  w i l l  f l o w  b e tw e en  t b e  s t a g n a n t  a n d  t h e  n o n s t a g n a n t  
r e g i o n s  due t c  t h e  c r o s s  c h a n n e l  f l o w ,  a n d  t h e  s t r a i n  
d i s t r i b u t i o n  p a t t e r n  m ig h t  b e  i n f l u e n c e d  by t h e  mode o f  t h e  
s c r e w  r o t a t i c n .  A l s o ,  a p r a c t i c a l  t w i n  s c r e w  e x t r u d e r  
c h a n n e l  i s  a l w a y s  s u b j e c t  t o  l e a k a g e  o f  f l u i d  m a t e r i a l ,  a n d
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t h e  o v e r a l l  s t r a i n  d i s t r i b u t i o n  i n  t h e  c h a n n e l  w ould  b e  
a f f e c t e d  s c  a s  t c  he  d e p e n d e n t  upon t h e  mode o f  t h e  s c r e w  
r o t a t i o n  [ 2 6 , 2 1 ] .  n o n e t h e l e s s ,  t h e  u n i f o r m i t y  o f  t h e  s t r a i n  
d i s t r i b u t i o n  s h o u l d  n o t  b e  i n f l u e n c e d  s i n c e  i n  b o t h  c a s e s  
m i x i n g  s h o u l d  t e  i m p r o v e d  f u r t h e r .
I n  t h e  f u t u r e ,  t h e  e f f e c t  o f  l e a k a g e  a n d  t h e  c r o s s  
c h a n n e l  c o m p o n e n t  o f  v e l o c i t y  s h o u l d  be  c o n s i d e r e d  t o  g e t  a  
more a c c u r a t e  p i c t u r e  o f  n i x i n g  i n  i n t e r n e s h i n g  t w i n  s c r e w  
e x t r u d e r s .  I n  a d d i t i o n ,  t h e  e q u a t i o n  o f  n o t i o n  s h o u l d  b e  
s o l v e d  f o r  t h e  a c t u a l  h e l i c a l  c h a n n e l  g e o m e t r y .  I n  t h i s  
s t u d y ,  a t e c h n i q u e  i s  s u c c e s s f u l l y  u s e d  t o  t r a n s f o r a  t h e  
r e s u l t s  o f  t h e  c u r v e d  b o u n d a r y  f l a t  p l a t e  m o d e l  i n t o  
c y l i n d r i c a l  c o o r d i n a t e s  f o r  a  z e r o  h e l i x  a n g l e  c a s e .
H o w e v e r ,  t h i s  p r o c e d u r e  i s  q u e s t i o n a b l e  f o r  a  n o n z e r o  h e l i x  
a n g l e  c a s e ,  and  t h e  e x a c t  h e l i c a l  f l o w  s o l u t i o n  w o u l d  
p r o v i d e  mens d e f i n i t i v e  r e s u l t s ,  f u r t h e r m o r e ,  i n  o r d e r  t o  
make t h e  a n a l y s i s  c o m p l e t e ,  n c n i s o t h e r m a l ,  n o n H e w t o n i a n  f l o w  
o f  f l u i d  s h o u l d  be c o n s i d e r e d ,  a n d  t h e  d i r e c t i o n  o f  s h e a r  
s h o u l d  be  t a k e n  i n t c  a c c o u n t  i n  t h e  s t r a i n  d i s t r i b u t i o n  i f  
p o s s i b l e .
T h e  e x p e r i m e n t a l  a n a l y s i s  f o r  t h e  p r e s e n t  work i s  
l i a i t e d  t c  a h y p o t h e t i c a l  z e r o  h e l i x  a n g l e  c a s e .  H o w e v e r ,  
t h e  n o n z e r o  h e l i x  a n g l e  r e s u l t s  were f o u n d  t o  be  g u i t e  
d i f f e r e n t  f ro m  t h e  z e r o  h e l i x  a n g l e  c a s e ;  a n d  i t  w ould  b e  
u s e f u l  t o  e x p e r i m e n t a l l y  o b s e r v e  t h i s  b e h a v i o r .  To i n c l u d e  
t h e  c r o s s  c h a n n e l  c o m p o n e n t  o f  v e l o c i t y ,  s i m p l i f i e d  m e t h o d s  
t h a t  p r o v i d e  s i m u l a t i c n s  c f  an  a c t u a l  n o n z e r o  t w i n  s c r e w
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e x t r u d e r  c h a n n e l  a r e  d e s i r a b l e #  b u t  a  p r o c e d u r e  t o  
e x p e r i m e n t a l l y  c b t a i n  t h e  v e l o c i t y  p r o f i l e s  f o r  t h e  t h r e e  
c o m p o n e n t s  c f  v e l o c i t y  would  p r o b a b l y  be  e x t r e m e l y  
d i f f i c u l t .
I n  o r d e r  t o  o b t a i n  t h e  v e l o c i t y  p r o f i l e s  w h ic h  w ere  i n  
t u r n  u s e d  t c  c c x p u t e  t h e  s h e a r  s t r a i n #  t h e  b i h a r m o n i c  
e q u a t i o n  was s o l v e d  by n u m e r i c a l  m e t h o d s .  F o r  t h i s #  a s  
d e s c r i b e d  i n  c h a p t e r  IV# tw o  a p p r o a c h e s  w e r e  c r i t i c a l l y  
e x a m i n e d .  I n  t h e  f i r s t #  t h e  c o u p l e d  p a i r  o f  P o i s s o n  
e q u a t i o n  m e t h o d ,  750 i t e r a t i o n s  w ere  r e q u i r e d  b e f o r e  t h e  
c o n v e r g e n c e  was o b t a i n e d  w h i l e  400  i t e r a t i o n s  w e re  e n o u g h  
f o r  t h e  o t h e r #  t h e  d i r e c t  i t e r a t i v e  m e th o d .  The  t o t a l  t i m e s  
on DBC1G c o m p u t e r  were  85 s e c c n d s  f o r  t h e  f i r s t  method a s  
o p p o s e d  t c  o n l y  64  s e c o n d s  f o r  t h e  l a t t e r .  T h e  a c c u r a c y  o f  
t h e  c o n v e r g e n c e  f o r  t h e  d i r e c t  i t e r a t i v e  m e th o d  was 9 9 . 9 9  
p e r c e n t  w h i l e  t h a t  i n  t h e  c o u p l e d  p a i r  m e th o d  was 9 9 . 7  
p e r c e n t .  A l t h o u g h  t h e  d i r e c t  i t e r a t i v e  m e th o d  i s  f o u n d  t o  
fce b e t t e r  t h a n  t h e  c o u p l e d  p a i r  o f  P o i s s o n  e q u a t i o n s  i n  
t h e s e  w a y s ,  t h e  d e t e r x i n a t i o n  o f  t h e  op t im um  a c c e l e r a t i n g  
f a c t o r  i s  n e t  a s  s i m p l e .  F r c x  a p r o g ra m m in g  p o i n t  o f  v iew#
t h e  d i r e c t  i t e r a t i v e  m e thod  i s  n o t  n e a r l y  a s  s t r a i g h t f o r w a r d  
a s  e v i d e n t  f z c x  A p p e n d ix  E-1 and E - 2 .
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Transformation of P o in t L ocations between the Reduced 
Rectangular Coordinate System th e  Cvl i a d r i c a j  Coordina t e
System
I n  C h a p t e r  I I I ,  t h e  model  o f  f l a t  p l a t e  w i t h  c u r v e d  
b o u n d a r i e s  was d e v e l o p e d  t o  d e s c r i b e  f l o w  i n  t h e  down 
c h a n n e l  d i r e c t i o n  i n v o l v i n g  t h e  v e l o c i t y  c o m p o n e n t s  v y  a n d  
Vz. A c c o r d i n g  t o  t h i s  m o d e l ,  t h e  c o n f i n e d  c h a n n e l  o f  a  z e r o  
h e l i x  a n g l e  t w i n  s c r e w  e x t r u d e r  wi-th i t s  m o v in g  b a r r e l  a n d  
t h e  s t a t i o n a r y  s c r e w  r o o t  a r e  r e p r e s e n t e d  a s  f l a t  p l a t e s ,  
s u c h  t h a t  t h e  b a r r e l  l e n g t h  i s  s h r u n k  w h i l e  t h e  s c r e w  r o o t  
l e n g h t  i n  t h e  down c h a n n e l  d i r e c t i o n  r e m a i n s  u n c h a n g e d .  The  
c h a n n e l  d e p t h  i s  a l s o  s h r u n k  t o  h a l f  i t s  n o r m a l  s i z e  w h i l e  
t h e  s i z e  o f  t h e  l a n d s  o f  t h e  s e c o n d  sc rew  r e p r e s e n t e d  by t h e  
c u r v e d  b o u n d a r i e s  r e m a i n  u n c h a n g e d  a f t e r  u n w i n d i n g  ( F i g  
3 . 2 ) .  As a r e s u l t  o f  t h i s  m o d e l ,  l i n e s  o f  c o n s t a n t  a n g l e  <p 
on r-(f> d i a g r a m  do  n o t  r e p r e s e n t  l i n e s  of c o n s t a n t  z  on  t h e  
y - z  d i a g r a m ;  a n d  t h e r e f o r e ,  a  r e l a t i o n s h i p  b e t w e e n  t h e  tw o  
c o o r d i n a t e  s y s t e m s  i s  d e s i r e d .  s i n c e  t h e  c h a n n e l  i s  
s y m m e t r i c a l ,  o n l y  t h e  l e f t  h a l f  w i l l  b e  c o n s i d e r e d .  T h u s ,  
t h e  d e s i r e d  r e l a t i o n s h i p s  a r e  d e r i v e d  f o r  l e s s  t h a n  o r
e g u a l  t o  7T a n d  g r e a t e r  t h a n  o r  e q u a l  t o  0 .
I n  F i g  A - 1 a ,  t h e  c h a n n e l  g e o m e t r y  i s  s h o w n .  T he  s c r e w  
r o o t  w i t h  c e n t e r  B and  r a d i u s  b i s  s u r r o u n d e d  by t h e  
c o c e n t r i c  b a r r e l  o f  r a d i u s  a .  The  l a n d s  o f  t h e  s e c o n d  s c r e w
(a)
R
b(Yq,2 q) H '^ a -M /Z
(b)
Determination o f the Locus o f  a Point 
Q(Yg*Zq) on the Curved Boundary OR.
Fig(a) represents the axial projection  
o f the Channel In Cylindrical Coordinates 




w i t h  c e n t e r  A a n d  r a d i u s  a  j u s t  t o u c h  t h e  f i r s t  s c r e w  r o o t  
a t  p o i n t  0 .  E i s  t h e  p o i n t  a t  w h ic h  t h e  b a r r e l  t o u c h e s  t h e  
s e c o n d  s c r e w  l a n d .  T h e r e f o r e ,  t h e  a n g l e  o( a s  shown i n  F i g  
A - l a  i s  g i v e n  b y :
Oi = co s ' f  J£+b- l
i  j2, a  J
A c c o r d i n g  t o  t h e  m odel  d e v e l o p e d  i n  c h a p t e r  I I I ,  t h e  
c h a n n e l  w i l l  become a s  shown i n  F i g  A - l b  ( o n l y  a  p a r t  o f  i t  
i s  shown) a f t e r  u n w i n d i n g  an d  w i l l  be d e s c r i b e d  by t h e  
r e c t a n g u l a r  c o o r d i n a t e s  y a n d  z .  C o n s i d e r  a n y  p o i n t  Q w i t h  
r e c t a n g u l a r  c o o r d i n a t e  Yq a n d  Zq on t h e  c u r v e d  b o u n d a r y  a s  
shown i n  F i g  C - 1 b .  The d i s t a n c e s  Yq a n d  Zq f r o m  t h e  p o i n t  o 
a r e  r e p r e s e n t e d  by t h e  d i s t a n c e s  OD a n d  DQ r e s p e c t i v e l y  i n  
F i g  A - 1 a .  L e t  t h e  a n g l e  b e t w e e n  l i n e s  OB a n d  BQ i n  F i g  A -1a  
be  <p a n d  l e t  S b e  e q u a l  t o  t a n ^ i  s o  t h a t :
2^  = SCb+Vt) (A-4-)
A l s o ,  f ro m  t h e  t r i a n g l e  ADQ i n  F i g  A - l a .
E l i m i n a t i n g  Zq f ro m  e q u a t i o n s  A-2 a n d  A - 3, t h e  e x p r e s s i o n  
f o r  Yq c a n  be  o b t a i n e d  a s :  ^
V , a  -  b S * - C * L-  b s * )  C A - + )
~0 +  S * j
S i n c e  f rom  F i g  A - l a ,  BQ i s  e q u a l  t o  t h e  sum o f  b a n d  CQ 
w h i l e  f r o a  t r i a n g l e  BQD sin^> i s  e q u a l  t o  Zq/BQ, t h e r e f o r e .
18^
C ( A - s )
E q u a t i o n s  A -2 ,  A-4  an d  A -5  v i l l  be  u sed  i n  s u b s e q u e n t  
d e r i v a t i o n s .
C o n s i d e r  a  p o i n t  P ( y » z )  l y i n g  o n  t h e  l i n e  C'Q i n  F i g  
A-2b s o  t h a t  i t s  c o r r e s p o n d i n g  l o c a t i o n  P < r , 4 )  i n  
c y l i n d r i c a l  c o o r d i n a t e s  l i e s  on t h e  l i n e  o f  c o n s t a n t  a n g l e  
, CQ, a s  show n i n  F i g  A-2a w i t h  4? l o s s  t h a n  o r  e q u a l  t o  
t h e  a n g l e  U  ( e q u a t i o n  A - 1 ) .  Now t h e  l i n e  TPB i n  F i g  A - 2 b ,  
w h ich  i s  p a r a l l e l  t o  t h e  Y a x i s  p a s s i n g  t h r o u g h  t h e  p o i n t  
P ( y , z )  ,  m e e t s  t h e  c u r v e  i n  B(Yar z ) .  The  y c o o r d i n a t e  o f  t h e  
p o i n t  R, i . e .  Ym, i s  known from t h e  f o l l o w i n g  r e l a t i o n :
Ym =
0 - 5 (A-b<0
T h e r e f o r e *  t h e  l i n e  o f  c o n s t a n t  a n g l e  <f„ p a s s i n g  t h r o u g h
t h e  p o i n t  a, f ro m  e q u a t i o n  A -2 ,  b e c o m e s .
A l s o ,  t h e  l i n e  o f  c o n s t a n t  a n g l e p a s s i n g  t h r o u g h  t h e
p o i n t  T i s .
£  A -im C )
Now, t h e  d e s i r e d  l i n e  o f  c o n s t a n t  a n g l e  p a s s i n g  t h r o u g h  
t h e  p o i n t  P s h o u l d  l i e  b e t w e e n  l i n e s  o f  c o n s t a n t  a n g l e s
a n d  4 r - D s in g  a  l i n e a r  a p p r o x i m a t i o n ,  t h e  e x p r e s s i o n  f o r  
shown t o  y i e l d :
R(Ym;
(b) Rectangular Coordinate System
(a) Cylindrical Coordinate System




<f  =  4> «  + ( 4 >t - 4 ‘k > c  > » - »  )  z
^  =  <f>n +  C < * - + * )  C Y*n ~  V )  2 K ^  2  ^  b *
C V m - X , ) ^ A - f c e )
w here Y,, = « V  fc«<- z )  /  C t > «  ~ z r ) ,
a n d  Z r  i s  d e f i n e d  i n  e q u a t i o n  A -1 0 .  T h u s ,  t h e  a n g l e  4* i s  
d e t e r m i n e d .
Nov, f rom  F i g  A -2 a ,  t h e  r  c o o r d i n a t e  i s  f o u n d  a s  
f o l l o v s :
The d i s t a n c e  CP c a n  b e  e x p r e s s e d  a s  a  f r a c t i o n  o f  t h e  
d i s t a n c e  CQ, t h e  f r a c t i o n  b e i n g  C*P/C*Q f ro m  F i g  A - 2 b .  From 
F i g  A - 2 b ,  t h i s  f r a c t i o n  c a n  be  shown t o  be e q u a l  t o  y/Yg* 
a n d  h e n c e  t h e  d i s t a n c e  CP i n  F i g  A - 2 a  b e c o m e s :
T h u s ,  f rom  e q u a t i o n s  A-7 a n d  A -8 ,  t h e  e x p r e s s i o n  f o r  r  i s :
w h e re  Yg a n d  CQ a r e  g i v e n  b y  e q u a t i o n s  A-4 and  A-5 
r e s p e c t i v e l y .  E q u a t i o n s  A -6d  o r  A - 6 e ,  a n d  A-9 fo rm  t h e  p a i r  
o f  e q u a t i o n s  r e q u i r e d  f o r  t h e  d e s i r e d  t r a n s f o r m a t i o n  o f  a 
p o i n t  P ( y , z )  t o  t h e  p o i n t  P ( r , 4 )  £ o r  a  c a s e  o f  l e s s  t h a n  
o r  e q u a l  t o  n(.
When <f> i s  g r e a t e r  t h a n  t h e  a n g l e  o ( ,  t h e  t r a n s f o r m a t i o n
f  -  B P  =  B C  - f  C P b  +  C P C A - ? )
C A - a )
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o f  a  p o i n t  P ( y , z )  t o  i t s  c o r r e s p o n d i n g  l o c a t i o n  on r - ^ *
d i a g r a m ,  i . e .  P ( r  c a n  be  d e r i v e d  a s  f o l l o w s .  I n  F i g
A-3,  t h e  p o i n t  P ( y , z )  i s  shown l y i n g  on a l i n e  AB w h ic h  
would  r e p r e s e n t  a  l i n e  o f  c o n s t a n t  ^  on  r - £  d i a g r a m .  I f  H* 
r e p r e s e n t s  t h e  c h a n n e l  d e p t h  on t h e  y - z  d i a g r a m ,  t h e  l e n g t h  
Z r ,  i . e .  t h e  z c o o r d i n a t e  o f  t h e  p o i n t  R,  f r o m  t h e  e q u a t i o n  
A-3 ,  i s  t h e n ,
Zh = V  CA- io)
Now, t h e  e q u a t i o n  o f  l i n e  AB i s  g i v e n  a s :
* *  -  - S r r .
S i n c e  t h e  l e n g t h  o f  t h e  s c r e w  r o o t  r e m a i n s  u n c h a n g e d  a f t e r  
u n w i n d i n g  o f  t h e  c h a n n e l ,  Za c a n  b e  e x p r e s s e d  a s :
The z c o o r d i n a t e  o f  p o i n t  B,  Zb,  i s  Zr p l u s  RB ( F i g  A-3) 
where  RB i s  t h e  l e n g t h  o f  t h e  b a r r e l  a r c  a f t e r  u n w i n d i n g
w h ic h  m u s t  be  d e t e r m i n e d .
T h e  l e n g t h  o f  t h e  b a r r e l  a r o u n d  t h e  s c r e w  u n d e r  
c o n s i d e r a t i o n  i s  2 a ( 7 T - o t )  a n d  a f t e r  u n w i n d i n g  t h i s  b e c o m e s  
* l 7 r b - 2 Z r .  T h e r e f o r e ,  t h e  s h r i n k a g e  f a c t o r  by w h ic h  t h e
a c t u a l  b a r r e l  l e n g t h  m u s t  be  m u l t i p l i e d  t o  o b t a i n  t h e  b a r r e l  
l e n g t h  a f t e r  u n w i n d i n g  i s  ( 7 t b - Z r ) / a  ( 7T" ) I a n d ,  t h e
l e n g t h  RB i s  g i v e n  a s :
R<yr,2 r> B < \ h >
y
0(ofo)
Fig. A-3: Transformation o f  a Point P(y»z) to P (r,$) for $ > a
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R B  =  £ < # > - • < )  £ w b - Z O  / c t t - « 0  0
Now, t h e  z c o o r d i n a t e  o f  t h e  p o i n t  B i n  F i g  A - 3 ,  b e c o m e s :
2 b  =  2 * -  ■ +  ^ l ! L }  C 7 c b - Z j 0  C A - ' * )
< * • - * )
C o m b i n i n g  e q u a t i o n s  A - 1 1 ,  A-12 a n d  A-14 a n d  e l i m i n a t i n g  2 a  
a n d  Zb i n  t e r m s  o f  4>* t h e  f i n a l  e x p r e s s i o n  f o r  4* i s *
w h e re  Zr a n d  o( a r e  g i v e n  by e q u a t i o n s  A - 10 a n d  A - 11 
r e s p e c t i v e l y .  S i n c e  t h e  c h a n n e l  d e p t h  i s  h a l f  i t s  o r i g i n a l  
s i z e ,  t h e  r  c o o r d i n a t e  o f  t h e  p o i n t  P (£,<£) on r - ^  d i a g r a m  
f o r  g r e a t e r  t h a n  ot,, s i m p l y  b e c o m e s ,
\r = b +■ ay, C
T h u s ,  e q u a t i o n s  A-15 a n d  A-16 fo rm  t h e  p a i r  o f  e q u a t i o n s  
r e l a t i n g  t h e  tw o  c o o r d i n a t e  s y s t e m s  f o r  cfr g r e a t e r  t h a n  o f .
B e f o r e  t r a n s f o r m i n g  a p o i n t  i n  r e c t a n g u l a r  c o o r d i n a t e s ,  
P {y » z )  t o  i t s  c o r r e s p o n d i n g  l o c a t i o n  i n  c y l i n d r i c a l  
c o o r d i n a t e s ,  P(r ,4>)«  4> i s  n o t  known; a n d  t h e r e f o r e  i t
r e m a i n s  u n c e r t a i n  a s  t o  w h ic h  p a i r  o f  t r a n s f o r m a t i o n
It
e q u a t i o n s  i s  t o  be a p p l i e d .  H o w ev er ,  i t  c a n  b e  s e e n  t h a t  i f  
t h e  s l o p e  o f  t h e  l i n e  p a s s i n g  t h r o u g h  t h e  g i v e n  p o i n t  P ( y , z )  
a n d  t h e  p o i n t  (0,b®C) i s  l e s s  t h a n  t h a t  o f  t h e  l i n e  p a s s i n g
)
(fK - I S )
1 9 0
t h r o u g h  t h e  p o i n t s  (H *,Zr)  a n d  ( 0 ,b < r f ) »  (f> i s  g r e a t e r  t h a n  
t h e  a n g l e  oi a n d  v i c e  v e r s a .  H e n c e  t h e  d e s i r e d  p a i r  o £
t r a n s f o r m a t i o n  e q u a t i o n s  i s  known f o r  t h o s e  c a s e s .  F u r t h e r ,
f o r  l e s s  t h a n  cC ,  e q u a t i o n  A-6d i s  u s e d  t o  f i n d  <£ i f  z 
i s  l e s s  t h a n  bc( f o r  e q u a t i o n  A -6e  i s  u s e d  o t h e r w i s e .
F o r  t r a n s f o r m i n g  a p o i n t  P ( r , ^ > )  f ro m  c y l i n d r i c a l  
c o o r d i n a t e  s y s t e m  t o  P { y , z) i n  t h e  r e c t a n g u l a r  c o o r d i n a t e  
s y s t e m  t h e  f o l l o w i n g  r e l a t i o n s  c a n  b e  d e r i v e d .  T h u s ,  f o r  tj> 
g r e a t e r  t h a n  e i  ,
y = (A“ *7a.,)
Z  = bd> +  C ' i / n ' )  (  Z |-  -  •><# +  a- r .} C * M ) )
1 1  C A - '7 tO
a n d  f o r  l e s s  t h a n  o( *
y = (/•-*>> Y^/ce £a-»s«j
a  = f c ^  +  O - b H  2 * , -
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E l i m i n a t i o n  o f  t h e  P i c t e t i o u s  Mesh P o i n t s
The c o m p u t a t i o n a l  m o l e c u l e  o f  e q u a t i o n  4 . 1 4  w i t h  i t s  
c e n t e r  m esh  p o i n t  s u r r o u n d e d  b y  t w e l v e  o t h e r  mesh p o i n t s  i s  
sh o w n  i n  F i g  B - 1 .  The  c e n t e r  p o i n t  i s  i n d i c a t e d  by a 
c i r c l e d  a s t e r i s k  ( * ) ,  w h i l e  t h e  o t h e r  mesh p o i n t s  i n v o l v e d  
i n  t h e  13 p o i n t  f o r m u l a  a r e  r e p r e s e n t e d  by an a s t e r i s k  o r  by  
an  a s t e r i s k  i n  a  s q u a r e .  The  y a n d  z  d i s t a n c e s  o f  a  mesh 
p o i n t  f rom  t h e  c u r v e d  b o u n d a r y  AB, a s  shown i n  F i g  B - 1 ,  a r e  
r e p r e s e n t e d  by Pn,  w h e r e  n i s  an  i n t e g e r  s u b s c r i p t .  When n 
i s  o d d ,  Pn r e p r e s e n t s  t h e  y d i s t a n c e  o f  t h e  mesh p o i n t  f r o m  
t h e  c u r v e d  b o u n d a r y  w h i l e  i f  n i s  e v e n ,  Pn i s  t h e  z  d i s t a n c e  
o f  t h e  mesh p o i n t  f ro m  t h e  c u r v e d  b o u n d a r y .  The y a n d  z 
d i s t a n c e s  a s  r e p r e s e n t e d  by  t h e  c o r r e s p o n d i n g  P n * s  a r e  made 
d i m e n s i o n l e s s  i n  t e r m s  o f  t h e  r e s p e c t i v e  mesh d i m e n s i o n s  a s  
f o l l o w s :
R „  =  P , . / / l a
Rn = Pn /  Az,
w h e r e  y a n d  z a r e  t h e  mesh l e n g t h s  i n  t h e  y a n d  z 
d i r e c t i o n s  r e s p e c t i v e l y .  T h u s ,  Bn r e p r e s e n t s  t h e  n u m b e r  o f  
mesh  s p a c e s  o f  a p o i n t  f rom t h e  c u r v e d  b o u n d a r y  a n d  i t  may 
b e  a  f r a c t i o n .
I n  t h e  c o m p u t e r  p r o g r a m ,  "TWIN11 ( A p p e n d ix  E-3)  ,  t h e
t'F n fs odcl 
if  n  is
n o
C ] F
Ftg. B-l: A Iblecule Representation o f  the 13 Point Formula Involving 
F ic t it io u s  Ifesh Points
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d i m e n s i o n l e s s  d i s t a n c e s  R n*s  p l a y  an i m p o r t a n t  r o l e  i n  
s e t t i n g  up t h e  m a t h e m a t i c a l  r e l a t i o n s  t h a t  m u s t  be  met  f o r  
e l i m i n a t i o n  o f  f i c t i t i o u s  m esh  p o i n t s  w h ic h  may b e  b e y o n d  
t h e  c u r v e d  b o u n d a r y  o r  l e s s  t h a n  one  mesh l e n g t h  i n s i d e  i t .  
F i c t i t i o u s  p o i n t s  a r e  e l i m i n a t e d  i n  t e r m s  o f  a  s p e c i f i c  s e t  
o f  i n t e r n a l  mesh  p o i n t s *  Some o f  t h e s e  i n t e r n a l  mesh  p o i n t s  
may b e  f i c t i t i o u s  o n e s  s o  t h a t  t h e y  m u s t  be  f u r t h e r  
e l i m i n a t e d  i n  t e r m s  o f  n o n f i c t i t i o u s  mesh p o i n t s .  I n  F ig  
B-1 i n i t i a l  f i c t i t i o u s  m esh  p o i n t s  a r e  r e p r e s e n t e d  by 
a s t e r i s k s  i n  a  s q u a r e  w h i l e  t h o s e  f i c t i t i o u s  mesh p o i n t s  
w h ich  a p p e a r  d u e  t o  e l i m i n a t i o n  o f  t h e  i n i t i a l  f i c t i t i o u s  
mesh  p o i n t s  a r e  r e p r e s e n t e d  b y  a n  x i n  a  s q u a r e  a s  show n  i n  
F i g  B-2  and  B - 3 .
I n  t h e  c o m p u t e r  p r o g r a m ,  "THIN",  t h e  c o m p u t a t i o n a l  
p r o c e d u r e  f o r  e l i m i n a t i o n  o f  f i c t i t i o u s  mesh p o i n t s  i s  
d e s c r i b e d  i n  d e t a i l  i n  s i x  s e t s .  S e t s  1 a n d  2 d e a l  w i t h  t h e  
i n i t i a l  f i c t i t i o u s  mesh p o i n t s  i n v o l v e d  i n  t h e  13 p o i n t  
f o r m u l a ,  e q u a t i o n  h . 1 4 .  I n  s e t  1,  t h e  c o m p l e t e  e l i m i n a t i o n  
i s  p e r f o r m e d  f o r  f i c t i t i o u s  mesh p o i n t s  l y i n g  on t h e  l i n e  o f  
c o n s t a n t  z p a s s i n g  t h r o u g h  t h e  c e n t e r  p o i n t  C w h i l e  t h e  
d e s i r e d  p a r t i a l  o r  c o m p l e t e  e l i m i n a t i o n  i s  a c c o m p l i s h e d  f o r  
t h e  f i c t i t i o u s  mesh p o i n t s  l y i n g  on  t h e  l i n e  o f  c o n s t a n t  z 
o n e  mesh l e n g t h  t o  t h e  l e f t  o f  p o i n t  c .  The p r o c e d u r e  f o r  
t h e  p a r t i a l  o r  c o m p l e t e  e l i m i n a t i o n  o f  t h e  f i c t i t i o u s  mesh 
p o i n t s  w i l l  be  e x p l a i n e d  l a t e r  w i t h  an  e x a m p l e .  I n  s e t  2,  
t h e  f i c t i t i o u s  mesh p o i n t s  l y i n g  on  t h e  l i n e  o f  c o n s t a n t  y 


































w h i l e  t h o s e  l y i n g  on  t h e  c o n s t a n t  y l i n e  o n e  mesh d i s t a n c e  
a b o v e  t h e  c e n t e r  mesh p o i n t  a r e  e l i m i n a t e d  p a r t i a l l y  o r  
c o m p l e t e l y  a s  r e q u i r e d .  S e t s  3 a n d  4 d e a l  w i t h  t h e  i n i t i a l  
f i c t i t i o u s  mesh p o i n t s  w h ic h  a r e  a t  o n e  o r  tw o  mesh l e n g t h s  
f r o m  t h e  t o p  ( t h e  b a r r e l )  o r  t h e  b o t t o m  b o u n d a r y  ( t h e  s c r e w  
r o o t )  r e s p e c t i v e l y .  S e t s  5 a n d  6 d e a l s  w i t h  t h e  i n i t i a l  
f i c t i t i o u s  m esh  p o i n t s  w h ic h  a r e  y e t  t o  be  e l i m i n a t e d  o r  
a p p e a r  d u e  t o  e l i m i n a t i o n  o f  t h e  i n i t i a l  f i c t i t i o u s  mesh 
p o i n t s  a s  d e s c r i b e d  i n  s e t s  1 a n d  2 .
To c l a r i f y  t h i s  e x p l a i n a t i o n ,  i n  F i g  B-1 t h e  f i c t i t i o u s  
mesh  p o i n t s  D ,F #E,H a n d  I  a r e  e l i m i n a t e d  u s i n g  s e t s  1 a n d  2 ;  
a n d  i n  F i g  B -2  t h e  f i c t i t i o u s  mesh p o i n t s  D ,E ,H ,  a n d  I  a r e  
e l i m i n a t e d  u s i n g  s e t s  1 a n d  2 .  F i c t i t i o u s  p o i n t s  a n d
s  i n  F i g  B -2  a r e  now i n t r o d u c e d  d u e  t o  p a r t i a l  e l i m i n a t i o n  
o f  t h e  i n i t i a l  f i c t i t i o u s  mesh p o i n t  E i n  t h e  n e g a t i v e  y 
d i r e c t i o n  a n d  m ust  b e  e l i m i n a t e d  a l o n g  w i t h  t h e  p o i n t  L 
u s i n g  s e t  5 .  The f i c t i t i o u s  mesh p o i n t s  D , E « F , H ,  a n d  I  i n  
F i g  B-3  a r e  e l i m i n a t e d  u s i n g  s e t s  1 and 2 ,  w h i l e  t h e  
f i c t i t i o u s  mesh p o i n t s  P VQ#B an d  S w h ich  r e s u l t  d u e  t o  
p a r t i a l  e l i m i n a t i o n  o f  t h e  i n i t i a l  f i c t i t i o u s  mesh p o i n t  E 
a r e  e l i m i n a t e d  a l o n g  w i t h  t h e  p o i n t  G by s e t  6 .  The  
e q u a t i o n s  g o v e r n i n g  t h e  e l i m i n a t i o n  o f  t h e  f i c t i t i o u s  m esh  
p o i n t s  b a s e d  upon  t h e  G r e g o r y - N e w t o n * s  i n t e r p o l a t i o n  
f o r m u l a e  a r e  d i s c u s s e d  i n  c h a p t e r  IV an d  V. The s t e p  by 
s t e p  d e t a i l s  o f  t h i s  e l i m i n a t i o n  p r o c e d u r e  a r e  p r e s e n t e d  i n  
t h e  c o m p u t e r  p ro g ra m  '‘TWIN1*, i n  A p p e n d ix  E -3 .
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APPENDIX C 
E s t i m a t i o n  o f  t h e  R o l l e r  l e n g t h
The a x i a l  l e n g t h  o f  t h e  r o l l e r s  u s e d  f o r  t h e  
e x p e r i m e n t a l  a n a l y s i s  s h o u l d  b e  g r e a t  e n o u g h  s o  t h a t  t h e  
v e l o c i t y  p r o f i l e s  i n  t h e  m i d d l e  r e g i o n  o f  t h e  r o l l e r  a x i s  
a r e  u n c h a n g e d  i n  t h e  d i r e c t i o n  o f  t h e  r o l l e r  a x i s .  T h i s  
c r i t e r i a  e n s u r e s  t h a t  e n d s  o f  t h e  e x p e r i m e n t a l  a p p a r a t u s  do  
n o t  a f f e c t  t h e  v e l o c i t y  p r o f i l e s  i n  t h e  r e g i o n  o f  i n t e r e s t .  
An e s t i m a t e  o f  t h e  r e q u i r e d  r o l l e r  l e n g t h  i s  o b t a i n e d  by 
e x a m i n i n g  a  s i m i l a r  c a s e  o f  t a n g e n t i a l  l a m i n a r  f l o w  ( c o u e t t e  
f l o w )  o f  a n  i n c o m p r e s s i b l e  f l u i d  o f  v i s c o s i t y ^ ,  b e t w e e n  two 
h o r i z o n t a l  c o a x i a l  c y l i n d e r s  o f  l e n g t h  L ,  t h e  i n n e r  o n e  o f  
w h ic h  i s  r o t a t i n g  w i t h  an a n g u l a r  v e l o c i t y  J X .  w h i l e  t h e  
o u t e r  o n e  i s  s t a t i o n a r y  [ 5 ] .  The e n d s  o f  t h e  c y l i n d e r s  a r e  
a g a i n s t  t h e  s t a t i o n a r y  w a l l s  a s  shown i n  F i g  c-1 .
U s i n g  t h e  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  w i t h  t h e  z 
d i r e c t i o n  l y i n g  a l o n g  t h e  r o l l e r  a x i s ,  t h e  r  d i r e c t i o n  
d i r e c t e d  r a d i a l l y  o u t w a r d ,  a n d  t h e  Q  d i r e c t i o n  p r o j e c t i n g  
t a n g e n t i a l l y ,  i t  c a n  be  s e e n  t h a t  t h e  r  a n d  z c o m p o n e n t s  o f  
v e l o c i t y  a r e  z e r o  i n  t h i s  s y s t e m ,  i . e .  V r= 0 ;  Vz-O; and  
t h e r e  i s  n o  p r e s s u r e  g r a d i e n t  i n  t h e  0  d i r e c t i o n ,  v i s c o u s  
e f f e c t s  a r e  s o  p r e d o m i n a n t  t h a t  g r a v i t a t i o n a l  and  i n e r t i a l  
e f f e c t s  c a n  b e  n e g l e c t e d ,  a n d  t h e  e g u a t i o n  o f  m o t i o n  f o r  





Fig. C -l: Tangential Laminar Flow of an Incompressible Fluid Between Two Horizontal Coaxial
Cylinders, the Inner one of which i s  Rotating with an Angular Velocity n
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-t- 1 = 0  ( c - l )/ H  ar^ r ar *’"a" dfl3" dx3" *
From t h e  e q u a t i o n  o f  c o n t i n u i t y  f o r  an i n c o m p r e s s i b l e  f l u i d  
w i t h  Vr a n d  Vz e q u a l  z e r o ,  ^ V o / 3 0  e q u a l s  z e r o ,  a n d  
t h e r e f o r e ,  t h e  e q u a t i o n  C-1 b ec o m es :
The b o u n d a r y  c o n d i t i o n s  f o r  t h e  p r e s e n t  p r o b l e m  c a n  b e
s t a t e d  a s  f o l l o w s :
Vg = O X = 0 , L
=- O a t  j=- ^ 3- 3--2- 5
v 0  -  -O - f l- ,  a t  r ~  « |  C C - 3 . 3 )
w h e re  R, a n d  R^ a r e  t h e  r a d i i  o f  t h e  i n n e r  and  t h e  o u t e r  
c y l i n d e r s  r e s p e c t i v e l y  a s  shown i n  F i g  C - 1 .
E q u a t i o n  C-2 c a n  be s o l v e d  by s e p a r a t i o n  o f  v a r i a b l e s .
L e t  R b e  a  f u n c t i o n  o f  r  o n l y  an d  Z be  a  f u n c t i o n  o f  z  o n l y
s o  t h a t  Vg c a n  be  e x p r e s s e d  a s :
V, = R Z  C£'+)
W ith  t h i s ,  e q u a t i o n  c - 2  b e c o m e s :
r !  * L  ~  x  =  c c - s )
R  i - r  r 3- z
*p.
w h e re  R*,  R" a n d  Z" a r e  31i /» r  .  V f - h r 1- ,  a n d 3 z / a z *
r e s p e c t i v e l y .  S i n c e  t h e  l e f t  han d  s i d e  o f  t h e  e q u a t i o n  C-5
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i s  a  f u n c t i o n  o f  r  a l o n e  w h i l e  t h e  r i g h t  h a n d  s i d e  o f  t h e
s a n e  e q u a t i o n  i s  a  f u n c t i o n  o f  o n l y  z ,  b o t h  s i d e s  a r e
i n d e p e n d e n t  o f  e a c h  o t h e r  a n d  t h e r e f o r e  m ust  be  e q u a l  t o  a 
2.
c o n s t a n t  C.  T h u s ,
_  z “ _  £ * -
Z
The s o l u t i o n  o f  t h e  e q u a t i o n  C - 6 ,  u s i n g  t h e  b o u n d a r y
c o n d i t i o n s  g i v e n  by e q u a t i o n  0 3 . 1  i s ,
2  =  6  = £ *  C c - 7 )
w h e re  B i s  a  c o n s t a n t  a n d  n  i s  a n  i n t e g e r  c o n s t a n t  s u c h  t h a t
t h e  c o n s t a n t  C i s  e q u a l  t o  n / L .  Now, c o n s i d e r i n g  t h e  l e f t
h a n d  s i d e  o f  t h e  e q u a t i o n  0 5  a n d  e q u a t i n g  i t  t o  C ,  t h e  
g e n e r a l  s o l u t i o n  f o r  R i s ,
R. =  A* +&K,  Cnxr/u).
w h e r e  A*, B' a r e  c o n s t a n t s  an d  1 ^  a n d  a r e  t h e  f i r s t  o r d e r  
m o d i f i e d  B e s s e l  f u n c t i o n s .  C o m b in in g  e q u a t i o n s  C - 4 ,  0 7 ,  
a n d  c - 8  an d  u s i n g  b o u n d a r y  c o n d i t i o n s  C - 3 . 2 and  C - 3 . 3 ,  t h e  
s o l u t i o n  f o r  Vg i s :
[  T / n l t h ' t l -  K ' C n x r / u ) ]
ve  _  ± _  /  _ L   ______________ _________________________ _
' W ~  X  /  n  f  r . C n A R , / ^ )  -  X iO iT tR ^ /u )  
h  = 1 , 3 , 5 . -
C c - « o
w h e r e  Vmax e g u a l s - f l H ^ .
I n  o r d e r  t o  e s t i m a t e  t h e  a x i a l  l e n g h t  o f  t h e  r o l l e r s
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f o r  w hich  t h e  v e l o c i t y  d i s t r i b u t i o n  Vq i s  i n d e p e n d e n t  o f  z 
o v e r  a  s u f f i c i e n t  m i d d l e  p o r t i o n  o f  t h e  r o l l e r  a x i s ,  f i r s t  
t h e  v e l o c i t y  d i s t r i b u t i o n  v$  i s  c o m p u t e d  a c r o s s  t h e  r a d i a l  
g a p  a t  t h e  m i d p o i n t  o f  t h e  r o l l e r  l e n g t h ,  i . e .  a t  z = L / 2 .  
I n  F i g  C - 2 ,  t h i s  v e l o c i t y  d i s t r i b u t i o n  i s  p l o t t e d  a g a i n s t  
t h e  r a d i a l  d i s t a n c e  a c r o s s  t h e  g a p  f o r  d i f f e r e n t  v a l u e s  o f  
r o l l e r  l e n g t h s  L. From t h e s e  p l o t s ,  i t  c a n  be s e e n  t h a t  t h e  
d e v i a t i o n  i n  Vq  f r o m  i t s  l i n e a r  p r o f i l e  w i t h o u t  en d  e f f e c t s  
i s  a  maximum a t  t h e  m i d p o i n t  a l o n g  t h e  r a d i a l  g a p ,  i . e .  a t
r - / 2 ,  ' f o r  a l l  a x i a l  l e n g t h s .  T h u s ,  t h e  v a l u e  o f  r  i n
e q u a t i o n  C -9  i s  s e t  e q u a l  t o  (R£+Ba.>/2; a n d  t h e  v e l o c i t y  
d i s t r i b u t i o n  V$ i s  c o m p u t e d  a s  a  f u n c t i o n  o f  t h e  a x i a l  
d i s t a n c e  z f o r  d i f f e r e n t  a x i a l  l e n g t h s  L.  I n  F i g  C - 3 ,  p l o t s  
o f  t h e  v e l o c i t y  d i s t r i b u t i o n  Vy vs  t h e  f r a c t i o n a l  a x i a l  
l e n g t h  z / L  a r e  show n  f o r  d i f f e r e n t  v a l u e s  o f  L. F rom  t h e s e  
p l o t s ,  i t  c a n  b e  s e e n  t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e
m i d d l e  p o r t i o n  o f  t h e  r o l l e r  a x i s  r e m a i n s  u n c h a n g e d  o v e r
a p p r o x i m a t e l y  80% o f  t h e  t o t a l  a x i a l  l e n g t h  f o r  L - 5  i n c h e s .  
To be  e v e n  more c e r t a i n  o f  f u l l y  d e v e l o p e d  f l o w  i n  t h e  
c e n t e r ,  t h e  l e n g t h  o f  t h e  r o l l e r  f o r  t h e  e x p e r i m e n t a l  
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FIGURE C-3: A p lot of (V0/Vmax)r J R1+R2 ) Vs z/L
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APPEHDIX D
T o r q u e  a n d  Power  R e q u i r e d  f o r  £ h e  E x p e r i m e n t a l  S i m u l a l i e n  
M i t
An e s t i m a t i o n  o f  t o r q u e s  r e q u i r e d  t o  t u r n  t h e  r o l l e r s  
u s e d  i n  t h e  e x p e r i m e n t a l  s i m u l a t i o n  u n i t  c a n  b e  
a p p r o x i m a t e l y  d e t e r m i n e d  by c o n s i d e r i n g  a  s i m i l a r  c a s e  o f  
t a n g e n t i a l  l a m i n a r  f l o w  o f  a n  i n c o m p r e s s i b l e  f l u i d  o f  
v i s c o s i t y , ! * ,  b e t w e e n  tw o  h o r i z o n t a l  c o a x i a l  c y l i n d e r s  o f  
l e n q t h  L ,  t h e  i n n e r  o n e  o f  w h ich  i s  r o t a t i n g  w i t h  an  a n g u l a r  
s p e e d  J& .  w h i l e  t h e  o u t e r  o n e  i s  s t a t i o n a r y  a s  shown i n  F i g  
C - 1 .  I f  Rt  an d  R^ a r e  t h e  r a d i i  o f  t h e  i n n e r  a n d  t h e  o u t e r  
c y l i n d e r s  r e s p e c t i v e l y *  t h e n  t h e  t a n g e n t i a l  v e l o c i t y  
d i s t r i b u t i o n  (Vq ) f o r  s u c h  a  c a s e  c a n  be  e x p r e s s e d  a s  £ 5 ] :
w h e re  r  i s  t h e  r a d i a l  d i s t a n c e  an d  i s  t h e  t a n g e n t i a l
v e l o c i t y .  The s h e a r  s t r e s s  d i s t r i b u t i o n  Tr0* c a n  b e  
d e t e r m i n e d  f rom  t h e  t a n g e n t i a l  v e l o c i t y  a s  [ 5 ] *
C D - a )
T h e r e f o r e *  c o m b i n i n g  e q u a t i o n s  D-1 a n d  D -2  g i v e s *
Then* t h e  t o t a l  t o r q u e  T r e q u i r e d  t o  t u r n  t h e  i n n e r  s h a f t  i s
d e t e r m i n e d  by t a k i n g  t h e  p r o d u c t  o f  t h e  f o r c e  t i n e s  t h e  
l e v e r  arm#
F o r  t h e  e x p e r i m e n t a l  d e s i g n  p u r p o s e s ,  t h e  t o r q u e  an d  
h o r s e  power  w i l l  be  e s t i m a t e d  f o r  c o n d i t i o n s  which make t h e n  
e a c h  a  maximum. T h u s ,  f o r  a f l u i d  h a v i n g  a 3 0 , 0 0 0  c p s  
v i s c o s i t y  w i t h  t h e  l o v e r  r o l l e r  t u r n i n g  a t  a n  a n g u l a r  
v e l o c i t y  o f  120 r e v o l u t i o n s  p e r  m i n u t e  a n d  Ra  and I
b e i n g  e g u a l  t o  1 . 5 ,  2 . 2 5  a n d  6 i n c h e s  r e s p e c t i v e l y ,  t h e
e s t i m a t e d  v a l u e  o f  t h e  t o r q u e  T a c c o r d i n g  t o  e q u a t i o n  D-4 i s  
a p p r o x i m a t e l y  50 i n c h - l b f . F o r  t h e  p r e s e n t  c a s e ,  Zeromax
d r i v e s  c a p a b l e  o f  p r o v i d i n g  100 i n c h - l b f  t o r q u e  f o r  t h e  
l o v e r  r o l l e r  an d  25 i n c h - l b f  t o r q u e  f o r  t h e  u p p e r  r o l l e r  
w e re  s e l e c t e d ,  b e c a u s e  t h e  u p p e r  r o l l e r  was n o t  t o t a l l y  
e n c l o s e d  ( t h e  f r e e  f l u i d  s u r f a c e  a t  t h e  t o p ) ,  s i n c e  t h e  
p o w e r  r e q u i r e d  e q u a l s  t h e  t o r q u e  t i m e s  t h e  a n g u l a r  v e l o c i t y ,  
t h e  power  r e q u i r e m e n t  f o r  t h e  l o w e r  r o l l e r  i s  0 . 2  HP u n d e r  
t h e  g i v e n  c o n d i t i o n s .  I n  o r d e r  t o  a l l o w  f o r  f r i c t i o n a l  
l o s s e s  o c c u r r i n g  i n  t h e  d r i v e s ,  c h a i n s ,  c o u p l i n g s *  
s p r o c k e t s ,  b u s h i n g s ,  e t c . ,  a  3 / 4  HP m o to r  was  s e l e c t e d  f o r  
t h e  l o v e r  r o l l e r  a n d  a  1 / 3  HP m o t o r  f o r  t h e  u p p e r  r o l l e r .  
T h e s e  m o t o r s  p r o v e d  more  t h a n  a d e q u a t e  f o r  t h e  e x p e r i m e n t a l  
d e v i c e  s i n c e  a  t o t a l  pow er  o f  0 . 4  HP w a s  m e a s u r e d  w i th  a 
1000  c p  f l u i d  v i s c o s i t y  a n d  t h e  r o l l e r s  t u r n i n g  a t  4 0  BPH.
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C THE FOLLOWINGS THINGS SHOULD EE CHECKED BEFORE PfiOCEDING C
C TO RUN THIS  PROGRAH: C
C C
C 1 . THE OPEN STATEMENT I F  ANY C
C 2 . NUMBER OF I TERATIONS DESIRED C







c  THIS PROGRAM COMPUTES VELOCITY PROFILES IN Y AND Z DIRECTIONS
C IN A SCREW CHANNEL OF A THIN SCREW EXTRUDER BY
C THE METHOD OF A COUPLED PAIR OF POISSON EQUATIONS
C 
C
c DESCRIPTION OF PARAMETERS:
C
C ALL VELOCI TI ES  ARE DIMENSIONLESS BASED ON
C THE SCREW ROOT LINEAR VELOCITY P I  D1 N.
C ALL DISTANCES ARE DIMENSIONLESS BASED ON THE ROOT
C DIAMETER D1.
C THE CHANNEL I S  DIVIDED INTO 3 0  BY 3 0  MESH POINTS*
C EACH MESH OF DY BY DZ S I Z E .
C
C D1=ROOT DIAMETER I N  FT.
C D2=BARREL DIAMETER IN F T .
C H1-CHANNEL DEPTH
C
C THE 3 3  BY 3 3  P 5 I  MATRIX REPRESENTS THE STREAM FUNCTION
C MATRIX
C
DIMENSION P S I  ( 3 3 * 3 3 )  , OMEGA ( 3 3 * 3 3 )  , U Z ( 3 3 * 3 3 )  * U Y { 3 3 , 3 3 )  , U Y Z ( 3 3 * 3 3 )
1 * S A I ( 3 3 )  * P ( 1 0 0 0 * 2 9 )  * ANGLE(33*33)  * S S S ( 3 3 * 3 3 )  
P I = 3 . 1 4 1 5 9 2 7  
D 1 = 0 . 2 5  
D 2 = 0 . 3 7 5
H= (D2- D1)  / ( 4 . * D  1)
V Z R - 1 . 0  
VZB-Q. 0  
N J - 3 0  
N I - 3 0  
DY=H/NI  
D Z = P I / N J  
I I = N I + 3  
J J = N J * 3  
1 11 = 1 1 -1  
J J W J - 1  
I N = N I - 1
J N = N J - 1 
F = 3 0 0 .
N 3= 3 
I N D = * I '
CALL P L 0 T S ( I N D , 1 5 . , 1 1 . )
CALL NEWPEN (N3)
CALL PLOT ( 2 .  ,  0 .  ,  3)
CALL P LOT( 2 . * 1 0 . 7 5 , - 2 )
CALL FACTOR (F)
DO 7 1 = 2 , 1 1 1  
A S = ( I - 2 )  / 3 0 .
B S = A S - 1 .
S I A = - A S * B S * B S * H
SAX ( I )  = 5 1 A
CALL PLOT ( 0 . ,  S I A, 3)
CALL PLOT( 0 . 0 2 0 , S I A , 2 )
7 CONTINUE
CALL STRMFN ( D Y , D Z , I N , J N , I N 2 , J N 2 , I I 1 , J J 1 , I I , J J , V Z R , V Z B , P S I )
CALL VELCTY ( U Z , U Y , V Z R , V Z B , I N 2 , J N 2 , 1 1 1 , J J 1 , D Y , D Z , U Y Z , A N G L E , P S I )  
WRITE ( 6 ,  54)
54 FORMAT ( 4X ,  * I 1 , 5 X ,  • ANALYTICAL* , 3X,  • NUMERICAL*,  5 X ,  '  DIFFERENCE* ,  
1 2 X , « % D I F F E R E N C E ' , / / / )
DO 55  1 = 3 , I N 2  
D I F F = S A I ( I )  - P S I  ( I ,  17)
PER= ( D I F F / S A I  ( I ) ) * 1 0 0 .
WRITE ( 6 ,  5 6 )  I ,  SAI  ( I )  ,  P S I  ( 1 , 1 7 )  , DIFF ,PBR 
56 FORMAT( 1 X , I 3 , 5 X , 4 G 1 3 . 6 )
55  CONTINUE 
STOP 
END
SUBROUTINE TPRINT ( J J 1 , 1 1 1 , S S S , N )
DIMENSION S S S  ( 3 3 , 3 3 )
N C 0 L = J J 1 - 1  
NPGS=(NCOL—1 J / 1 0 + 1  
DO 8 2  I = 1 , N P G S  
WRITS (N,  16)
16 FO Efl AT ( 1 X , / / / / / / / )
J 1  = < I - 1 ) * 1 0 + 2  
J 2 = J 1+9
IF  ( I .  Eg. NPGS) J2=JJ1  
DO 83 K = 2 , 111  
M=II1+2-K
WRITE(N,  81 )  ( S S S ( M , J )  , J = J 1 , J 2 )





SUBROUTINE S T R M F N ( D Y , D Z , I N , J N , I N 2 , J N 2 , I I 1 , J J 1 , I I , J J , V Z R , V Z B , P S I )  
DIMENSION P S I  ( 3 3 , 3 3 )  , P ( 1 0 0 0 , 2 9 )  , OMEGA ( 3 3 ,  33)
I T R = 7 9 0
I T R 1 0 = I T R - 1 0
RATIO=(DY/ DZ)  * * 2
I N 2 = I N + 2
J N 2 = J N + 2
D N = 2 . * ( 1 . + R A T I 0 )
ALPHA 1 = 0 .  90 
A L P HA 2 = 0 . 90  
V Y L = - 1 . 5  
VYR=1. 5
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DO 9 1 = 3 , I N 2 
DO 9 J = 3 , J N 2  
P S I ( I . J ) = - 0 . 0 1  
9 OMEGA ( I ,  J )  = 5 0 .  0 
DO 31 K = 2 , 111 
P S I ( K , 2 ) = 0 . 0
31 P S I  ( K ,  J J  1J = 0 . 0  
DO 3 2  K = 2 , J J 1  
P S H 2 . K )  = 0 . 0
3 2  P S I  ( 1 1 1 ,  K) = 0 . 0  
DO 10 MM=1, ITR 
DO 21 1 = 3 , IN2 
IM 2= 1 - 2  
I M 1 = I - 1
I P  1=1 + 1
I p 2 = I + 2
DO 21 J = 3 , J N 2
J H 2 = J - 2
JM 1 = J - 1
J P 1 = J + 1
j p 2 = J + 2
I F ( I M 2 .  E Q . 1)  CALL S U B I M 2 ( P S I , O M E G A , I , J , V Z R , D Z )
I F ( I P 2 . E Q . I I )  CALL S U B I P 2 ( P S I , O M E G A , I , J , V Z B , D Y )
I F ( J M 2 . E Q . 1 )  CALL S UB JM 2 ( P SI , OME GA , 1 , J , V Y L , D Z )
I F ( J P 2 . E Q . J J )  CALL S U B J P 2 ( P S I , O M E G A , I , J , V Y R , D Z )
OME GA N= RAT l O * ( OME GA ( I , J P1 ) +OME G A( I , J M1 ) ) +OMEGA(IP 1 , J )  +0MEGA(IM1,  
OME GA ( I , J )= ( OME G AN * AL P HA2 / DN ) + ( 1 . - A L P H A 2 ) *O ME GA ( I , J )  
PSINEW=RATI0*  ( P S I  ( I , J P 1 ) + P S I  ( I ,  JM1)  ) + P S I  ( I P 1 , J )  + P S I  ( I M 1 , J )  
1-DY*DY*OMEGA(I ,  J )
P S I  ( I , J ) =  (ALPHA1*PSINEW/ DN)+ ( 1 . -ALPHA 1) * P S I ( I , J )
21 CONTINUE
DO 11 1 = 3 , I N2  
1 2= 1 - 2
11 P ( M M , I 2 ) = P S I ( 1 , 1 7 )
10 CONTINUE
I P E N 2 = 2  
I P  EN 1 = 1
CALL NEWPEN ( I PE N 2 )
DO 13 1 = 1 , 2 9
I F  ( I .  EQ.  11)  CALL NEWPEN ( I PEN1)
DO 12  J = 2 5 , I T R  
X = 0 . 0 0 0 0 2 5 * J  
Y=P ( J *  I )
I F  ( J .  EQ.  2 5 )  CALL P L O T ( X , Y , 3 )
I F  ( J . EQ.  25) GO TO 12 





SUBROUTINE S UB I M2 ( PS I , OME GA , 1 , J , V Z R , D Y )
DI MENSION PSI  ( 3 3 , 3 3 )  , OMEGA ( 3 3 , 3 3 )
IM 1 = 1 - 1
OMEGA ( I M 1 , J ) = 2 . * ( P S I ( I , J )  + DY*VZ R) /  (DY*DY)
RETURN
END
SUBROUTINE S U B I P 2 ( P S I , OMEGA, 1 , J , VZB, DY)
DIMENSION PSI  ( 3 3 , 3 3 )  ,  OMEGA ( 3 3 ,  33)
I P 1 = I + 1





SUBROUTINE SUBJM2 ( P S I ,  OMEGA, I ,  J ,  VY, DZ)
DIMENSION P S I  ( 3 3 ,  33)  f OMEGA ( 3 3 , 3 3 )
J M 1 = J ' 1
OMEGA ( I ,  JM1)  - 2 .  * ( P S I  ( I ,  J )  - D Z *  VY) / ( DZ*DZ)
RETURN
END
SUBROUTINE S U B J P 2 ( P S I , O M E G A , I , J , VY, DZ)
DIMENSION P S I  ( 3 3 ,  33)  , OMEGA ( 3 3  , 3 3 )
J P l = J + 1
OMEGA ( I ,  J P 1 )  = 2 . *  ( P S I  ( I , J )  +DZ*VY) / (DZ*DZ)
RETURN
END
SUBROUTINE VELCTY (UZ,UY , V Z R , V Z B ,  I N2 ,  J N 2 ,  XT 1 ,  J J 1 ,  0* 
2 P S I )
DIMENSION P S I  ( 3 3 , 3 3 )  ,  UZ ( 3 3 ,  3 3 )  ,  UY ( 3 3 ,  33)  ,  U y z  <3 3 ,  33) 
VYL=- 1 - 5  
VYR=1. 5
EPS = 1 0 . * * ( - 3 5 . )
DO 10 K = 2 , J J 1  
UZ ( 2 ,  K) =VZR 
UY ( 2 ,  K) = 0 . 0  
UYZ ( 2 ,  K) =ABS (VZR)
ANGLE ( 2 , K )  = 0 . 0  
UZ ( 1 1 1 ,  K) =VZB 
UY ( 11 1  ,K)  = 0 . 0  
UYZ ( I I 1 , K ) = A B S ( V Z B )
10 ANGLE( 1 1 1 , K ) = 0 . 0  
DO 15 K = 2 , I I 1  
U Z ( K , 2 ) = 0 . 0  
UY ( K ,  2) =VYL 
UYZ ( K , 2 )  = ABS (VYL)
ANGLE (K,  2) = - 9 0 .
U Z ( K , J J 1 ) = 0 . 0  
UY (K,  J J  1) =VYR 
UYZ ( K , J J 1 ) = ABS (VYR)
15 ANGLE(K,  J J  1) = 9 0 .
DO 3 0  1 = 3 , I N 2
I P  1=1+1
I P 2 = I + 2
I P 3 = I + 3
I P 4 = I + 4
i P 5 = I + 5
I M 1 = I - 1
IM2 = 1 -2
l M 3 = I - 3
IM 4 = 1 - 4
l M 5 = I - 5
DO 30 J = 3 , J N 2
J M 5 = J - 5
J M 4 = J - 4
J M 3 = J - 3
J M 2 = J - 2
J M l = J - 1
J P 1 = J + 1
J P 2 = J + 2
J P 3 = J + 3
J P 4 = J + 4
J P 5 = J + 5
208
OZ » UYZ,ANGLE, 
ANGLE ( 3 3 ,  33)
I F  ( J P 5 . LE .  J J 1 )  U Y ( I , J )  = ( - P S I ( I ,  JM1)  - 7 . 7 * P S I ( I ,  J )  + 1 5 . * P S I ( I ,  J P l )  -  
1 1 0 . * P S I ( I , J P 2 ) * 5 . * P S I  ( I ,  J P 3 ) - 1 . 5 * P S I ( I ,  J P 4 ) * 0 . 2 * P S I ( I , J P 5 ) ) / ( 6 . * D Z  
2 )
I F ( J P 5 .  GT.  J J 1 ) UY ( I , J )  = ( P S I ( I , J P 1 )  + 7 . 7 * P S I  ( I ,  J ) - 1 5 .  * P S I  ( I , J M 1 ) ♦ 1 0 . 
1 * P S I ( I ,  JM2) - 5 . * P S I ( I , J M 3 )  + 1 . 5 * P S I  ( I  ,  JM4)  - 0 .  2 * P S I  ( I ,  JM5)  ) /  (6 . *DZ)
I F  ( I P 5 .  LE .  111)  UZ ( I ,  J )  = ( P S I ( I M 1 , J )  ♦ 7 . 7 * P S I  ( I ,  J )  - 1 5 . * P S I  ( I P 1 ,  J )  ♦ 1 0 .  
1 * P S I  ( I P 2 , J )  - 5 - * P S I ( I P 3 , J ) + 1 .  5 * P S I  ( I P 4 , J ) - 0 . 2 * P S I ( I P 5 ,  J )  ) / ( 6 . *DY)
I F  ( I P S . G T . 1 1 1 )  UZ ( I , J )  = ( - P S I  ( I P 1 , J )  - 7 . 7 * P S I  ( I , J )  + 1 5 .  * P S I  ( I M1,  J )  -  
1 1 0 . * P S I  ( I  M2 ,  J )  + 5 .  * P S I  ( I M3 ,  J )  - 1 . 5 * P S I ( I M 4 ,  J )  + 0 . 2 * P S I  ( I M 5 ,  J ) ) / ( 6 . *DY 
2)
UYZ ( I ,  J ) =  (UZ ( I ,  J ) * * 2 + U Y  ( I ,  J )  * * 2 )  * * 0 . 5
I F  ( ABS (UZ ( I »  J ) ) .  L T . E P S )  GO TO 3 0
ANGLE ( I ,  J )  =ATAN (UY ( I ,  J ) / U Z  ( I f  J )  ) * ( 1 8 0 . / 3 .  1415)
30 CONTINUE 
WHITE( 6 , 4 0 )
40 FORMAT(l 1 * , 1 0 X , • Z-DIRECTIONAL VELOCITY' , / / / >
CALL T P R I N 1 ( J J 1 , 1 1 1 , U Z , 6 )
WRITE ( 6 , 4 7 )
4 7  FORMAT( ' 1 1 , 1 0 X , ' N E T  FLOW IN Z D I R E C T I O N ' , / / / )
DO 5 0  J = 3 , J N 2  
S U M Z = 0 . 0 
DO 51 1 = 3 , IN2 
51 SUMZ=SUMZ+UZ( I , J )
S U M Z = S U M Z + U Z ( I I 1 , J ) / 2 . + U Z ( 2 ,  J ) / 2 .
SUMZ=SUMZ*DY 
WRITE ( 6 , 6 1 )  SUMZ 
61 FORMAT ( 10X,  G 13 .  6 , / / )
50  CONTINUE 
RETURN 
END






C THE FOLLOWINGS THINGS SHOULD BE CHECKED BEFORE PROCEDING C
C TO RUN THI S  PROGRAM: C
C C
C 1 .THE OPEN STATEMENT I F  ANY C
C 2 . NUMBER OF I TERATIONS DESIRED C






c  T H I S  PROGRAM COMPUTES VELOCITY PROFILES IN Y AND Z DIRECTIONS
C IN A SCREW CHANNEL OF A TWIN SCREW EXTRUDER
C BY THE DIRECT I TE R AT I VE  METHOD,
C
C DESCRIPTION OF PARAMETERS:
C
C ALL VELOCITIES ARE DIMENSIONLESS BASED ON
C THE SCREW ROOT LINEAR VELOCITY P I  D1 N.
C ALL DISTANCES ARE DIMENSIONLESS BASED ON THE ROOT
C DIAMETER D 1 .
C THE CHANNEL I S  DIVIDED INTO 3 0  BY 3 0  MESH P O I N T S ,
C EACH MESH OF DY BY DZ S I Z E .
C
C D1=ROOT DIAMETER IN FT.
C D 2 S BARREL DIAMETER IN FT.
C H1=CHANNEL DEPTH
C
C THE 3 3  BY 3 3  UZ MATRIX F I R S T  REPRESENTS STREAM FUNCTION
C MATRIX. LATER, BEFORE THE VELOCITY COMPONENTS ARE COMPUTED,
C I T  REPRESENTS THE Z- DIRECTIONAL VELOCITY COMPONENT MATRIX.
C
C
C THE P S I  MATRIX F I R S T  REPRESENTS A COEFFI CI ENT MATRIX AND LATER
C BEFORE I T  I S  PASSED TO THE SUBROUTINE FOR COMPUTING VELOCITY
C COMPONENTS, IT BECOMES THE STREAM FUNCTION MATRIX.
C
C
DIMENSION P S I  ( 3 3 , 3 3 )  , U Z ( 3 3 , 3 3 )  , U Y ( 3 3 , 3 3 )  , U Y Z ( 3 3 , 3 3 )  ,  ANGLE ( 3 3 , 3 3 )
1 ,SSS (33  , 3 3 )  , P ( 5 0 0 , 2 9 )  , V E L ( 3 3 )  , B ( 2 1 6 )  , G ( 2 1 6 , 2 1 )  
P I = 3 . 1 4 1 5 9 2 7  
D 1 = 0 . 2 5  
D 2 - 0 . 3 7 5  
V R * 1 . 0  
V B = 0 . 0
H= (D2- D1)  / (  4 .  *D 1)
N J = 3 0  
N I = 3 0  
D Y- H / N I  
DZ = P I / N J
RATIO3  (DY/DZ)  **2
I I = N I + 3  
J J = N J + 3  
1 1 1 = 1 1 - 1  
J J 1 - J J - 1  
I N = N I - 1  
J N = N J - 1 
F = 4 0 0 . 0  
I N D = * I 1 
N3=3
CALL PLOTS(IND, 1 5 . , 1 0 . )
CALL NEWPEN (N3)
CALL P L O T< 2 . , 0 .  , 3 )
CALL PLOT ( 2 .  , 9 .  5 f - 2 )
CALL FACTOR (F)
DO 7 1 = 2 , 1 1 1  
AS= ( 1 - 2 )  / 3 0 .
B S = A S - 1 .
SIA=-AS*BS*BS*H
VEL ( I )  = S I  A
CALL P L O T ( 0 * , S I A , 3 )
CALL PLOT ( 0 . 0 1 5 #S I A , 2 )
7 CONTINUE
CALL PLOT ( 0 . , - 0 . 0 1 , 3 )
DO 8 1 = 1 , 1 1  
DO 8 J = 1 , J J  
U Z ( I , J ) = - 0 . 0 1
8 PSI ( I ,  J )  = 0 . 0
CALL S T R M F N ( P S I , I I , J J , R A T I O , I N , J N , D Y , D Z , V H , V B , I N 2 , J N 2 , I I 1 , J J 1 , B , U Z  
1 )
DO 70  1 = 1 , 1 1  
DO 7 0  J = 1 , J J  
P S I ( I , J ) = U Z  ( I , J )
70  U Z ( I , J ) = 0 . 0
CALL VELCTY(UZ, UY, VR, VB , I N 2 , J N 2 , I I 1 , J J 1 , D Y , D Z , U Y Z , A N G L E , P S I )
WRITE ( 6 , 5 4 )
54 FORMAT( 4X, ' I * , 5 X , * A N A L Y T I C A L ' , 3 X , • NUMERICAL• , 5 X , '  DIFFERENCE' ,  
1 2 X , ' ? S  D I F F E R E N C E ' , / / / )
DO 55  1 = 3 , IN2 
DIFF=VEL ( I )  - P S I  ( I ,  17)
PER= ( D I F F / V E L  ( I ) )  * 1 0 0 .
WRITE ( 6 ,  56) I ,  VEL ( I )  , P S I  ( 1 , 17)  , D I F F , P E K  
56 FORMAT ( 1 X , I 3 , 5 X , 4 G 1 3 . 6 )
5 5  CONTINUE 
STOP 
END
SUBROUTINE TPRI NT <J J 1 , 1 1 1 , S S S , N )
DIMENSION SSS ( 3 3 ,  33)
N C 0 L = J J 1 - 1  
N PG S = ( NC O L - 1) / 1 0 + 1  
DO 82 1 = 1 , NPGS 
WRITE ( N ,  16)
16 FORMAT ( 1 X , / / / / / / / )
J l =  ( I -  1) * 10 + 2 
J 2 = J 1 +9
I F  ( I .  EQ.NPGS) J 2 = J J  1 
DO 83 K=2 , I H  
M = I 1 1 + 2-K
WRITE ( N , 8 1 )  (SSS (M, J )  ,  J = J 1  ,  J 2 )




82  CONTINUE 
RETURN 
END
SUBROUTINE S T R H F N ( P S I , I I , J J , R A T I O , I N , J N , D Y , D Z , V R , V B , I N 2 , J N 2 ,  
1 1 1 1 ,  J J 1 , B , U Z )
DIMENSION P S I  ( 3 3 , 3 3 )  ,  UZ <33 f 3 3 ) ,  B ( 2 1 6 )  ,  G (2 16 ,  2 1 )
1 , P  ( 5 0 0 , 2 9 )
V Y L = - 1 . 5
VYR=1. 5
I TR = 5 G 0
I N 2 = I N + 2
J N 2 = J N + 2
R A T I 0 2 = R A T I 0 * * 2
R A T I O S = 4 . * ( 1 . + R A T I O )
R A T I O T = 4 . * ( R A T I 0 2 + R A T I 0 )
C = - 1 .  / 9 . .




A 5 = 2 . * R A T I O  
A6=—RATIOS+C*1 5 .
A7 = A5
A 8 = - R A T I O T + C * 1 5 . * RA TI 02







A 1 6 =C * RA T I 0 2  
A 1 7 =C * RA T I 0 2  
B l = 0 . 7 0 9 2 5  
D 1 = 0 . 0 8 5
C 1 = ( 8 . - 3 . * D 1 ) / ( 1 1 . * D 1 )
WRITE ( 6 , 2 )  B 1 , C 1 , D 1  
2 F O R M A T ( I X , * B 1 = ' , F 7 . 4 , * C  1 = » , F 7 . 4 , 1D 1 = * , F 7 . 4 , / / / / )
DO 31  K - 2 , 1 1 1  
UZ ( K , J J  1) = 0 . 0  
UZ ( K ,  J J )  = 0 . 0  
UZ ( K ,  1) = 0 . 0  
3 .  U Z ( K , 2 ) = 0 . 0  
DO 3 2  K = 2 , J J 1 
UZ ( 2 , K )  = 0 . 0  
UZ ( 1 ,  K) = 0 . 0  
UZ ( 1 1 1 , K) = 0 . 0  
32  UZ ( I I , K )  = 0 . 0  
DO 10 MM=1 , I T R  
L=0
DO 21 1 = 3 , I N2
I M2 = 1 - 2
I M 1 = I - 1
IM3 = 1 - 3
I M 4 = I - 4
I P  1=1+1
I P 2 = I + 2
I P 3 = I + 3
I P 4 = I + 4
I F  ( I .  LE.  12) A L P H A = 2 . - B 1 *  ( I M 2 / 1 0 . )  * * C 1
I F ( X . G T .  12) ALPHA=2 . -B1  + B 1 3* « ( ( I - 1 2 ) / 2 0 . ) * * D 1
DO 21 J = 3 , J N 2
J M 2 = J - 2
JM1=J - 1
J P 1 = J + 1
J P 2 = J + 2
J P 3 = J  + 3
J H 3 = J - 3
J M 4 = J - 4
J P 4 - J + 4
IF ( J .  L E .  4 . 0 R .  J  .  G E .  3 0 . 0 R . I  . L E .  4 . 0 R . I  . G E . 3 0 )  GO TO 25 
TOTAL=- (A1*UZ ( I M 2 , J )  + A2*UZ ( I # J f l 2 )  +A3*UZ ( I , J P 2 )  +A4*UZ < I P 2 , J )  + A5*
1UZ ( I M 1 , J M 1 )  +A6*UZ < I M 1 , J > + A 7 * U Z ( I M 1 ,  J P 1 )  +A8*UZ ( I . J M 1 )  +A 10*UZ {I  , J P 1 ) 
2 + A 1 1 * 0 2  ( I P  1# JM 1) + A 1 2 * U Z < I P 1 , J ) + A 1 3 * U Z ( I P 1 , J P 1 )  ♦ A14*0Z  ( I M 3 , J )  + A15*  
3UZ ( I P 3  ,  J )  + A16 *UZ ( I ,  JM3} + A17*UZ ( I ,  J P 3 )  ) / A 9  
GO TO 26
2 0  SUM=G < L , 1 ) * U Z  ( I P 2  ,  J )  +G (L> 2 )  *UZ ( I P 1 , J M 1 )  + G ( L , 3 ) * U Z  < I P 1 , J )  +
1G (L* 4)  *UZ ( I P 1 ,  J P  1) +G (L» 5) * 0 Z  ( I *  JM2) +G ( L , 6 )  * U Z ( I , J M 1 )  +
2G ( L , 8 )  *UZ ( I , J P 1 )  + G ( L ,  9) *UZ ( I r J P 2 )  +G ( L , 1 0 ) * U Z ( I t t 1 , J M 1 )  +
3G ( L ,  11 )  * U 2 ( I M 1 , J )  + G ( 1 , 1 2 )  *UZ ( I M1 ,  J P 1 )  + G ( L , 1 3 )  * U Z ( I M 2 , J )
I F ( I M 2 . E Q . 1 . A N D . J M 2 . E Q .  1) GO TO 171 
I F  ( I P 2 . E Q . I I .  AND. JM2.  EQ.1)  G O T O  1 72  
I F ( I M 2 . E Q . 1 .  AND. J P 2 .  E Q . J J )  GO TO 1 7 3  
I F  ( I P 2 - E Q . I I . A N D .  J P 2 .  E Q . J J )  G OT O  1 7 4
I F ( I M 2 . E Q .  1) SUM=SUM+G(Lr 14)  * U Z ( I P 3 # J )  + G ( L , 1 8 )  * U Z ( I P 4 , J )
1+G ( L , 17)  * U Z ( I , J P 3 )  + G ( I ,  15) * U Z ( I , J M 3 )
I F  ( I P 2 . E Q . I I )  SUM=SUM+G ( I ,  16 )  *0Z ( I M 3 ,  J )  + G ( L , 2 0 )  * U Z ( I B 4 , J )
1 + G ( L ,  17) *UZ ( I ,  J P 3 )  + G ( L ,  15) * U Z ( I , J M 3 )
I F  ( J M 2 . E Q . 1 )  SUM=SUa+G( L»1 7)  *UZ ( I , J P 3 )  + G ( L , 2 1 ) * U Z  ( I , J P 4 )
1+G ( L ,  14) *UZ < I P 3 , J )  +G ( L ,  16)  * U Z ( I M 3 , J )
I F  ( J P 2 . E Q . J J )  SUH=SUM+G<L,  15)  * U Z ( I # J M 3 ) + G  ( L ,  19)  * U Z < I , J M 4 )
1+G ( L ,  14 )  *UZ ( I P 3 , J )  + G(L,  1 6 ) * U Z  ( I M 3 , J )
I F ( I M 2 . N E . 1 . A N D . I P 2 . N E . i l . A N D . J M 2 . N E . 1 . A N D . J P 2 . N E . J J )  SUM- 
1SUM+G ( L , 1 6 )  *UZ ( I M 3 ,  J )  + G ( L ,  14)  * U Z ( I P 3 t  J )  +G (Lr 15)  *
2 U Z ( I , J M 3 ) + G ( L # 1 7 ) * U Z ( I , J P 3 )
GO TO 129
171 SUM*SUM+G ( L ,  14)  *UZ ( I P 3 ,  J )  + G ( L ,  18) *UZ < I P 4 , J )
1 + G ( L ,  17) * U Z ( I ,  J P 3 )  +G (L,  21)  * U Z ( I , J P 4 )
GO TO 129
1 7 2  SUM=S0M+G ( L , 1 6 ) * U Z  ( I M 3 , J )  +G ( L , 2 0 )  *UZ ( I M 4 ,  J )
1 + G ( L ,  17) * U Z ( I ,  J P 3 )  + G ( L , 21)  * U Z ( I , J P 4 )
GO TO 129
1 7 3  SUM=SUM+G ( L ,  14) * U Z ( I P 3 , J )  + G ( L , 1 8 )  * U Z ( I P 4 , J )
1 + G ( L , 1 5 )  *UZ ( I ,  JM3)  + G ( L ,  19) * U Z ( I , J M 4 )
GO TO 129
1 7 4  SUM=SUM+G(L,16)  * U Z ( I M 3 , J ) + G ( L , 2 0 ) * U Z ( I M 4 # J )
1+G ( L , 1 5 )  *UZ ( I ,  J M3)  + G ( L ,  19) *UZ ( I , J M 4 )
129 T 0 T A L = ( B ( L ) - S I M ) / G ( L , 7 )
GO TO 26 
2 5  L=L+1
I F  (MH.GT.  1) GO TO 2 0
P S I  <I M2f J )  = A1
P S I  ( I ,  JM2)  =A2
P S I  ( I , J P 2 ) = A 3
P S I ( I P 2 , J ) = A 4
P S I ( I M 1 , J M 1 ) = A 5
P S I ( I B 1 , J ) = A 6
P S I  ( I  M1 / JP1  ) = A7
P S I ( I » J M 1 ) =A8
P S I  ( I  # J )  = A9
213
P S I ( I , J P 1 ) = A 1 0  2 1 4
P S I ( I P 1 , J H 1 )  - A l l
P S I  ( I P 1 ,  J )  = A12
P S I ( I P 1 , J P 1 ) = A 1 3
I F ( I M 2 . N E . 1 )  P S I  ( IM3 ,  J ) =  A14
I F  ( I P 2 . N E . I I )  P S I  ( I P 3 ,  J )  =A 15
I F ( J H 2 . N E . 1 )  P S I  ( I , J H 3 ) = A 1 6
I F  ( J P 2 .  NE.  J  J )  P S I  ( I ,  J P 3 )  =A 17
B ( L ) = 0 . 0
I R = I
J R - J
I F  (IM 2 .  EQ - 1) CALL SUBIM2 ( P S I , I B ,  J R , B , L ,  V R , D Y , C ,  
1 I M 2 , I M 1 , I P 1 , I P 2 , I P 3 , I P 4 )
I F ( I P 2 . E Q • I I )  CALL S U B I P 2 ( P S I , I R , J R , B , L , V B , D Y , C ,
1 I P 2 , I P 1 , I M 1 , I M 2 , I M 3 , I M 4 )
I F ( J M 2 . E Q . 1 )  CALL SUBJM2 ( P S I , I R , J R , B , L , V Y L , D Z , R A T I 0 2 , C ,  
1 J M 2 , J M 1 , J ? 1 # J P 2 , J P 3 , J P 4 )
I F ( J P 2 . E Q - J J )  CALL S U B J P 2 ( P S I , 1 R , J R , B , L , V Y R , D Z , R A T I 0 2 , C ,
1 J P 1  ,  J P 2 ,  JM1 ,  JI12 ,  J M3 ,  JM4)
I F ( I M 3 . EQ. 1 )  CALL SUBIM3 ( P S I , I R , J R , B , L , V R , D Y ,
1 I M 3 , I M 2 , I M 1  r l P 1  , 1 P 2  , 1 P 3 )
I F ( I P 3 . E Q . I I )  CALL S U B I P 3 ( P S I , I R , J R , B , L , V B , D Y ,
1 I P 3 , I P 2 , I P 1 , I M 1 ,  I  M2 , 1 M3)
I F ( J M 3 . E Q . 1 )  CALL SDBJM3 ( P S I , I R , J R , B , L , V Y L , D Z ,
1 J M 3 « J M 2 , J M 1 , J P 1 , J P 2 , J P 3 )
I F ( J P 3 . E Q . J J )  CALL S U B J P 3 ( P S I , I R , J R , B , L , V Y R , D Z ,
1 J P 3 , J P 2 , J P 1 , J M 1  , J M 2 , J M 3 )
S U M = P S I ( I M 2 , J )  * U Z ( I M 2 , J )  + P S I ( I , J H 2 )*UZ ( I ,  JM2)  + P S I ( I , J P 2 ) * U Z ( I , J P 2  
1 ) + P S I  (IM1 ,  JM1) *UZ ( I M 1 , J M 1 )  + P S I ( I M 1 , J ) * U Z  ( I M 1 , J )  + P S I ( I M 1 , J P 1 ) *
2UZ ( I M 1 , J P 1 )  + P S I  ( I , J M 1 ) * U Z ( I , J M 1 )  + P S I ( I , J P 1 )  * U Z ( I , J P 1 )  + P S I ( I P  1 , JM1) 
3*UZ ( I P 1 , J H 1 )  + P S I  ( I P 2 ,  J )  *UZ ( I P 2 ,  J )  + P S I  ( I P 1 , J ) * U Z  ( I P l , J )
4 + P S I  ( I P 1 , J P 1 ) * U Z ( I P 1 ,  J P 1 )
G ( L ,  1) = P S I ( I P 2 ,  J )
G ( L , 2 ) = P S l  ( I P 1 , J H 1 )
G ( L , 3) = P S I ( I P 1 , J )
G ( L , 4 )  = P S I  ( I P 1 ,  J P 1 )
G ( L , 5 ) = P S I ( I , J M 2 )
G ( L , 6 )  = P S I  ( I  ,  JM 1)
G ( L , 7 )  = P S I ( I ,  J )
G ( L , 8 ) - P S I  ( I , J P 1 )
G ( L , 9 )  = P S I ( I ,  J P 2 )
G ( L ,  1 0 )  = P S I  ( I M 1 . J M 1 )
G ( L ,  11) = P S I  ( IM 1 ,  J )
G ( L ,  12 )  = P S I  ( I  Ml , J P 1 )
G ( L ,  13)  = P S I ( I M 2 ,  J )
I F  ( I M 2 . E Q .  1 .  AND. J M2 .  EQ. 1) GO TO 7 1 
I F ( I P 2 . E Q . I I . A N D . J M 2 . E Q . 1) GO TO 72  
I F  ( I M 2 . E Q .  1.  AND. J P 2 .  E Q . J J )  GO TO 7 3  
I F ( I P 2 - E Q . I I . A N D . J P 2 . E Q . J J )  GO TO 74
I F ( I M 2 . E Q . 1) S 0 M = S U M + P S I ( I P 3 , J ) * U Z ( I P 3 , J ) + P S I ( I P 4 , J ) * U Z ( I P 4 , J )  
1 + P S I ( I , J P 3 ) * U Z ( I , J P 3 ) + P S I ( I , J M 3 ) * U Z ( I , J M 3 )
I F  ( I M 2 .  NE. 1) GO TO 61 
G ( L ,  14 )  = P S I  ( I P 3  ,  J )
G ( L ,  18) = P S I  ( I P 4 ,  J )
G ( L ,  17)  = P S I  ( I  ,  J P 3 )
G ( L ,  15) = P S I  ( I ,  JM3)
61 I F  ( I P 2 . E Q . I I )  SUM=SUM + P S I ( I M 3 , J )  *UZ ( I M 3 , J )  * P S I  (IM 4 ,  J )  *UZ ( I M4 ,  J )
1 + P S I  ( I ,  J P  3) *UZ ( I ,  J P 3 )  + P S I  ( I , J M 3 ) * U Z ( I , J M 3 )
I F  ( I P 2 .  N E . I I )  GO TO 6 2  
G ( L ,  16 )  = P S I  ( I  M3 ,  J )
G ( L , 2 0 )  = P S I  (IM'IfJ)  2 1 5
G ( L r 17) = PSI  ( I ,  JP3)
G ( L #1 5 ) = P S I
62 I F ( J M 2 . E Q .  1) SUM=SUti+psi ( I  , J P3) * U Z ( I ,  JP3)  + p s i  ( I . J P 4 )  * U Z ( I , J P 4 )
1 + P S I ( I P 3 , J )  *UZ( I P3# j j  +p s l ( I H 3 ,  j )  *uz ( I M 3 , J )
I F ( J M 2 . N E . 1) GO TO 6 3  
G ( L ,  17) —P S I  ( I *  JP3)
G ( L #21)  =PSI  
G( L,  14) = P S I ( I P 3 # J )
G ( L , 1 6 ) = P S I  (IM3, J)
63 I F  ( J P 2 .  E Q . J J )  SOM-SUEi+PSl ( I*J M3)  *OZ ( I ,  JM3) + P S I ( I # J M 4 )  * UZ( I , J M4)
1 + P S I  ( I P 3  ,  J) * U Z (I P 3 .  J )  + P S I ( I M3 , J )  *oz ( I M 3 . J )
I F  ( J P 2 . H E .  J J )  GO TO 6 4  
G ( L ,  15) = P S I ( I ,  JM3)
G ( L , 1 9 ) = P S I  ( I ,  JM1*)
G(L# 14) = P S I ( I P 3 ,  J )
G ( L ,  1 6 ) = P S I  (I  M3 , J )
64 I F ( I M 2 . N E .  1 . A N D . I P 2 . K E . I I - AND* J M 2 . N E . 1*A N D . J P 2 . N E . J J )  SUM*
1 SUM+PSI(IM3 #J) # N Z ( X M 3 , J ) + P S I ( I P 3 , J ) * U Z ( I P 3 , J ) + P S I ( I , J M 3 ) *
2UZ ( I ,  JM3) +PSI ( I f  J P3 )  *UZ ( I f J P 3 )
I F ( I M 2 . N E .  1 . A N D - I P 2 . N E . I I . A N D . J M 2 . N E . 1 - A N D . J P 2 . N E . J J )  GOTO 65  
GO TO 29
65 G(L*14)  = P S I ( I P 3 , J )
G ( L , 1 5 ) = P S I  ( I , JM3)
G( L,  16) = P S I ( I M 3 , J )
G (L* 17) = PSI  ( I , J P 3 )
GO TO 29
71 SUM=SUM+PSI (I P3 f J )  *UZ ( I P 3 , J )  +P S I ( I P 4 , J )  *UZ ( I P 4 ,  J )
1 + P S I ( I , J P 3 ) * U Z ( I ,  J P 3 )  ♦ P S l ( I * J P 4 ) * 0 Z ( I f J P ‘*)
G ( L ,  14) = P S I  ( I P 3 f  J )
G ( L , 1 8 )  =PSI  ( I P 1* f J )
G( L,  17) = P S I ( I , J P 3 )
G ( L , 2 1 ) = P S I  ( I f J P ^ J  
GO TO 29
72 SUM=SUM+PSI ( I M3 , J )  *UZ (IM3,J)  + PSI<IM*tf J )  *UZ (IM4,  J )
1+PSI  ( I ,  J P 3 )  *UZ ( I # J P 3 )  +PSI ( I f  J P 4 )  *OZ ( I  f 0P4)
G ( L,  16) = PSI  ( IM3r J )
G ( Lr 20)  = PSI  ( IM4,J )
G( L,  17) = P S I ( I f  JP3)
G ( L , 2 1 ) = P S I  ( I ,  J P1*)
GO TO 29
73 SOM=SUM+ PSI  ( I P 3 f J ) * U Z  ( I P 3 , J )  + P S l ( I P 4 f J )  *UZ ( I P 4 , J )
1 + P S I ( I r JM3) *UZ ( I f  J M3) + P S l ( I r  J M 4 ) * U Z ( I f  JM4)
G ( L ,  14) = P S I  ( l P 3 f  J )
G ( L ,  18) = PS I  (IP4 f J )
G ( L ,  15) = P S I ( I f  JM3)
G ( L , 1 9 ) = P S I  ( I , JN4)
GO TO 29
74 SUM=SUH+ PSI  (lM3f J )  *UZ (IM3f J)  ♦ P S I ( I M 4 ,  J )  *UZ ( I H 4 #J )
1+PSI  ( I ,  JM3) *UZ (I# JM3)  +PSI ( I t  JM4) *UZ(I*JM4)
G ( L r 16) = P S I  ( IM3,J)
G ( L , 2 0 ) = P S I  (IM1* , J )
G(L,  1 5 )  = P S I ( I , J M 3 )
G ( L , 1 9 ) = P S I  ( I f  JM4)
29 TOTAL* <B(L) - SUM) / PSI  < I , J )
26 UZ ( I ,  J )  =ALPHA*IOTAL+ ( 1 . -ALPHA) * u z  ( I , J )
21 CONTINUE
DO 11 1 - 3  fIN2 
1 2 = 1 - 2  
11 P(MM,I2)=UZ (1 ,17)
10 CONTINUE 
I P E N 2 = 2  
I P E N 1=1
CALL NEWPEN ( IPEN2)
DO 13 1 = 1 , 2 9
I F ( I . E Q .  11 )  CALL NEWPEN(IPEN1)
DO 12 J = 5 0 ,  ITB 
X = 0 . 0 0 0 0 3 0 * J
y= p ( j , i >
I F ( J . E Q . 5 0 )  CALL P L O T ( X , Y , 3 )
I F  ( J .  EQ.  50)  GO TO 12 





SUBROUTINE SUBIM2 { P S I , I , J , B , L , V Z , D Y , C , I M 2 , I M 1 , I P 1 , I P 2 , I P 3 , I P 4 )  
DIMENSION P S I ( 3 3 , 3 3 ) , B ( 2 1 6 )
A1 = P S I  { I M 2 , J )  + 4 . * C
P S I  ( IM 1,  J )  = P S I  (IM 1,  J )  - 7  .  7*A 1 - 6 .  *C
P S I  ( I ,  J )  = P S I  ( I ,  J )  + 1 5 . * A 1  * 4 .  *C
P S I ( I P 1 , J ) = P S I ( I P 1 , J ) - 1 0 . * A 1 - C
P S I  ( I P 2 ,  J )  = P S I  ( I P 2 ,  J )  + 5 . * A 1
P S I  ( I P 3  ,  J )  = P S I  ( I P 3 ,  J )  - 1 . 5 * A1
PS I ( I P 4 , J ) = 0 . 2*A1
B ( L )  = B ( L ) - 6 . *DY*VZ*A1
RETURN
END
SUBROUTINE S U B I P 2  ( P S I , 1 , J , B , L , V Z , D Y , C , I P 2 , I P 1 , I M 1 , I M 2 , I M 3 ,  IM4)  
DIMENSION P S I  ( 3 3 , 3 3 )  ,  B ( 2 1 6 )
A 2 = P S I  ( I P 2 , J ) + 4 . *C
P S I ( I P 1 , J ) = P S I ( I P 1 , J ) - 7 . 7 * A 2 - 6 . * C
P S I  ( I , . J )  = P S I  ( I ,  J )  + 1 5 . * A 2  + 4 . * C
P S I ( I M 1 , J ) = P S I ( I M l , J )  - 1 0 . * A 2 - C
P S I  ( I M 2 ,  J )  = P S I  ( I B 2 ,  J )  + 5 . * A 2
P S I ( I M 3 , J ) = P S I ( I M 3 , J ) - 1 . 5 * A2
P S I ( I M 4 , 3 ) = 0 . 2*A2
B ( L ) = B  ( L ) + 6 . * D Y * V Z * A 2
RETURN
END
SUBROUTINE SUBJM2 ( P S I , I , J , B , L , V Y , D Z , R A T I 0 2 , C ,
1 J M2 , J M 1  , J P 1  ,  J P 2  ,  J P 3 ,  J P 4 )
DIMENSION P 5 I { 3 3 #  33)  , B  ( 2 1 6 )
A 3 = P S I ( 1 ,  JM2)  + 4 . * C * R A T I 0 2
P S I ( I , J M 1 ) = P S I  ( I , J M 1 )  - 7 . 7 * A 3 - 6 . * C * R A T I 0 2
P S I ( I , J ) =  P S I ( I , J )  + 1 5 - * A 3 + 4 . * C * R A T I 0 2
P S I  ( I , J P 1 )  = P SI  ( I , J P 1 )  - 1 0 .  *A3 “ C*RAT102
P S I  ( I ,  J P 2 )  = P S I ( I ,  J P 2 )  + 5 . * A 3
P S I  ( I ,  J P 3 )  = P S I  ( I ,  J P 3 )  - 1 . 5 * A 3
P S I ( I , J P 4 ) = 0 . 2 * A 3
B ( L ) = B ( L ) + 6 . * D Z * V Y * A 3
RETURN
END
SUBROUTINE SUBJP2 (PS I , I , J , B , L , V Y ,  D Z , R A T I 0 2 , C ,
1 J P 1 , J P 2 , J M 1 , J M 2 , J M 3 , J M 4 )
DIMENSION P S I  ( 3 3 , 3 3 )  , B ( 2 1 6 )
A 4 = P 5 I ( I , J P 2 ) + 4 . * C * R A T I 0 2  
P S I  ( I , J P 1 )  - P S I ( I , J P 1 )  - 7 . 7 * A 4 - 6 .  *C*RATI 02  
P S I ( I , J ) = P S I  ( I , J )  + 1 5 . *A4 + 4 . * C * R A T I 0 2  
P S I  ( X ,  JM 1) = P S I ( I , J H  1) - 1  0 .  *A4 - C * R A T I 0 2
P S I  ( I ,  JM2) = PSI  ( I ,  JM2) + 5 . * A 4
P S I  ( I ,  J M 3 ) = P S I ( I , J M 3 ) - 1 . 5 * A 4
P S I ( I , J M 4 )  = 0 . 2 * A 4
B ( L ) = B  (L) - 6 . * D Z * V Y * A 4
RETURN
END
SUBROUTINE SUBIM3 ( P S I , 1 , J , B , L , V Z , D Y , I M 3 , 1  M 2 , 1 M1, 1 P 1 , I P 2 , I P 3 )  
DIMENSION P S I  ( 3 3 , 3 3 )  , B ( 2 1 6 )
A 1 = P S I  ( I M 3 ,  J )
P S I  ( I M 2 , J )  = P S I  ( I H 2 ,  J )  - 7 . 7 * A 1  
P S I  ( I  Ml ,  J )  = P S I  ( IM1 v J )  + 1 5 . * A l  
P S I  ( I « J ) = P S I ( I , J ) - 1 0 . * A 1  
P S I  ( I P 1  ,  J )  = P S I  ( I P 1  ,  J )  + 5 .  *A1 
P S I  ( I P 2 , J ) = P S I ( I P 2 , J ) - 1 . 5 * A 1  
P S I  ( I P 3 ,  J )  = P S I ( I P 3 , J )  + 0 . 2*A 1 
B (L)  =B (L) - 6 . * D Y * V Z * A 1  
RETURN 
END
SUBROUTINE S U B I P 3  ( P S I , I , J , B , L , V Z , D Y , I P 3 , I P 2 , I P 1 , I M 1 , 1 M 2 , I M 3 )  
DIMENSION P S I ( 3 3 , 3 3 ) , B ( 2 1 6 )
A2 = P S I  ( I P 3 , J )
P S I  ( I P 2 ,  J )  = P S I  ( I P 2 ,  J )  - 7 . 7*A2 
P S I  ( I P 1  , J )  = P S I  ( I P 1 ,  J )  + 1 5 . *A2 
P S I ( I , J )  = P S I ( I  , J ) - 1 0 . * A 2  
P S I  ( I M 1 , J ) = P S I ( I M 1 ,  J )  + 5 .  *A2 
P S I ( I M 2 , J ) = P S I ( I M 2 , J ) - 1 . 5 * A 2  
P S I  ( I M 3 ,  J )  = P S I  ( I M 3 ,  J )  + 0 . 2*A2 
B (L)  =B (L) +6 . * D Y * V Z * A2  
RETURN 
END
SUBROUTINE SUBJM3 ( P S I , I , J , B , L , V Y , D Z , J M 3 , J M 2 , J M 1 , J P 1 , J P 2 , J P 3 )  
DIMENSION P S I ( 3 3 , 3 3 ) , B ( 2 1 6 )
A 3 = P S I ( I , J M 3 )
P S I  ( I ,  JM2)  = P S I  ( I ,  JM2)  - 7 . 7 * A 3  
P S I  ( I , J M 1 ) = P SI  ( I ,  JM1)  + 1 5 . * A 3  
P S I ( I , J ) = P S I ( I  , J ) - 1 0 . * A 3  
P S I  ( I , J P 1 )  = P S I  ( I ,  J P 1 )  + 5 .  *A3 
P S I ( I , J P 2 ) = P S I ( I , J P 2 ) - 1 . 5 * A 3  
P S I ( I , J P 3 ) = P S I ( I , J P 3 ) + 0 . 2 * A 3  
B ( L ) = B  (L) + 6 . * D Z * V Y * A 3  
RETURN 
END
SUBROUTINE S UB J P 3  ( P S I , I , J , B * L , V Y , D Z , J P 3 , J P 2 , J P 1 , J M 1 , J M 2 , J M 3 )  
DIMENSION P S I ( 3 3 , 3 3 ) , B ( 2 1 6 )
AU = P S I  ( I , J P 3 )
P S I ( I , J  P I )  = P S I  ( I , J P  1) + 1 5 . * A 4  
P S I  ( I ,  J P 2 )  = P S I  ( I ,  J P 2 )  - 7 .  7 * A4 
P S I ( I , J ) = P S I ( I  , J ) - 1 0 . * A 4  
P S I ( I , J  M1) = P S I  ( I , J M 1 )  + 5 .  *A4 
P S I ( I , J  M2) = P S I  ( I , J M 2 ) - 1 .  5* A 4 
P S I ( I , J  M3) = P S I  ( I , J M 3 ) + 0 . 2 * A 4  
B ( L ) = B ( L )  - 6 . * D Z * V Y * A 4  
RETURN 
END
SUBROUTINE VELCTY( UZ, UY, VR, V B , I N 2 , J N 2 , 1 1 1 , J J 1 , D Y , D Z , U Y Z , A N GL E , P S I )  
DIMENSION P S I  ( 3 3 , 3 3 )  , U Z < 3 3 , 3 3 )  ,  UY ( 3 3 ,  3 3 )  ,  UYZ ( 3 3 ,  3 3 )  ,  ANGLE ( 3 3 , 3 3 )  
V Y= 1 . 5
E P S = 1 0 . * * ( - 3 8 . )
DO 10 K = 2 , J J 1  
UZ ( 2 ,  K) =VR
UYZ ( 2 , K ) = A B S  (VB)
A N G L E ( 2 , K ) = 0 . 0  
UZ ( 111  , K)  - V B 
UY ( I 1 1 ,  K) = 0 . 0  
UYZ ( 111  ,  K) =ABS (VB)
10 ANGLE ( I 1 K )  = 0 .  0 
DO 2 0  K = 2 , I I 1  
UZ ( K , 2 )  = 0 . 0  
UY ( K , 2 ) = - V Y  
UYZ <K, 2) = A S S ( VY)
ANGLE( K #2 ) = - 9 0 . 0  
UZ ( K ,  J J  1) = 0 . 0  
U Y ( K , J J 1 ) = V Y  
UYZ ( K , J J 1 )  =ABS(VY)
2 0  ANGLE( K , J J 1 ) = 9 0 . 0  
DO 30 1 = 3 , I N 2  
I P 1 = I + 1  
I P  2 = 1 + 2  
I P 3 = I + 3  
I P 4 = 1 + 4  
I P 5 = I + 5  
I M 1 = 1 - 1  
1112= 1 - 2  
I M 3 = 1 - 3  
i m 4 = i - 4  
IM5 = 1 - 5  
DO 3 0  J = 3 , J N2  
J M 5 = J - 5  
J M 4 = J - 4  
J H 3 = J - 3  
J M 2 = J - 2  
JM 1 = J - 1 
J P 1 = J + 1  
J P 2 = J + 2  
J P 3 = J + 3  
J P 4 = J + 4  
J P 5 = J + 5
I F  ( I P 5 . L E .  I l l )  U Z ( I , J )  = ( P S I  ( I M 1 ,  J )  + 7 . 7 * P S I  ( I , J )  - 1 5 .  * P S I  ( I P l  ,  J )  + 1 0 .  
1 * P S I ( I P 2 , J )  - 5 . * P S I ( I P 3 , J )  + 1 .  5 * P S I  ( I P 4 , J ) - 0 . 2 * P S I  ( I P S ,  J )  ) /  ( 6 . *DY)
I F  ( I P 5 . GT.  I l l ) UZ ( I , J )  = ( - P S I  ( I P 1 ,  J )  - 7 .  7 * P S I  ( I , J )  + 1 5 .  * P S I  ( IN 1 ,  J )  -  
1 1 0 .  ♦ P S I  ( I M 2 ,  J )  + 5 .  * P S I  ( I M 3 ,  J )  - 1 . 5 * P S I  ( IM4 ,  J )  + 0 . 2 * P S I  ( I M S ,  J ) ) / ( 6 .  *DY 
2 )
30 CONTINUE 
WRITE ( 6 , 4 0 )
4 0  FORMAT( ' 1 ' ,  1 0 X , * Z-DIRECTIONAL V E L O C I T Y ' , / / / )
CALL T P R I N T ( J J 1 , I I 1 , U Z , 6 )
WRITE ( 6 , 4 7 )
4 7  F O R M A T ( ' 1 ' ,  1 0 X , ' N E T  FLOW I N  Z D I R E C T I O N ' , / / / )
DO 5 0  J = 3 , J N2  
S U M Z = 0 . 0 
DO 51 1 = 3 , I N 2  
51 SUMZ=SUMZ+UZ ( I , J )
S U M Z = S U M Z + U Z ( I I 1 , J ) / 2 . + U Z ( 2 , J ) / 2 .
SUMZ=SUMZ *DY 
WRITE ( 6 , 6 1 )  SUMZ 
61  FORMAT ( 10X,  G13 .  6)




I t  IN




C THE FOLLOWINGS THINGS SHOULD EE CHICKED BEFORE PROCEDING C
C TO RUN THIS EEOGRAM: C
C C
C 1 . T H E  OPEN STATEMENT C
C 2 . THE VELCCITY VR (CCEOTATING CR COUNTER ROTATING) C
C 3.IDZ C
C 4 . NUMBER OF ITERATIONS DESIRED C
C 5 . THE ACCELERATING E ACTCR, AIPHA C
C 6 . THE VELOCITY CCMPCNENT UY AT THE RIGHT HAND SI DE BOUNDARY C
C I S  ASSUMED TO EE ZEEO WEEN I E Z > 1 . HOWEVER FOR ACCURACY, C
C THE VELOCITY UY AT THE RIGHT HAND SI DE BOUNDARY FOR I DZ>1  C
C CAN BE SUBSTITUTED KITH THE KNOWN VELOCITY COMPONENT UY.  C
C UYR REPRESENTS THE Y-CCMECNENT VELOCITY AT C







C THI S  PROGRAM COMPUTES VELOCITY PROFILES IN Y AND Z DI RECTI ONS,
C AND THE CORRESPONDING PRESSURE GRADIENTS IN A SCREW CHANNEL OF
C A TWIN SCREW EXTBUEEE EY TEE DIRECT I T E R A T I VE  METHOD.
C
C
C DESCRIPTION OF PARAMETERS:
C ALL V E L O CI T I E S  ARE DJKENSICNIESS EASED CN
C THE SCREW RCCT L I N E I R  VELOCITY E l  E l  N.
C ALL DISTANCES ARE DIMENSICNLESS EASED ON THE ROOT
C DIAMETER D l .
C THE CHANNEL I S  DIVIDED INTO 3 0  BY 3 0  MESH P O I N T S ,
C EACH MESH OF DY EY CZ S I Z E .
C
C D1=R00T DIAMETER IN IT.
C D2=BARREL DIAMETER IN IT.
C VZR=ROOT VELOCITY;+VE WEEN CLOCKWISE.
C VZB-BARREL VELOCITY
C VE=FLIGHI VELOCITY 01 TEE CTEEf SCREW,+ VE WHEN CLOCKWISE.
C H1=CHANNEL DEPTH
C
c  THE 33 EY 33 UZ MATRIX FIRST REPRESENTS STREAM FUNCTION
C MATRIX. LATER, EEFC3E TEE VEIOCITY COMPONENTS ARE COMPUTED,
C IT REPRESENTS THE Z-EIRFCTICNAI VEIOCITY COMEONENT MATRIX.
C
C THE 33  BY 33 ANGLE MATRIX I S  FIRST USED TO FIND OUT





















o THE ANGLE Of  THE BESULTANT VELOCITY AT ALL MESH POINTS.
THE P S I  MATRIX EIEST BE EBESEBTS A COEFFICIENT MATRIX AND LATEB 
BEFORE IT I S  PASSED TO THE SCEBCUTINE FCB COMPUTING VELOCITY 
COMPONENTS,IT BECOMES TEE STREAM FUNCTION MATRIX.
DIMENSION P S I ( 3 3 , 3 3 ) ,U2 ( 3 3 , 3 3 ) ,0Y ( 3 3 , 3 3 ) , UYZ( 33 ,33)  ,ANGLE(33,33)
1,  SSS (33  , 33 )  ,RB( 122 ,1S)  , G ( 6 )  ,H (6) , E  (156)  , C ( 1 5 6 , 5 9 )  , VEL(33)
2 ,  STRFN (33)
COMMON/ELK/CESTRF, I , D 2  2
OPEN(UNIT=8,EEVICE = *TAE E*, ACCESS=• SEQINOUT• , FILE=* NC045.DAT')
P 1 = 3 . 1 4 1 5 9 2  7 
D1 = 0 . 2 5  




T = P I / 4 .
C 1= ( D 2 / E 1) *SIN (T) * £ 1 N (T) /CCS (T)
VZR=-1 . /COS (T)
VZB=-C1 
B= 1 . /COS (T)
PP=C1+R
Q=-(PP+H)
H 1= ( (D2/D1)  - 1 . )  / 4 •
WHEN I D Z = 1 VELOCITY EECFILE EOS THE ENTIRE CHANNEL IS COMPUTED; 





DZ=PI / (KJ *CCS(T)  )
DZ=DZ/IEZ 
I I = N I + 3  
J J = N J+ 3  
1 1 1 = 1 1 - 1  
J J 1 = J J - 1  
I N = N I - 1 
JN=NJ-1 
DO 7 1 = 2 , 1 1 1  
A S = ( I - 2 ) / 3 0 .
B S= 1. -A S
STRFN ( I )  =AS*H1* (Pf*AS*AS+Q*AS+E)
VEL(I )  = A S * ( 2 . - 3 . * A S ) * C 1  + E S * ( 3 . * A S - 1 . ) * B
7 CONTINUE
STREAM EUNCTION VALUE AT A H  MESH EOINTS ARE INITIALLY 
SET TO - 0 . 0 1
DO 10 1 = 1 , 1 1  
DO 10 J = 1 , J J  
UZ ( I , J )  = 0 . 0 1  
ANGLE(I , J ) = 0 . 0  


















CBSTRF I S  A KNOWN VALUE OF STREAM FUNCTION ON CURVE BOUNDARIES 
WHICH TAKES CARE CF XEAK1GE CCCOBIKG IN THE CHANNEL.IT I S  + VE 
FOR COBOTATING CASE KHIIE -VE FOB THE CCUNTEB ROTATING CASE.
CBSTRF=0.0
DO 11 1 = 2 , 1 1 1  
11 U Z ( I , J J 1 ) —STRFN(I)
CALL ST5NFN ( P S I , 1 1 , J O , I S , J N , D X , D Z , V H , V Z B , V Z B , I N 2 , J N 2 , I I 1 , J J 1 , 8 1 , P I  
1 , ANGLE,ZB,ZI ,ZMAX,UZ,E,X, IEZ)
DO 70 1 = 1 , 1 1  
DO 70 J = 1 , J J  
PSI  ( I , J ) = U Z  < I , J )
70 UZ < I , J )  = 0 . 0
COMPUTATION OF STREAM FUNCTION VALUES OF FICTICIOUS 
MESH POINTS
DO 74 KK=1, 2  
LL=0
DO 75 I R = 3 , I N 2





I F  (ANGLE ( I ,  J)  . GT.  5) CALI CUBVI<3 , J , 2 , Y , Z I , Z R , Z M A X , D Y , D Z , VZB, VZB,VR, 
1 R 1 3 , R 1 6 , P S I , N 1 , P I , I I , H 1 , 1 0 , J J , E , I , I I )
75 CONTINUE 
74 CONTINUE 
WRITE( 6* 8 0)
80 FORMAT ( • 1** 10X,*SIREAM EUNCTKN MATRIX E S I * , / / / )
CALL T P B I N T ( J J 1 , I I 1 , E S I , 6 )
WRITE(8 *80)
CALL T P B I N T ( J J  1 * 1 1 1 , F £ I , 8 )
DO 82 1 = 1 , 1 1  
DO 82 J  = 1 , J J
82 A NGLE ( I  * J )  = 0 .  0 
DO 81 1=2*111
81 U Z ( I , J J 1 ) = V E L ( I )
CALL VELCTX(UZ,Ul , V2R, VZB , I N 2  , J N2 , 1 11  *J J 1 , DY,BZ,UYZ,ANGLE,PSI*ZMAX 
1 , P I , I D Z )
WRITE(6 ,  54)
54 FORMAT(4X,( I * , 5 X , 1 ANAIXTICAI* , 3 X , • NUMEBltAL*, 5X, * DIFFERENCE• ,
1 2 X, 1 % D I F F E R E N C E ' , / / / )
JN1=JN2
I F ( I D Z . E Q . I )  JN1=17 
DO 55  1 = 3 , IN2 
DIFF=STBFN(I)  - P S I  ( I ,  JN 1)
P E R = ( D I F F / S T R F N ( I ) ) * 1QC.
WRITE ( 6 , 5 6 )  I ,STRFN ( I )  , E S I ( I , J N 1 )  , D I F F ,  PER 
56 r O RM A T( 1 X ,X 3 , 5X , 4 Gl 3 . 6 )
55 CONTINUE


























U Y Z ( I # J J 1 ) = o . O  
5 7  p s x ( i » * i a  1 ) = 0 . 0
CALL PRESRE (ESI#UYZ,UZ,UY,CZ,DY#II , JJ , IN2#JN2#ZMAX) 
EHD FILE 8 - •
S T O P
END
SUBROUTINE STBMFN CCMEUIES TEE ST BE AM FUNCTION VALUES AT ALL 
HESH POINTS EY ITERATIVE BE1ECDS.
xtb^ numbeh  OF i t e b a t i c n s  PEBFCRNED 
ALPHA=TEE a c c e l e r a t i n g  i a c t c e
THE CONSTANTS A1 THRU A13 BEFBESEN1 STREAM FUNCTION 
COEFFICIENTS.
SUBROUTINE STBMFN(ESI#1 1# Jo , IN , J N #D Y# DZ ,V Br VZR,VZB.IN2# J N 2 , I I 1 ,  
,  ¥I#ANGLE,Z£,Z1#ZMAX#UZ ,E#L#IEZ)
DIMENSION P S I  (33 #3 3) #UZ ( 3 3 , 2 3 )  , B ( 1 5 6 )  , ANGLE<33# 33) # C ( 1 5 6 , 5 9 )
COtiHON/ELK/CESIRF,T,E22
ITRs1*500
I T B 5 - I T R - 5
lN2*IN+2
jN2aJN+2
RATI0= (CY/DZ) **2 
HATI02=RATI0**2 
EATlOS = <*.*( i .+f iATIC)
RATI0T=(| .  * (RATI02+BATIC)
CALL ZZZ(H1#ZHAX)
ZL-ZMAX+3.* £2
Z R =P l / C CS ( T ) - Z L
E P S = 1 0 . * + ( - l 5 )








A 9 » 6 . * 6 . * R A T I 0 2 + 8 . * R A I I C
A10*A8
A11-A7
THE VELOCITY COMPONENT CY AT TEE BIGHT HAND SIDE BOUNDARY 
WHEN IDZ>1 i s  ASSUSZC TC EE ZEEO ( IT CAN# HOWEVER BE 


















n ON THE EOUNEARY STREAM fUNCTICN VALUE I S  ZERO.WHEN IDZ> 1r TEE BIGHT HAKE SIEE BOUNDARY I S  REPLACED BY
THE KNOWN VELCCITY FFCFILE CE STREAM FUNCTION.
DO 32 K = 2 , J 0 1  
UZ(2,K)  = 0 . 0  
U Z ( 1 , K ) = 0 . 0  
U Z ( I l f  K ) = 0 . 0  
32 U Z ( I I 1 , K ) = 0 . 0  
DO 31 K = 2 , I I 1  
UZ (Kf2 ) = 0 . 0  
UZ (K, 1) = 0 . 0
I F ( I D Z . E Q . 1) U Z ( K , J J 1 ) = 0 . 0  





COMPUTATION OF THE DESIRED HESH POINTS 
(THE MESH POINTS TC BE ITERATED)
DO 8 I R = 3 f I N 2  
DO 8 J R = 3 , J N 2  
1 =IR 
J =J R
Z= ( J - 2 )  +DZ
I F ( Z . G E . Z L . A N D . Z . L E . Z B )  GO TO 8
CALL C U R V E (I f J f  ZfYfZl fZBfZMAYfDYfDZ,VZR,VZB,VRfR13fR16r 
1 U Z f N 1 f P I «I I #H I , K 1 f C J , E f I , I I )
I F  (ABS (R 16) . L I .  N1.0B.AES (R13) .  LT. N1) ANGLE ( I ,  J) = 1 0 .  0 
I F ( R 1 3 .  I T . N  1 . 0 R . R 1 6 . I T . N 1 ) U Z ( I f J ) = 0 . 0  
I F ( K 1 . E Q . 6) A N G L E ( I f J ) = - 2 . 0  
8 CONTINUE 
NM1="1




DO 21 1= 3 f I N 2  
IM1=I-1  
1112=1-2 
I M 3 = I - 3  
IMU=I-4 
I M 5 = I - 5  
I P  1=1+1
I P 2 = I + 2
I P 3 = I + 3
I P 4 = I + 4
I P 5 = I + 5  
DO 21 J = 3 , J N 2
IF(ABS(UZ ( I , J )  ) . L E . E P 5 )  GC TO 21
JM2=J-2
J M 1 = J - 1
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C ( L , 40 )  =PSI <IB3 , JE3)
C ( L ^ l )  =PSI  7
I F ( 1 8 1 . I E . 4 )  GO TO 96 
C ( L , 4 2 )  =PSX <184,  JB2)
C (L,  43) =PSI  <184,  JB1)
C ( L , 4 4 )  = E S I < I M 4 , J )
C ( L , 4 5 )  = P S I  ( I f l 4 , J E 1 )
C ( L , 46) = P S I  <184,  JE2)
C ( L , 4 7 )  =PSI  ( 1 8 4 , JP3)
C ( I ,  48) = PSI  <184,  JE4)
I F { Z H l . L B - 5 )  GO TO 96 
C ( L , 4 9)  = P S I  <185, JB2)
C (L,  50) =PSI  ( 1 8 5 ,  JB1)
C ( L , 5 1 ) = P S I <185,  J )
C (L# 52) =PSI  ( 1 8 5 ,  JE1)
C ( L , 53 )  =ESI <185,  JE2)
C (L# 54) =PSI ( IM5,  JF3)
C ( L , 55) =PSI  (1 8 5 , JE4)
96 DO 86 81 =J M2 ,J P4
SU8I82 = SUMIM2+ESI ( 1 8 2 , 8 1 )  *UZ (IM2,M1)
I F ( I B  1 . L E . 3) GO TO 84 
SUMIM3=SUMIH3+PSI<IB3,B 1) *UZ ( 1 3 3 , 8 1 )
I F  ( 1 8 1 . I E . 4) GO TC 85 
SUBIM4=S0MIB4+UZ(I£4,£1)  * P S I ( I H4 ,M 1)
I F  (1 8 1 . LE.5)  GO TC 88 
SUMIM5=SUMI85+UZ < I £ 5 , B 1 ) * E S I  (3M5,M1)
P S I ( IM 2 ,  M 1) = 0 . 0  
P S I ( I 8 3 , M 1 ) = 0 . 0  
P S I  <184,  M 1) = 0 . 0  
P S I <I M 5, M 1 ) = 0 . 0  
GO TO 8 6
88  P S I ( I 8 2 , M 1 ) = 0 . 0  
P S I ( I 8 3 , 8 1 ) = 0 . 0  
P S I  ( 1 8 4 , 8 1 ) = 0 . 0  
GO TO 8 6
84 P S I ( 1 8 2 , 8 1 ) = 0 . 0  
GO TO 86
85 P S I ( 1 8 2 , M1)= 0 . 0  
P S I ( I 8 3 , M 1 )  = 0 . 0
86 CONTINUE
87 SU8=SUMIP1+SUBI+SOBIB1+ SUBIK2* SUMIM3+SUMI84 + SUMIH5+SUHIP2 
GO TO 46
RIGHT ENE REGION
97 C ( L , 2 ) = E S I ( I P 2 , J M 1 )  
C (L,  3) = E S I ( I P 2 ,  JB2)  
C ( L , 4 )  = E S I ( I P 2 , J 8 3 )  
C (L,  5) = E S I ( I P 2 , J M 4 )
C (L,  6) =ESI  ( I F 2 ,  J 8 5 )  
C (L,  7) = F S I ( I F 1 , J P  1)
C (L,  9) = ESI ( I F 1 ,  JM1) 
C (L,  10) =PSI ( I P  1 , 082)  
C (L,  11) =FSI  ( IP 1  , JH3)  
C (L,  12) =PSI ( I P 1 ,  J84)  
C (L,  13) =PSI ( IP1  ,  J£5)  
C (L,  14) =ESI ( I  , J P 2 )
C (L,  15) =PSI ( I , J P 1 )
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8+UZ(IM2#JM2) *C(L#3 2> ♦UZ ( I E 2 # J 8 3 ) * C ( L # 3 3 ) 4 ( j z  ( 1 8 2 , J M 4 ) * C ( L , 3 4 )  
I F ( I M 1 . L E . 3 )  GO TO 153
S U 8= S aM4 U Z ( I 8 3 , J P 2 ) * C  ( I , 3 5 ) 4 G Z ( I 8 3 , J P 1 )  *C(L#36)  ♦
1UZ (£83 # J)  *C ( I #37}4UZ ( i e 3 , J 8 1 )  * C( L , 3 8)  +UZ (IM3# JH2) *C (L#39)  + 
2UZ(IM3,JM3)  *C (L#4C) +CZ ( 1 8 3 ,  JB4)  *C ( 1 , 4 1 )
I F ( I M 1 . L E . 4 )  GO TC 153
Sl)M-SUM + U Z ( m , J E 2 )  *C (I  #42) +UZ (184# J P l )  *C(L#43)  4 U Z ( I 8 4 ,  J )  *
1C (L# 44) 4UZ(I84#JM1)  *C ( I , 4 5 ) + 0 Z  ( IE4 , JM2)  * C( L , 4 6)  ♦
2 UZ ( I 8 4#  JH3) *C (L#47)  +DZ ( I K 4 , J 8 4 )  *C (L,48)
I F ( 1 8 1 . L E . 5 )  GO TC 153
S0B-SU8 + 0 Z ( I 8 5 # J P 2 )  *C ( 1 , 49) +u2 (IB5# JP1)  *C ( L , 5 0 )  4-02(185# J )  *
1C <L#51) 4 U Z ( I £ 5 # J 8 1 )  *C ( I #52) 4UZ (IBS# JM2) *C (L#53) 4UZ(I85# J 8 3 )  * 
2C (L# 54) 4UZ(IH5, JM4)*C ( 1 , 5 5 )
GO TO 153
137 SUM-C (L ,1)  *UZ ( IP2 # J )  4QZ ( I E 1 ,  J 8 1 ) * C  (L# 7)
14UZ(IP 1 , J )  *C ( 1 , 8 )  4 0Z (IE 1,  J P l )  *C ( 1 ,9)  +0Z ( I#  J 8 2 )  *C(L# 14)
2 + 0 Z ( I ,  JM1) * C ( I ,  15) 4UZ <I#JE1)  *C ( I ,  17)
3 + U Z ( I ,  J E 2 ) * C ( L , 1 8 )  4UZ ( I  t 1 , JH 1) * C ( 1 , 22 )  4 Q Z ( I 8 1 # J )  *C(L#23)  4 
4(JZ (181 # JP 1) *C(L#24)  4UZ (182# J )  * C ( L , 3 0 )
153 I F ( I M 2 . E Q . 1 )  SUH=SUM4C ( 1 , 5 6 )  *UZ ( I E 3 # J ) 4 C ( L # 5 7 ) * U Z  ( I P 4 , J )  
I F ( J P 2 .  E Q . J J )  SU8=S084C (L#58) * U Z ( I , J 8 3 )  + C ( L, 5 9 )  * UZ(I , J M4 )  
I F ( Z . L T . Z L . 0 B . Z . G 1 . Z B )  GC TC 154
I F ( I P 2 .  E Q . I I )  SU8=S0B4C ( 1 , 3 7 )  *UZ (183# J )  +UZ (184# J )  *C (L#44)
154 T Q T A L = ( E ( L ) - S U 8 ) / C ( I #16)
GO TO 38
39  TOTAL= (E ( L ) - S U M ) / P S I  (I  ,.])
P S I ( I # J ) = 0 . 0  
38 OZ ( I ,  J )  = ALPHA*T0TAL4(1.-ALPHA) *0Z ( I # J )
21 CONTINUE
I F ( M M . L I . I T B 5 )  GO TC 10 
WRITE(6 # 16) 88 
16 FORMAT(1X#'ITERATION # = ' # 1 4 , / / / / / / )




THIS SUBROUTINE COMPUTES Z COORDINATE ON THE CURVE FOR 
A GIVEN Y COORDINATE
D22-THE DI8ENSIONIESS EARREI CIAHETEB
SUBROUTINE ZZZ(YY,ZZ) 
COMMON/ELK/CESIRF #I# E 22 




THIS SUEROUTINE COMPETES Y CCCRDINATE CN THE CURVE FOR 
A GIVEN Z COORDINATE.



















R 2-1)22/2  .
Z=ZZ*COS(T)
YY=R2- ( (R2+Z) * (B2-Z)  ) **C . 5
RETURN
END
THE FOLLOWING SUEBCUTINES CURVES,CURVE4,CURVE5,AND 
CURVE6 BELP TO SHIFT TEE POINT ( I , J )  AT THE DESIRED LOCATION 
SO THAT THE FICTICICUS ECIKTS CAN BE ELIMINATED IN TERMS OF 
NON-FICTICICUS POINTS.
SUBROUTINE CURVES(1 , G,Z,Z£)  
1 = 1+1
I F ( Z . L T . Z R )  J =J + 1  




1 = 1 -  1
I F ( Z . L T . Z R )  J = J - 1  
I F ( Z . G I . Z R )  J = J + 1 
RETURN 
END
SUBROUTINE CURVES ( I , C , Z , Z R )  
1=1+2
I F ( Z . L T . Z R )  J = J + 1  
I F ( Z . G l . Z R )  J = J - 1  
RETURN 
END
SUBROUTINE CURVES ( I , C , Z , Z f i )  
1 = 1-1
I F ( Z . L T . Z R )  J = J - 2  
I F ( Z . G T . Z R )  J = J  + 2 
RETURN 
END
THIS SUBROUTINE PRINTSCUT TEE MATRIX SSS IN THE DESIRED FORMAT
SUBROUTINE 1PRINT (J J 1,  I I I  ,SSS , N) 
DIMENSION SSS ( 3 3 , 3 3 )
NCOL=JJ1-1 
NPGS= (NCOL- 1) / 1 0  + 1 
DO 82 1 = 1 , NEGS 
WRITE(N,  16)
16 FORMAT( I X , / / / / / / / )
J 1 = ( I - 1 ) * 10+2
J 2 = J 1 + 9
I F ( I . E Q - N P G S )  J 2 = J  J 1 
DO 83 K=2, 1 1 1  
M=II1+2-K


















THE SUBBCUTINE CURVE1 IIIMINATES FICTICIOUS POINTS IN 
TEEMS OF THE NON-FICTJCJCGS PCINTS OF THE SAME CC1UMN OB 
OF THOSE HIIH THE SAME Z-CCCRDINATE VALUE IMPLICITLY.
POINTS A1 ANE A2 ABE I 1CTI CI C0S PCINTS.
SUBROUTINE CURVE1 (B1 3 , X1 3 , VB, EY,Y, 1 , J , P S I , N 2 , N 3 #B2, R16 ,M,B 




I F ( R 1 3 . L E . N 2 )  F=N2~B13 
I F ( S 1 3 . G 1 . N 2 )  F-N3-B 13
TANT2=( ( 2 . * E 2 - Y 1 3 ) * Y 1 3 ) / (  ( B2- X13) /COS ( T ) ) * * 2  
COSN13= 1 - / ( 1 . +TAN12)**C.5 
EC=DY*VR*COSN13*CCS(I)
I F  (R13 . GE. N2)  1=1 + 1 
IM 1=1-1 
I M 2 = I - 2  
I M 3 = I - 3
CALL C A L G H ( I , E C , G , E , 3 E 3 , I M 2 )
I M 4 = I - 4  
I P 1 = I + 1  
I P  2=1 + 2 
A1=PSI  ( I E 1 , J )
A 2 = P S I ( I P 2 , J )
I F ( N 2 . E C *  1) GO TO 12 
I F  (R 13.  GE.N 2) A2=C.C 
I F  (M. EQ. 7 )  A2=0.0  
GO TO 13
12 I F  ( R16.GE.N3)  GO 10 14 
I F  (R 13.  LX.N 2) A2= A2 /2 .
I F ( R 1 3 . L 1 . N 2 )  A1=Q.O 
I F ( R 1 3 . L 1 . N 2 . A N D . M . E Q . 5 )
I F ( R 1 3 . G E . N 2 )  A2=0.0  
I F ( R 1 3 . G E . N 2 )  A1=A1/2 .
GO TO 13
14 I F ( R 1 3 . L T . N 2 . A N E . M . E Q . 5 )
I F  (R 13.  L l . N  2) A2=A2 / 2 .
I F  ( R 1 3 . GE.N2) A2=0.C 
I F  (R 13 .GE.N2)  A 1 = A l / 2 .
I F ( R 1 3 . G E . N 2 . A N D . B . E Q . 5 )
13 P S I ( I , J )  =PSI  ( I , J )  +A1*G (1) -A2*H(1)
P S I  (IM 1,  J)  = P S I  (IM 1,  J )  + A 1*G( 2) - A2* H( 2)
P S I  (IM2 , J)  = P S I  ( I M 2 , J )  + J 1*G (3)  -A2*H(3)
I F  ( I . L E .  3) GO TO 10
P S I ( I M 3 , J ) = P S I ( I M 3 , J ) + A 1 * G ( 4 ) - A 2 * H ( 4 )
I F  ( I .  LE. 4) GO TO 1C
P S I ( I M 4 , J ) = P S I ( I M 4 , J )  + A 1*G (5) -A2*H(5)
10 B (L) =B (L)-A1*G (6) + A2*E (6)
GO TO 20
A1=PSI ( IF1 , J )  
GO TO 17 














17 A 2—0 . 0  
GO TO 13 
20 P S I ( I P 1 r J ) = 0 . 0  
P S I ( I P 2 , J > = 0 . 0  
I = I R  
J =J H 
RETURN 
END
THIS SUBROUTINE EIIMIKATES f ICTICIOUS POINTS IN TEENS OP 
NON-PICTICICOS POINTS Of TBE SAME ECU Ofi OF THE Y COORDINATE 
VALUE IMPLICITLY.
POINTS A1 ANC A2 IEE IJCTICICUS POINTS.
SUBROUTINE CURVE2 ( R U , Z 1 6 , VS , EZ, Z , Z R , I , J , P S I , N 2 , N 3 , R 2 , R 1 3 , M, 
1K2, B, L)
DIMENSION PSI  ( 3 3 , 3 3 )  , E (156)  ,  K (6) ,  G (6)
COHHON/ELK/CESIRF,T,E22 
I F ( R 1 6 . I E . N 2 )  F= N2 -R16 
I F  ( R1 6 . GT.N2) F=N3-B16
TANT2= (Z 1 6*C0S (T) *COS ( I ) ) * * 2 /  (R2*H2-(Z16*COS(T)  ) **2)
SI NE16 = (TAN1 2 / ( 1 . + T A N 1 2 ) ) * * 0 . 5
EC=DZ*VE*SINE16
N5=150
CALL C A I G H ( E , E C , G , K , N 5 , ¥ 5 )
I R = I
JR=J
I F ( R 1 6 . G E . N 2 . A N D . 2 . G 1 . Z R )  J = J + 1
I F ( R 1 6 . G E . N 2 . A N D . Z . I 1 . Z E )  J = J - 1
I F ( Z . G T . Z R )  GO TO 10
J P 1 = J + 1
J P 2 = J + 2
J P 3 = J + 3
j p 4 = j + a
JM1=J - 1
JM2=J- 2
11 A 1 = P SI  ( I , JM1)
A2=PSI  ( I , J M2 )
I F  (N2.  EC* 1) GO TO 12 
I F ( R 1 6 . G £ . N 2 )  A2=0.C 
I F ( K 2 . E C * 7 )  A 2= 0 .0
GO TO 13
12 I F ( R 1 3 . G £ . N 3 )  GO TC 14 
I F  ( R 16 .  LT *N 2} A2 = A 2 / 2 .
I F  ( R 1 6 . I T . N 2 . A N C . M . E C . 9) GC TC 13 
I F ( R 1 6 . L T . N 2 )  A1=C.C 
I F  (R16.GE.N2)  A2=C.O 
I F  (R16.GE.N2)  A 1 =A 1/2 .
I F ( R 1 6 . G E . N 2 . A N C . B . E C . 5 )  A 1 = E S I ( I , J B 1 )
GO TO 13
14 I F ( R 1 6 . L T . H 2 . A N C . M . E C . 5 )  GC TC 16 
I F ( R 1 6 . L T . N 2 )  A2=A2/2 .
I F ( R 1 6 . G E . N 2 )  A2=0.C 
I F  (R 16.  GE.N 2) A 1 =A 1 / 2 .

























13 P S I I I ,  J )  = P S I ( I , J )  + A1+G ( 1 ) -A2 + H (1) 234
P S I ( I , J P 1 ) = P S I < I , J F 1 )  + A1+G(2)-A2*H(2)  J
P S I ( I , J E 2 ) = E S I ( I , J P 2 ) + A 1 * G ( 3 ) - A 2 * H ( 3 )
P S I  ( I ,  J E 3 ) = P S I ( I , J E 3 ) + A 1 * G ( 4 )  -A2 + H(M)
P S I ( I , J P 4 ) = P S I ( I , 0 P 4 J  + A 1+G (5) -  A2 * H (5)
B (L) - B  ( I )  -A1+G(6) + A2 + E (6)
GO TO 2 0 
10 J P 1 = J - 1  
J P 2 = J - 2  
J P 3 = J ~ 3  
J P 4 = J - 4  
J M l = J + 1 
JM2=J + 2 
GO TO 11 
16 A 2 = 0 . 0  
GO TO 13 
20 I F { K 1 . E Q . 5 )  GO TO 30 
P S I ( I ,  J M 1 ) = 0 . 0  
P S I ( I ,  JN2)  =C.O 
30 I F ( K 2 . E C . 6 )  E S I ( I ,  J M 1 ) = 0 . 0  
I=IR 
J =J R 
RETURN 
END
SUBROUTINE CURVE DEALS WITH FICI ICICUS AS HELL AS 
NON-FICTICICUS POINTS IYING IN TEE END REGIONS.
THIS SUBROUTINE S YSTE BA1ICAILY FIGURES CUT THE HAY THE 
FICTICICUS ECINIS TC EE ELIMINATED 
IMPLICITLY AND ACCORDINGLY ECES IT WITH
THE HELE OF SUBROUTINES CURVE 1,CURVE2,CURVS3,CURVE4, CURVES,CURVE6
R 1 3 , R 1 5 , R 1 7 , f l  1 9 , B 2 1 , E 2 3 , R 2 5  ARE DIMENSICNLESS Y DISTANCES 
OF MESH POINTS SURROUNDING TEE CENTER PCINT FROM THE CURVE 
BOUNDARY.
R 1 4 , R 1 6 , R 1 8 , E 2 0 , B 2 2 , B 2 4 , B 2 6 , B 2 8  ARE- DIMENSIONLESS 
Z DISTANCES CF MESH ECISTS SURROUNDING THE CENTER POINT FROM THE 
CURVE BOUNDARY.
SUBROUTINE CURVE( 3 , J f J , Y , Z I , ZR,ZMAX,DY,DZ , VZR,VZE,VR,R13 , R16 . PS I ,  
1 N 1 , P I , I I , H 1 , K 1 , J 0 , E , I , K K )
DIMENSION P S I  ( 3 3 , 3  3) ,E <156) ,H (6) ,G (6) ,BH(  122 , 16)
COMMON/ELK/CESTRF,T,C22





N 6 = I I - I * 1 
1 1 2 = 1 1 -2  
1 1 3 = 1 1 - 3  
R 2 = D 2 2 / 2 .
2MAY1=ZMAX+£Z
z h a x 2= z h a x + 2 . * d z  235
I M 2 = I - 2
I P 2 = I + 2
Y=Itt2*DY
I F  (K1.  EQ. 7) GO TO 29 
ZOLD=Z
I F ( Z . G T . Z B )  Z = P I / C C S ( T ) - Z  
CALL ZZZ(Y,Z16)
P 1 6 = Z - Z 1 6  
R 1 6= P 16/CZ 
Y14=Y+DY
CALL ZZZ(Y14# Z14)
P14—Z - Z 1 4  
R 1 4 - P 1 4 / E Z  
Y 18=Y14 + DY 
CALL ZZZ ( Y16# Z 18)
P 1 8 = Z - Z 18 
R 18 =P 18/DZ 
Y20-Y-DY
CALL ZZ Z ( Y2Cf Z20)
P 2 0 = Z- Z 20  
R20=P20/ DZ 
Y22=Y2 0 -DY
I F ( Y 2 2 . I T . N O )  GO 1C 24 
CALL ZZZ (Y22,Z22)
R22= ( Z- Z22 )  /DZ 
Y24=Y22-DY
I F  (Y 2 4 . 1 1  .N C) GO 10 25 
CALL ZZZ (Y24,  Z24)
R 2 4= ( Z- Z2 4)  /DZ 
Y26=Y24-DY
I F ( Y 2 6 .  I I . N O )  GO 10 26 
CALL ZZZ <Y26,Z26)
R 2 6 -  ( Z- Z2 6)  /DZ 
Y28-Y26-DY
I ? { Y 2 3 .  IT.1J0) GO 1C 27 
CALL ZZZ (Y28,Z28)
R 2 8 = ( Z - Z 2 8 )  /DZ 
GO TO 19 
27 R 2 8 ^ N 2 + 0 . 1 
GO TO 19 
26 E 28=N2 + 0 . 1 
R26-R28 
GO TO 19 
25 B28=N2 + 0 . 1  
R26=R28 
R24=R28 
GO TO 19 




19 IF(Z.GE.ZMAX2)  GO 1C 20 
Z 1 7 = Z - 2 . *DZ 
CALL YMAX(Y17f Z 17)
P 17= Y1 7 - Y 
R 17=P17/CY
I F(Z .GE.ZMAXI )  GO TO 21 
Z15=Z-DZ
CALL YMAX (Y 15 r Z 1 5)
P15=Y15-Y 
H 15=P15/EY
IF(Z.GE.ZMAX) GO 1C 22 




IF(Z19.GE.ZMAX) GO TC 2 
CALL YMAX(Y19,Z19)
P1 9= Y1 9 - Y 
R19=P19/DY 
Z21=Z19+DZ
I F  (Z21 .GE.ZMAX) GC IC 1 
CALL YMAX(Y2 1,Z2 1) 
R 21 = (Y 2 1 - Y ) / C Y
Z 2 3 = Z 2 1 +DZ
IF(Z23.GE.ZMAX)  GG TC 1 
CALL YMAX(Y23,Z23) 
R 2 3 = ( Y2 3- Y ) / C Y 
Z25=Z23+DZ
I F  (Z25.  GE.ZMAX) GC 1C 1 
CALL YMAX(Y2£,Z25) 
R 2 5 = ( Y 2 5 - Y ) / E Y  
GO TO 30




12 R23=N6+ 0 . 1  
R25=R23
GO TO 30
13 R25=N6 + C. 1 
GO TO 30




GO TO 3 0 





GO TO 30 


























I F ( R 1 6 . I T . N 1 . 0 R . B 1 3 . I 1 . N 1 )  GO TO 100
I F  (B 1 6 . G E . M 3 . A N D . 6 1 3 . G F . N 3 . A M C . 6 1 7 . GE. S I . AND.R18 . GE. N1 
1 . AND. I M2 .  NE.N 1) GC TC 28 
KK=KK+1 
RR<KK,1)=H13 
BR (KKr 2 ) =B14 
HR(KK# 3 ) = R15 
BR (KKr 4) =616 
BB(KK# 5 ) =R17 




RR (KK # 10) =B2 2 
RR (KK, 1 1) =R23 
BB (KK# 1 2) =R24 
RB (KK#1 3 ) =R25 
BR (KK# 1 U) =B26 
BB (KK# 1 5) = 0 . 0  











B19=EB ( KK, 7 )
R20=RR( KK# 8)
B21=RR(KK,9)
R22=RR (KK# 1 0)
R23=RR (KK,1 1)
R24=RR (KK# 1 2)






31 1 F ( R 1 6 . L T . N 1 . O R . B 1 3 . i l . Nl) GC TC 50 
I F ( I . G E  . I I3 . ANB. R1 3. C-E . K6)  GO IC 36
SET #1 BEGINS RERE
( 1)
I F (R 1 3 . G E. N 3 . A N D. B 1 8 . G E. N 1 .A NE . B 14 . GE . N2 )  GO TO 35 
( 2 )
I F ( R 1 3 . G E . N 3 . A N D . B 1 8 . G I . N 1 )  CALL CUEVE3(I , J#Z#ZR)
I F ( R 1 3 .  GE.N3.  AND. £ 10 . G E . N1) CALL C U fV E2 (R 1 4# Z14 ,  VR#DZ#Z # ZB, 
1 P S I # N 1 , N 2 # R 2 # R 1 3 # 5 , 4 # 4 , E # L )
1=11
J =J 1






















I f (R13.GE.N3.AMD.B1ii.GE.N2) CALI CUBVE5 (I,J,Z,ZB) 
IF(fi13.GE.N3.AND.fi14.GE.N2) CALL CUBVE2 (R18*Z18 , VR, DZ#Z , ZB, 
1PSIrN1,N2rB2,Rl3,5,4,4,E,L)
1 = 1 1
J=J1
IF(R13.GE.N3.AND.fi18.GE.N2) GC TO 35 
(<*>
IF(R13. GE.N3.AND.fill*.GE.N1) CALL CUFVE5 <I,J,Z,ZB)




IF(R13.GE.N3.AND.fi 14.GE .N1) CALL CUBVE3(I,J,Z,ZR)
IF{fi13.GE.N3.AND.E14.GE.N1) CALL CUEVE2(Rl4rZ1U,VHf DZ»ZrZfi*
1PSI,N1,N2,a2,B13,4f5,4,E,l)
1 = 1 1
J = J 1
(5)
I F  (B13. GE. N3. AND. Eia.Il  .N1) CALL CUBVE5 (I* J*Z,ZB) 




IF(R13.GE.N3.AND.E14.il.N1) CALL CUEVE3(I*J# Z,ZR)
I F { R 1 3 . GE.N3.AND.R ia.Ll.N1) CALL CUEVE2(fi14 #Z14, VR,DZ,Z, ZR, 
1PSI,N1, N 2 , f i 2 , R1 3 , a, 5 , 6 , E,L)
1=11
J = J 1
IF(513.GE.N3) GO 1C 35
( 6 )
IF(B13.GE.N2.AND.fiia.GE.N2) CALL CUEVE1(B13,Y13 ,Vfi,DY,Y#I ,J  
1PSI,N2,N3,R2,R16,4,B,L)
IF(R13.GE.N2.ANC.Eia.GE .N2) GC 10 35
(7)
IF(R13.GE.N2.AND.E18.GE.N1.AN£.B14.GE.N1) CALL CUBVE1 
1 <El3,n 3, VR,DY, Y,I,.J,PSI ,N2,N3,E2,R16,4,B,L)
IF(R13. GE.N2.AND.R10.GE.N1.ANC.R14.GE.N1) CALL CURVE3(I,J,Z 





IF(B13.GE.N2.AND.R16.il.N1.ANC-B14.GE.N1) CALL CURVE1 
1(R13,I13,VB,DY,Y,2,C,E51,N2,N3,B2,B16,4,B,L) 
IF(fi13.GE.N2.AND.E18.Il.N1.ANC.Bl4.GE.N1) CALL CURVE3(I,J,Z 
IF(B13.GE.N2.AND.R18.L1.N1. AND.R14.GE.N1) CALL CUBVE2 
1 (R14,Z14 , VR,DZ,Z,ZE,I,J,ESI,N1,N2,B2,813,4,5 ,4r B,L)
238
I , J *
I r  J #
I r  J f
I , J f
I f  J i
. Z R )
































I F (R 1 3 . G E . N 2 . A N D . B  1U. I I , . N1)CAIL CUBVE1 
1 ( B 1 3 , ¥ 1 3 , V R , D Y , Y , I , J , E S I f N 2 , N 3 . B 2 , f l 1 6 , 4 , B # L) 
I F ( R 1 3 . G E . N 2 . A N D . B 1 4 . I 1 . N 1 )  CA1I CUBVB3(I , J , Z , Z B )  
I F ( R 1 3 . G E . N 2 . A N D . E 1 4 . 1 1 . N1) CALL CUBVE2 
1 ( f l 1 4 , Z l 4 , V R . E Z , Z , Z B t I , G , P S i , l 1 1 , N 2 , B 2 , B 1 3 , 9 , 5 , 6 ,  B,L) 
1 = 1 1  
J = J 1
I F ( B 1 3 - G E . N 2 )  GO 10 35
( 1 0 )
I F ( B  14.  GE.M2) CALL CUBVE1 
1 <R13,Y13,VB,DY,Y , I , G , E S I , N 2 , N 3 , 5 2 , R l 6 , 4 r B, L)
I F { B1 4 . G E. N 2 )  GO 1C 35
( 1 1 )
I F ( R 1 4 .  GE.N 1) CALL COBVE3 ( I  r Z,ZH)
I F ( R 1 4 .  GE.N1) CALL CUEVI2
1 ( R 1 4 , Z 1 4 , V B , D Z , Z , Z B , I , J , E S I , N 1 , N 2 , B 2 , B 1 3 , 4 , 5 , 4 , B , L )  
1 = 1 1  
J = J 1
I F ( E  14.  GE.N1) CALL CUBVE 1 
1 (B13,Y1 3 , V S , D X , Y , I , . 3 , E S I , N 2 ,  N 3 , B 2 , B 1 6 , 4 , B , L )
( 12)
I F  (E14.  I I . N 1 )  CALI CUBVE 1
1 { B 1 3 , Y 1 2 , V B , D Y , Y , I , J , P £ I , N 2 , N 3 , B 2 , B 1 6 , 4 , B , L )
I F ( B 1 4 . I T . N 1 )  CALL CUBVE3 ( I , J , Z , Z R )
I F  (E 14 .  I I .  N 1) CALL CUE VE 2
1 ( R 1 4 , Z 1  4 , V R , D Z , Z , Z R , I , . l  , P S I , N 1 , N 2 , B 2 , R 1 3 , 4 , 5 , 6 ,  B,L) 
1 = 1 1  
J = J  1
S E T # 1 ENDS HEBE
SET#2 BEGINS HEBE
d )
35 I F ( H 1 6 . G E. N 3 .A N D. B 1 7 . G E. N 1 . A N L. R 1 5 . G E . N2 )  GO TO 37
( 2)
41 I F ( R 1 6 . G E . N 3 . A N D . B 1 7 . G E . N 1 )  CALL CU6VE4 ( I , J , Z , Z R )  
I F ( R 1 6 .  GE.113. AND.E17.C-E.N1) CALL CUEVE1 
1 ( B 1 5 , Y 1 5 , V R , D Y , Y , I , J , E S I , N1 , N2 , B 2 , R 1 6 , 5 , B , L )
1=11
J = J 1
I F ( B 1 6 . GE.N3.AND.B17.GE.N1) GC TC 37 
(3)















I F ( R 1 6 . G E . N 3 . A N D . B 1 5 . G E . N 2 )  CALI CUEVE1 
1 ( B l 7 , Y 1 7 , V R , D Y , Y , I , ; : , E S l # N1t N 2 , B 2 , B 1 6 , 5 #B,L)
1=11
J = J 1
I F ( B 1 6 . G E . N 3 . A N D . B 1 5 . G E . N 2 )  GC 10 37 
<4)
42 I F ( R1 6 . GE .N 3 . A ND .B 1 5 . G E .N1) CALI CUBVE6(I , J , Z , Z B )  
I F ( B l 6 . G E . N 3 . A N D . f i 1 5 . G E . N 1 )  CALI CUBVE1
1 ( B 1 7 , Y 1 7 , V H J r E E I , N 1 , N 2 , E 2 r E 1 b , 5 r B, L)
1=11
J = J 1
I F ( I . E Q •112)  GO TO 37
I F ( B 1 6 - G E . N 3 . A N D . B 1 5 . G E . N 1 )  CALL C0EVE4 ( I , J #Z,ZR) 
I F ( R 1 6 . G E . N 3 . A N D . B 1 5 . G E . N 1 )  CALL CUSVE1 
1 (R 15 ,  Y l 5 , V R , D Y , Y , I , J f P S I , N 1 , N 2 #B 2 , B 1 6 , 4 * B r L)
1 = 1 1
J = J 1
(5)
43 I F ( R 1 6 . G E . N 3 . A N D . B 1 5 . L 1 . N 1 )  CALI CUEVE6 ( I , J , Z , Z H )
I F ( R 1 6 . G E . N 3 . A N D . B 1 5 . L 1  .N1)  CALL CUBVE1
1 <B17#Y 1 7 , V 8 , D Y , Y , I , J , E S I , N 1 , N 2 , B 2 , B 1 6 # 5 . B , L )
1=11
J= J 1
I F ( R 1 6 . G E . N 3 . A N D . B  1 5 . 1 1 .N1)  CALI CGBVE4(I , J ,Z*ZB)
I F  ( H 1 6 . G E . N 3 . A N D . f 1 5 . 1 1 . N1) CALL CUBVE1 
1 ( B 1 5 , Y 1 5 , V R , C Y , Y , I , J , P S I #N 1 , N 2 , B 2 , R 1 6 , 4 , B , L )
1 = 1 1
J =J1
I F ( B  16.GE.N3)  GO 10 37
( 6 )
44 I F ( H 1 6 . G E . N 2 . A N D . B 1 5 . G E . N 2 )  CALL COFVE2 (B1 6 , Z 1 6 , V B , D Z , Z , Z B ,  I , J ,  
1 P S I , N 2 , N 3 , R 2 , R 1 3 #4 , 4 , 4 , E , L )
I F  ( B16 . GE. N2.AND. R15 . GE. N2)  GO TO 37
(7)
49  I F ( H 1 6 . G E . N 2 . A N D . B 1 5 . 0 E . N 1 . A N E . B 1 7 . G E . N 1 )  CALL CUBVE2 
1 ( F . 1 6 , Z l 6 , V R f D Z , Z , Z B , I , J , F S I , N 2 , N 3 , R 2 , R 1 3 , 4 , 4 , 4 ,  E,  L)
I F ( I . E Q . 112) GO TO 37
I F  (B16.GE. B2. AND.B15.GE.1I1 .ANC.B17.GE.N1)  CALL CUBVE4 ( I  f J»Z #ZB) 
I F ( R 1 6 . G E . N 2 . A N D . B 1 5 . G E . N 1 . A N D . B17.GE.N1) CALL CUBVE1 
1 < R15 ,Y15 ,VR,DY, Y#I #J , E S I , N1 , N2#B2r f i16,  5 , B ,  L)
1 = 1 1
J = J 1
( 8 )
45  I F (R 1 6 . GE . N2 . AN D. B 15 .G E .N 1 .A ND .  F 17. L I . 1 ) CALL CUBVE2 
1 < R 1 6 , Z 1 6 , V R , D Z , Z #Z R , 1 , J , P S X , N 2 , N 3 , B 2 , B 1 3 , 4 . 4 . 4 ,  B,L)
I F ( I . E Q . 1 1 2 )  GO TC 37
I F ( R 1 6 . GE . N2 . A ND . R1 5 .G E .N 1 . AN D.  fi1 7 . L I . 1 ) CALL CUBVE4 ( I ,  J . Z ,  ZR) 
IF (B 1 6 . G E. N 2 . A N D. f i 15 . G E. N 1 .A NC .  B 1 7 . L I . 1 ) CALL CUBVE1 






























J = J 1
(9)
71 I F < R 1 6 . G E . M 2 . A N D . B 1 5 . i l .N1)  CALL CUEVE2
1 ( R1 6 , Z  1 6 ,  V H , C Z , Z , 2 H , I , 2  ,  E S I , b 2 ,  N 3 ,  fi 2 ,  B13 , 4  , 4  , 4 ,  B,  L)
46 I F ( R 1 6 . G E . N 5 . A N D . E 1 5 . I T - N 1 )  CALI CUEVE4 ( I , J , Z , Z B )  
I F ( B 1 6 . G E . N 2 . A N D . B 1 5 . I 1 . N 1 )  CALL CUEVE1
1 ( B l 5 , Y 1 £ , V R , D Y , Y , I , * j # E S I , N 1 f N 2 , B 2 , E 1 6 , 4 , B , L )
1=11
J = J 1
IF(R16.GE.N2) GO 1C 57
( 10)
I F ( R 1 5 . G E . N 2 )  CALI CUEVE2
1 ( R16 , Z 1 6 ,  VR,DZ, Z , Z H , I ,  J , PSI  , b 2 ,  b 3 ,  fi 2 ,  B1 3 ,  4 , 4 ,  4 ,  B,L) 
I F ( R 1 5 . GE.N2) GO 1C 37
<1 1 )
33 I F ( R 1 5 . G E . N 1 )  CALI CUEVE4 ( I , J , Z , Z B )
I F ( R 1 5 . GE.N1) CALI CUEVE1 
1{B15,Y1 5 , V B , D Y , Y , I , U , P F I , N 1 , N 2 , E 2 , B 1 6 , 4 , B , L )
1=11
J = J 1
47 I F ( R 1 5 . GE.N1) CALI CURVE2
1(R I6 ,Z 1 6 , V R , C Z , Z , 2 B , I , 0  , P S I , b 2 , b 3 , B 2 , B 1 3 , 4 , 4 , 4 , B , L )  
I F ( I . E Q . I I 2 )  GO TC 37
<1i)
72 I F ( R 1 5 - I T . N 1 )  CALI CUBV12
1 ( E16 ,Z  1 6 ,  VR,DZ,  Z , Z R , I ,  J  , P S I , N 2 , N 3 , R 2 , R 1 3 , 4  , 4 , 4 ,  B, L)
48 I F  (R 15 .  L I . N1) CALI CUEVE4< 1 , J , Z , Z E )
I F ( R 1 5 . I I . N 1) CALI CURVE 1
1 (R15,  Y 1 5 , V R , D Y , Y , I , J , P S I , N 1 , U 2 , E 2 , H 1 6 , 4 , B , L )
1 = 1 1
J = J 1
GO TO 37 
SET #2 ENCS HERE 
36 I F  ( I . E Q . 1 1 2 )  GO TO 38 
SET#3 BEGINS EERE
( 1 )
I F (R 1 6 . G E . N 3 . A N D . R 1 7 . G E . N 1 . A N L . E 1 5 . G E . N 2 )  GO TO 37
<2 )
I F ( R 1 6 . G E . N 3 . A N D . R 1 7 . G E . N1) GC TO 41 
(3)
I F ( R 1 6 . G E . N 3 . A N D . E 1 5 . C E . N 2 )  CALL C U R V E 3 ( I , J , Z , Z R )  
I F ( R 1 6 . G E . N 3 . A N D . B 1 5 . G E . N 2 )  CALL CURVE2 
1 ( R 1 4 , Z 1 4 , V R , D Z , Z , Z E , I , J , P £ I , b 1 , b 2 , B 2 , B 1 3 , 5 , 4 , 4 ,  B,L)
1 = 1 1
J = J 1
I F  ( E l 6 . 6 E . M 3 - i N D - B l 5 . G J . S 2 )  CALL CUBVE6 ( I ,  J , Z , Z B )  
I F ( R 1 6 . GE.N3.AND.f i15-GE.N2) CALI  CUBVE1 
1 ( R l 7 , Y 1 7 , V B , D K , y , 1 , 0 , E S 1 , N 1 » N 2 , E 2 , H 1 6 , 5 , B , L )
1=11
J = J 1




I F ( R 1 6 . GE . M 3 )  CALI CUBVE3 ( I  #J .  Z ,  2B)
I F ( R 1 6 . G E . N 3 )  CALL CUEVI2
1 ( R 1 4 , Z i y r VE,DZf Z , Z R , i , j r pS I ,N 1  , N 2 , R 2 , f ! 1 3 r 4 , 5 , 4 r B,L) 
1 = 1 1  
J = J 1




I F ( R 1 6 . G E . N 3 . A N D . E 1 5 . L 1 . N 1 J  CALI CUBVE3< 1 , J , Z , Z B )  
I F ( R l 6 . G E . N 3 . A N D . f i 1 5 . H . N l )  CALL CUBVE2 
1 { R l 4 , Z M , V R , D Z , Z , Z R , i , j f p S I , N 1 , N 2 , R 2 , f i 1 3 , 4 r 5 , 6 , B , L )  
1=11 
J = J 1
I F ( H 1 6 . G E . N 3 . A N D . B 1 5 . 1 1 . N 1 J  C*C TO 43 




I F ( R 1 7 . G E . N  1) CALL CUE VI2
1 ( R l 6 , Z 1 6 , V R , C Z , Z , Z f i # i # o , P S l , N 2 , N 3 , E 2 , H 1 3 , 4 r 4 r 4,  B,L) 




I F ( R 1 6 . GE.N2.AND.£15.Gfi  .N2) CALL CUEVE3 ( X , J , Z r ZB) 
I F ( R 1 6 . G E . N 2 .  AND.E15.G E.N2) CALL CUBVE2 
1 ( R 1 4 , Z 1 4 , V R , D Z , Z , Z R # X , z , F S l , N N 2 , B 2 , B 1 3 , 5 # 4 r 4 , B, L)  
1=11 
J = J 1
I F  (B 16 . GE.N2.  AND. B 15 .G E . N2) GC TO 44
C
C ( 8 )  & (9)
C
I F  (R 16 • GE.N 2) CALL CUE VE3 ( I , J . Z , Z R )  
I F ( R 1 6 . G E . N 2 . A N D . f i 1 5 . C E . N l )  CALL CGRVE2 
1 < R l 4 , Z 1 4 , V B r DZ,Z#ZB# I , j , p s l , t l 1 , N 2 , B 2 , B l 3 , 4 , 5 , 4 , B , L )  
I F ( B 1 6 . G E . N 2 . A N D . £ 1 5 . I T . N 1 )  CALL CUBVE2 
1 ( f i 1 4 , Z 1 4 , V B , D Z , Z , Z E , I ,  j , F S l , ] j 1 , N 2 , f i 2 , B l 3 , 4 , S , 6 ,  B,L) 
1 = 1 1  
J = J 1
IF<R16 . GE. H5 . AHD. B1 5. GE. N1 )  GC TO 45 
I F { R 1 6 . G E . N 2 . A N E . B 1 5 .  I I . N 1 )  GC TO 71 




I F ( R 1 5 . G E . N 2 )  CALL COE VE2 



































I f  ( IM5.GE.N2)  CALL CUEVI3 ( I , J , Z , Z B )  2 4*3
I F ( R 1 5 . G E . N 2 J  CALL CUBVI2 ^
1 < R 1 4 , Z 1 4 , V R , D Z , Z , Z B , I , J , P S I , N 1 , N 2 , B 2 , H 1 3 , 5 , 4 , 4 ,  B,L)
1=11
J = J 1
I F ( R 1 5 . G E . N 2 )  GO 10 37
( 11) & ( 12)
CALL CUBVE3 ( I , J , Z , Z B )
I F ( R 1 5 . G E . N 1 )  CALL C0BVE2
1 ( R 1 4 , Z 1 4 , V B , C Z , Z , Z R , I , J , £ S I , N 1 , N 2 , B 2 , B 1 3 , 4 , 5 , 4 ,  B,L) 
I F ( R 1 5 . L T . N 1 )  CALI CQEVE2
1 ( B 1 4 , Z 1 4 , V B , D Z , Z , Z B , I , 0 , P S I , N 1 , N 2 , B 2 , B 1 3 , 4 , 5 , 6 , B , L )
1=11
J = J 1
I F ( B 1 5 . G B . N 1 )  GO 10 33 
I F  ( £ 1 5 .  I I .  HI) GO IC 72
SET #3 ENES HEBE
SET #4 BEGINS HEBE
( 1)
38 I F ( R 1 6 . G E . N 3 . A N D . B 1 7 . G E  .N1) GC TO 37 
<2)
I F ( B 1 6 . G E . N 3 . A N D . £ 1 5 . C £ . N 1 )  GC TO 42 
(3)
I F ( R 1 6 . G E . N 3 . A N D . B 1 5 . I T  .N1) GC TO 43 
I F  (B 16 .  GE.N 3) GO TO 37
<<*)
I F ( R 1 6 . G E . N 2 . A N D . B 1 7 . G E  . N1) GC TO 49 
I F  ( R17. GE. N1)  GO TC 37
(5)
I F ( R 1 6 . G E . N 2 . A N D . B 1 5 . G E . N 1 )  GC TC 45
(6)
I F ( B 1 6 . G E . N 2 . A N D . B 1 5 . I T . N 1 )  GC TC 71 
I F  (B 16• GE.N2) GO TO 37
(7)
I F  (B 15 .  GE.N 1) GO TO 47 
<8)
I F ( R 1 5 . I T . N 1 )  GO TO 72 
SET #4 ENIS HEBE
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COMPUTATION OF STB IAM FUNCTION VALDES OF THE FICTICIOUS POINTS 
WHICH ABE WITH IN ONE EESH LENGTH FBOM THE BOUNDABY.
THIS COMPUTATION EIGINS AETEB AIL NON-FICTICIOUS POINTS
ABE COMPUTED EY H E  RATHE METHODS USING THE SUBBOUTINE STHMFN.
11=1
J 1 = J
N0=0
I F  (ABS (B16) .GE.N1)  5UKZ = 0 . 0  
I F ( A B S( E1 6 )  .GE.N1)  GC TC 61 
I F ( R 1 6 . G T . N C . A N D . Z . I T . Z E )  J = J  + 1 
I F ( R 1 6 . G T . N 0 . A N D . Z . G T . Z R )  J = J - 1  
I F ( H I  6 . L E . N C . A N D . Z . I I . Z i )  J = J  + 2 
I F ( R 1 6 . I E . N C . A N D . Z . G 7 . Z B )  J = J - 2  
J P 4 = J + 4
TANT2=(Z16*COS(T)#COS ( 1 ) ) * * 2 / (B2 + R 2 - ( Z 16*COS(T) ) **2)
SINE 16= (TAN1 2 / ( 1 . +TAN12) ) * * 0 . 5
EC=DZ*Vfi*SINE16
I F  (R 16 .  GT.NC) F= 1 . -R  16
I F  (R16^ IE.NC) F=-B 16
N5=150
CALL CAIGH(E,EC#G , E , N 5 # S5)
I F ( Z . G T . Z R )  GO TO 70 
59  SUMZ=0.0
DO 61 K = J , J P 4  
N=K- J+1
I F ( Z . G l . Z B ) N = J P 4 - K + 1
I F ( R 1 6 . GT.NC) SUMZ=SUKZ+G<N)*ESI(I ,K)
I F(R1  6 .  LE.NO) SUMZ = SUKZ-H (N) * ESI ( I , K)
61 CONTINUE
I F  (R16.  GT.NC) SUMZ=SUMZ+G<6)
I F  (R 1 6 .  LE.NO) SUMZ = SUMZ-H (6)
SUMZ=SUHZ/2.
GO TO 81 
70  J P 4 = J  
J = J - 4  
GO TO 59  
81 J =J1
I F  (ABS (B 13) .GE.N1)  SUM* = C.O 
IF(ABS (B13) .GE.N1)  GC TC 66 
I F ( R 1 3 . G T . N C )  1 = 1- 1  
I F ( R 1 3 . IE.NC) 1 = 1 - 2  
I M 4 = I - 4  
I M 3 = I - 3  
IM2= 1 - 2  
I H 1=1-1
TANT2=( <2 . * H 2 - 5 M 3 ) * Y 1 3 ) /  ( ( B 2- E1 3) / CCS (T)  ) **2 
C0SN13= 1 . / (  1. +TANT2)**G.5
EC=DY*VR*CCSN13*CCS(T)
I F ( R 1 3 . GT.NC) F = 1 . - B 1 3  
I F  (R13.  IE.NC) F=-5 13 
I F ( I H 2 .  LT. 1) GO TO 80 
CALL CAIGH(F# EC,G,fc ,3H3, IM2)
SU£1Y=0. C
I F  ( IM2. EQ.1)  PSI  ( I H 2 , J )  =2.*DY*VZB+PSI ( I , J )
I F ( 1 M 3 . E Q . 1) P S I ( I M 3 , J ) = 3 . * £ K * V Z R + 3 . * P S I ( I M 1 *J) - 0 . 5 * P S I  ( I r J )






1 * P S I ( I , J )
I F (1112. EQ. 1) IH4=IM2 
I F ( 1 ( 1 3 . E Q . 1) IH4-IM3 
DO 8 5  K = I H 4 , I  
N = I - K + 1
I F  ( B1 3 .  GT. NC) SUNY=SUKY4G(N) * £ S I ( K ,  J)
I F ( R 1 3 . IE.NC) SUMX = S Ot !Y-H( N) *JS I (K, J )
85 CONTINUE
I F ( R 1 3 . G 1 . N 0 )  SUMY = SUK Y-t G (6)
I F ( R 1 3 . I E . N C )  S0HY=SDMY-H(6)
SUBY=SUMY/2.
1=11
I F  (ABS ( B 16) .GE.N1)  SUEY = 2.*SU(iY 
PSI ( I , J )=SUNY+SUMZ
GO TO 100 
80 1=11
I F ( R  13.  GE.NC) SEJilY=-EY*VZR/2.
I F  (R13 .  I I . N C )  SUMY=“ F 13 *VR*CCS (T) * C C SN l 3 / 2 .  
I F  (ABS ( R 1 6) . G T .N 1)  SUKY=2.*SUKY 
P S I ( I #J)=(SOMZ+SUNY)
GO TO 100 
06 P S I ( I , J ) = 2 . * ( S U N Y + S 0 H 2 )
100 RETURN 
END
SUBROUTINE CALGH ( I , EC , C # H„I E3 , IM2)
DIMENSION G (6) ,  H (6)
COHHON/ELK/CESTRF, T# C22 
EPS=10.  ** (“ 38)
F 1 = F -  1.
F 2 = F - 2 .
F 3 = F - 3 .
F 4 = F - 4 .
F 5 = F - 5 .
A 1=F
A2=F*F1 / 2 .
A3=A2*F2/ 3 .
A4=A3*F 3 / 4 .
A5=A4*F4/ 5 .
A6=A5*F5/ 6 .
I F ( I  M 2 . EQ.1) A5=0.
1 F ( I M 3 . E Q . 1 . O R . I U 2 . E Q .  1) A6=0.
B 1 = 1 . - A  14A2-A3+A4-A5 + A6
B2 =A1 - 2 . *A2  + 3 .*A3-<1 .*A<U5.*A£-6 .*A6 
B 3 = A 2 - 3 . * A 3 + 6 . * A 4 - 1 0 . * A 5 + 1 5 . * A 6
B 4 = A 3 - 4 . * A 4 + 1 0 . *A5-2C.*A6 
B5=A4*-5.*A5 + 15 .  *A6 
B6=A5-6  .*A6 
B7=A6
C l = ( F + F l ) / 2 .
C 2 = ( F * F l  + F*F2 + F1*‘E 2 ) / 6 .
C3= (F*F 1*F2 *S*F 1*£ 34F*P2*F3*F 1*F2*F 3 ) / 2 4 .
C4 =( F *F  1*F2*F3+F*F1*F2*F4>F*F1*F3*F4+F*F2*F3*F4 '*-F1*F2*F3*F4) /12Q.  
C 5 = ( F * F 1 * F 2 * F 3 * F 4 4 F * I  1*F2*I3*F5♦F*F1*F2+F4*F5^■F*F1*F3*F4*F5^■ 
1F *F 2*F 3* F4 *^ 5♦F  1 * F 2 * E 3 * F 4 + F 5 ) / 7 2 0 .











I F ( I M 2 . EQ. 1) C«=0. 0  2 4 ?
D1=-1.+C1-C^+C3-C4-*C5
D 2 = 1 . - 2 . * C 1 + 3 . * C 2 - 4 . * C 3 + 5 . * C 4 - 6 . * C 5
D3=C1-3 .*C2*6.*C3-1Q.*C<< + 1 5 . *C5
D 4 = C 2 - 4 . * C 3 + 1 0 . * C 4 - 2 C . * C 5
D 5 = C 3 - 5 . * C 4 + 1 5 . * C 5
D6 =C4 -6 .*C 5
D7=C5
I F ( A B S ( F 1 ) .LT.EPS) GC TC 10 
E 0 = B 2 / B 1 - E 2 / E 1
11 E1=D3/ D1- B3/ B1  
E2=D4/D1 -  B4/E 1 
E 3 = D 5 / D 1 - B 5 / B 1 
E 4 = D 6 / 0 1 - B 6 / E 1  
E 5 = D 7 / D 1 - B 7 / B 1 
E6=EC/D1 +CBS1RF/B' i
I F  (ABS ( F 1) . I I . E P S )  E 6 = E C / E 1+ (E2/E 1) *CBS2RF
GG=B2/B1
I F  (ABS ( I I )  . 1 1 . EPS) GC IC 12 
G (1) =E1/EO 
G (2) =E2/EO 
G (3) =E3/EO 
G (4) =E4/EO 
G (5) =E5/EO 
G (6) =E6/EQ 
H (1) =B3/B1+GG*G(1)
H (2) =B4/B1+GG*G (2)
H (3) =B5/B 1 + GG*G (3) 
fi ( 4 ) = B6 / B 1  + GG*G{4)
H (5) =B7/B 1 +GG*G (5)
H (6) =GG*G (6)  -CBSTBF/E 1 
GO TO 13 
10 B 1= 1. 0  
B2=Q.0 
B3= 0. 0  
B4= 0. 0  
B5=Q. 0  
B 6 = 0 . 0 
B 7 = 0 . 0 
GO TO 11
12 H ( 1) =E 1 
H (2) =E2 
H (3) =E3 
H (4) =E4 
H <5) =E5 
H (6) =E6
DO 6 1 = 1 , 6  
6 G <I) = 0 . 0
13 RETURN 
END
SUBROUTINE SUBIM2 (ESI , 1 ,  J ,  VZ, CY, 5 13 ,R 15 , B, L)
THIS SUEROUIINE EIIMISAIES FICTICICUS PCINTS WHICH ARE 
OUTSIDE THE LCWER ECUNCiEY (SCREW BOOT) IMPLICITLY.
DIMENSION P S I  ( 3 3 , 3 3 )  ,E (156)
I M 2 = I - 2
IM1= I- 1
I P  1=1+1
l P 2 = I + 2
l P 3 = I + 3






A 1 = P S I ( I M 2 , J )
I F ( R 1 3 . I I . N 5 )  GO IO 10 
I F  (R1 5 . I I *  N4) GO IC 10 
P S I ( I M l # 0 ) - P S I ( I M l * J ) —7.7*A1 
P S I ( I r J ) = P S I ( I #J ) + 1 5 . * A1 
P S I ( I P l r J ) = E S I ( I P 1 , J )  - 1C. +A1 
? S I ( I P 2 , J ) = P S I ( I P 2 , J )  + 5 .*A1 
P S I ( I P 3 , 0 ) = E S I ( I P 3 , J ) - 1 . 5 * A 1  
P S I ( I P 4 , J ) = E S I ( I P < J  , J ) + C . 2 + A 1  
B (L) =B ( I )  -6.*DY*VZ*A1 
GO TO 20
10 I F ( R  13 . 11 .N 4) GO 10 11
I F ( R 1 5 . I I . N 3 )  GO IC 11
P S I ( I H 1 # J ) = P S I ( I H 1 * J ) - 5 . 4 1 6  + A1 
P S I  ( I ,  J )  = P S I ( I ,  J) +1 0 .  *A 1 
P S I ( I P 1 , J ) - P S I ( I P 1 , J ) - 5 . * A 1  
P S I ( I P 2 , J ) = P S I ( I P 2 , J ) + 1 .666+A 1 
P S I ( I P 3 , J ) = E S I ( I E 3 , J ) - 0 . 2 5 * A 1  
B{L) =B<L)-5.*DY*VZ*A1
GO TO 20
11 I F < R 1 3 . I T . N 3 )  GO IC 12
I F  ( E 15.  I I  *N 2) GO IC 12
P S I ( I H 1 , J ) = E S I < I M 1 , J ) - 3 . 3 3 3 * A 1  
P S I ( I , J )  = P S I ( I #J ) + 6 . *A 1
P S I ( I P  1 , J ) = E S I ( I P 1 , 0 ) - 2 .  + A1 
P S I ( I P 2 , J ) = E S I ( I E 2 « J ) + 0 . 3 3 3 + A 1  
B ( L ) = B ( I ) - 4 . * D Y * V 2 * A 1  
GO TO 20
12 I F  (R 13 . I I  >N 2) GO 10 13
I F ( R 1 5 - I I . N 1 )  GO IC 13
P S I ( I M 1 , J ) = P S I ( I I 1 1 #J )  - 1 . 5 * A 1  
P S I  ( I ,  J )  = P S I ( I , J )  + 3 . *A 1
P S I ( I P  1 , J ) = E S I ( I P 1 , J ) - 0 . 5 * A 1  
B (L) =B (L) “ 3 .  *DY*VZ*A 1 
GO TO 20
13 P S I ( I , J ) = P S I ( I , J ) + A 1  
B ( L ) = B ( L ) - 2 . *DY*VZ*A1
20 P S I ( I H 2 * J ) = 0 . 0  
RETURN 
END
SUBROUTINE SUBIE2 ( E S I #I , J #V Z , t Y #B#L)












n ARE ELIMINATED I H E H C I T I Y  IN TERMS OF TBOSE LYING INSIDE THE BOUNDARY.
DIMENSION P S I ( 3 3 , 3 3 )  , B  (156)
IP2=I +2
I P  1=1+1
i a i = i - i
IM2=I-2
IM3=I-3
I H4 sI -U
A2=PSI ( I P 2 ,  J )
P S I ( I P 1 # J )  = E S I ( I P 1 # J ) - 7 . 7 * A 2  
P S I ( I , J )  = P S I ( I ,  J)  + 1 5 , * A 2  
PSI( IM1 ,  J )  = P S I ( I M 1 # J )  — 10.+A2 
P S I ( I M 2 #*1) = P S I ( I M 2 , J )  * 5 . * A 2  
PS I ( I H3  ,  J) = P S I ( I H 3 , J )  - 1 . 5*A2 
P S I ( I M 4 ,  J ) = p s i ( I M 4 , J )  +C.2*A2 
B ( L ) - B ( D  *6.*DY*VZ + A2 
P S I ( I P 2  r J)  = 0 .  0 
beturn 
END
SUBROUTINE S U B J P 2 ( E S I , I , : , U Y , D Z , B , L , U Z , i : Y )
DIMENSION P S I  ( 3 3 , 3 3 )  , E  (156) ,UZ ( 3 3 , 3 3 )










J H 4 = J “ 4
Z=JM2*DZ
Y={I-2)  *DY
CALL ZZZ( Y, Z16 )
B 16=( Z - Z 16) / DZ  
Y14=Y+DY
CALL ZZZ (Y 1 4 , Z14)
R 1 4 = ( Z - Z 1 i | ) / D Z  
A4=P5l ( I  r J P  2)
I F ( R 1 6 .  I T . N 5 )  GO TC 10 
IF(P,14.  I I . N 4 )  GO 10 10 
P S I ( I # J ) = P S I  ( I , J )  + 1 £ . * A 4  
P S I ( I , J M  1) = P S I ( I , 0 M  1) -  1C.+A4 
P S I ( I , J B 2 )  = E S I ( I , J M 2 )  * 5 . * A 4  
P S I ( I # J K 3 )  = £ S I ( I , 0 i ! 3 )  - 1 . 5*J4 
P S I ( I r  JM4) = p s i ( I , J M 4 )  + C . 2  + A4 
B (L) =B(L) -6 .*DZ*UX+A4+7.7*UZ ( I , J E 1 )  *A4 
GO TO 20 















I F ( R 1 4 .  L1.N3)  GO 1C 11
P S I ( I , J ) = P S I ( I , J )  * 1 0 . * A 4
P S I ( I , J M 1 ) = P S I ( I , J M 1 ) - £ . * A 4
P S I  ( I ,  J M 2 ) = E S I ( I , J « 2 ) + 1 - 6 6 € * A 4
P S I ( I , J M 3 ) = P S I ( I , 0 H 3 ) - 0 . 2 5 * A 4
B{L)=B(L)  - 5 . * D Z * U Y * A 4 + £ . 4 1 6 * U Z ( I , J P 1 )  *A4
GO TO 20
11 I F  (R 16* LT.N 3) GO 10 12
I F ( R 1 4 . I I .  N2) GO 1C 12
P S I ( I , J ) = P S I ( I , J )  +6 .* A4  
P S I ( I , J M 1 )  = E S I ( I , J f l 1 )  - 2 . * A 4  
P S I ( I * J H 2 ) = E S I ( I , J M 2 ) * 0 . 3 3 3 * A 4
B(L) =B (L) - 4  .  *DZ*UY*A4*3. 3333*UZ ( I ,  J P 1 )  * A4 
GO TO 20
12 I F ( R 1 6 . L T . N 2 )  GO 10 13
I F  (R14.  I I .  N 1) GO 1C 13
P S I ( I , J ) = P S I ( I , J )  * 3 .* A4  
P S I ( I , J H 1 )  = E S I ( I , G F 1 )  - 0 . 5 * A 4
B (L)=B (L) - 3 .*DZ*UY*A4*1.5*UZ ( I , J E 1 )  *44  
GO TO 20
13 P S I ( I , J ) = P S I ( I , J ) + A 4  
B (L) =B (L) - 2 .*DZ*UY*A4
20 P S I ( I , J P 2 )  = 0 . 0  
RETURN 
SND
SUBROUTINE VELCTX(CZ, UY, VZR, VZE, IN2, J N 2 , 1 1 1 , J J 1 , DY, DZ,UYZ,ANGLE, 
1P S I , Z M A Y , P I , I 0 Z )
THE TELOCITY COMPONENTS UZ,UY AT EACH HE5H POINT ARE COMPUTED 
FROM THE KNOWN STREAM JUNCTION VALUES AT THOSE POINTS.
FURTHER THE RESULTANT VELOCITY AND I TS  DIRECTION AT EACH HESH 
POINT I S  COMPUTED.
DIMENSION P S I  (33*33)  ,UZ (33 *33)  , UY ( 3 3 , 3 3 )  ,  UYZ ( 3 3 , 3 3 )  , ANGLE ( 3 3 , 3 3 )  
COMMON/ELK/CES1RF, 1 , E22
EPS= 10.  ** ( - 2 0 )
DO 10 K = 2 , J 0 1 
UZ (2 ,  K) = VZR 
UY (2,K)  = 0 . 0  
UYZ( 2 , K)=VZR 
A NGLE ( 2 , K )  = 0 . 0  
UZ ( 1 1 1 ,  K) =VZB 
UY ( I 1 1 ,  R) = 0 . 0
UYZ(I I1 , K) =VZB
10 A N G L E ( I I 1 , K ) = 0 . 0
I F  (IDZ . NE. 1) GO TO 12 
DO 11 1 = 2 , 1 1 1
11 U Z ( I , J J 1 )  = 0 . 0  
GO TO 14
12 DO 13 1 = 2 , 1 1 1  
U Y Z ( I , J J 1 ) = U Z ( I , J J 1 )
13 A N G L E ( I , J J 1 ) = 0 . 0
14 N0=0
N H 1 = - 1
ZR=PI/CCS(T)-ZMAX
J  1=ZMAX/DZ
DO 30 1 = 3 , IN2
I P  1=1+1
I P 2 = I + 2
I P 3 = I + 3
I P 4 = I + 4
I P 5 = I + 5
I H 1 = I - 1
IM 2=I - 2
I M 3 = I - 3
I M 4 = I - 4
I M 5 = I - 5
DO 30 J = 3 , J N 2
J M5=J- 5
J M4 = J- 4
J i l 3 = J -  3
J M 2 = J- 2
Jil  1=J - 1
J P 1 = J + 1
J P 2 = J + 2
J P 3 = J + 3
j P 4 = J + 4
J P 5 = J + 5
Z=JM2*DZ
Y=IH2*DY
I F ( Z . G 1 . Zfl) Z = P I / C C S ( T ) - Z  
I F  (Z . GE . ZMAX) GO IC 25 
CALI ZZ2 (Y, Z 16)
P 16=Z-Z 16 
R 16=P16/EZ 




I F ( R 1 3 . I E . N M 1 . A N D . B 1 6 . I I . N B 1 )  GO TO 30  
I E <I DZ .N E. N1 )  GO IC 24
I F  ( R 16 . I E .N C . AN D. R 1 6 . G I . K M1 )  J J B - J J 1 - J + 2
24 1 F ( R 1 6 . L I . N C . A N D . R 1 3 . I T . N C )  GC IC 30 
I F ( R 1 3 . GI.NO) I IR=I +BR13
25 I F { J P 5 .  I E . J J E )  UY < I , J ) =  ( - P S I  ( I , J i l l )  - 7 . 7 + P S I  ( I ,  J )  + 15 . * P S I  ( I ,  J P 1) -  
110.  + P S I ( I , J P 2 ) + 5 . * P S I ( I , J P 3 ) - 1 , £ * F S I ( I , J P 4 )  + 0 . 2 + P S I ( I , J P 5 )  ) / ( 6 . + D Z  
2)
I F ( J P 5 . G T . J J B )  UY ( I , J )  = (ESI  ( I , J E 1 )  + 7 .  7+FSI  ( I , J )  - 1 5 .  *PSI  ( I ,  J  HI) + 1 0 .  
1* PSI  ( I ,  JM2) - 5 .  + P S I  ( I , J E 2 )  + 1 . 5  + FSI ( I  , J M 4 ) - 0 . 2 + P S I  ( I ,  Jt t5) ) / ( 6 . * D Z )  
IF(Z.LT.ZMAX) GO TC 31 
32 I F  {IP 5 . L E . I I 1 )  U Z ( I , J )  = (PSI  ( I H 1 , J ) + 7 .  7*ESI  ( I#  J) - 1 5 .  *PSI  ( IP1 ,  J )  + 10 .  
1 + PSI  ( I P 2 ,  J) - 5 . * P S I ( I F 3 , J )  + 1 . 5  + ESI ( IE4  ,  J ) - 0 .  2 * P SI  ( I P 5 ,  J)  ) / ( 6  . * DY)
I F  ( I P 5 .  G T . I I 1 ) U Z ( I , J )  = ( - E S I ( I E 1 # J )  - 7 . 7 + P S I  ( I ,  J )  +15 .  +PSI  (IM 1,  J )  -  
1 1 0 . + P S I  (IM2 , J )  + 5 .  *PSI  ( I £ 3 , J ) -  1. 5 *F SI  ( I H 4 ,  J) + 0 . 2 + P S I  ( I H 5 , J ) ) / ( 6 . + D Y
2)
GO TO 38 
31 I F  ( I P 5 .  I T . H R )  GO TO 32
I F  (IMS.  GE. 2) UZ ( I , J )  = ( - E S I  ( I E 1 , J )  - 7  . 7 * P S I  ( I ,  J )  + 15.  + PSI  ( IM1,  J) -  
1 1 0 . + P S I ( I M 2 , J ) + 5 . * E S I ( I E 3 , 0 ) - 1 . 5 * P S I ( I M 4 , J )  + 0 . 2 + P S I ( I M 5 , J ) ) / ( 6 . + D Y  
2)
I F  ( I M 5 . G E . 2)  GO TC 38 0 r _
I U P = I I R - I  2 52
IDOWN=I-2
I F ( I U P .  GT.IDOWN) GC 10 36
I F ( I M 2 .  EQ* 1) UZ <I#J )  = ( - E S I ( I E  1 , 0 )  +PSI ( IM 1, J )  ) / < 2 . * D Y )
I F ( I N 3 . E Q . 1 )  UZ ( I ,  J )  3 ( - E S I  ( I P 1 ,  J )  - 1 . 5 * P S I  ( 1 , 0 )  + 3 .  *PSX (IM1 , J )  -  
1 0 . 5 * P S I  ( IM2 , 0)  ) /  (3.*DY)
I F  ( IM4. EG. 1) UZ ( 1 , 0 )  * ( - E S I  ( I f  1, J )  - 3 .  333 * PS I  ( I ,  J )  ♦ 6 .  *PSI  (IM1 , 0 )  
1 - 2 . * P S I ( I M 2 , J ) + 0 . 333*ESX ( I H 3 , 0 ) ) / <4.*DY)
I F  (IMS.  EQ. 1) U Z ( I , J ) 3 ( - E S I ( I E 1 , J ) -  ( 6 5 . / 1 2 . )  *PSI  ( I , J )  +10 . * P S I  (IM 1, J  
1J —5 . * P S I  ( IM2,3)  ♦ 1 . 6 6 € * E 5 I  (IM3 ,  J )  - C . 25*PSI  ( I M 4 , J )  ) / ( 5 . * D  Y)
GO TO 38
36 I F  ( I P 2 .  E C . I I B )  UZ ( 1 , 0 )  * (PSI  ( I E 1 , J ) - P S I  ( I P 1 , J )  ) /  (2.*DY)
I P ( I P 3 .  EC. H R )  UZ ( 1 , 0 )  = (PSI  ( IM1 ,0 )  + 1 . 5 + E S I  ( I , J )  - 3 . * P S I ( I P 1 ,  J) * 0 . 5 *  
1 P S I ( I P 2 , J ) ) / ( 3 . * D Y )
I F ( I P 4 .  E C . I I R )  UZ ( 1 , 0 )  = ( P S I ( I M 1 , 0 )  +3.  3 3 3 * P S I ( I ,  J )  - 6 . * P S I  ( I P  1,  J)  ♦ 
1 i . * P S I ( I P 2 , J ) - 0 . 3 3 3 * E S I  ( IP3 , 0 ) )  /  ( 4 .  *DY)
I F  ( I P 5 .  E C . H E )  U Z ( I , 0 ) =  (PSI  ( I E 1 ,  J )  ♦ ( 6 5 . / 1 2 . ) * P S I  ( I ,  J )  - 1 0 .  * P S I  ( I P l ,  
1 0 ) + 5 . * P S I ( I f 2 , 0 ) - 1 . 6 € £ + E S I ( J E 3 , J ) + 0 . 2 5 * P S I  ( I P 4 , 0) ) / ( 5 . * D Y )
38 U Y Z ( I , J )  = ( U Z ( I , J ) * * 2 + U Y  ( 1 , 0 ) * * 2 ) * * 0 . 5  
I F  ( A B S ( U Z ( I , J ) J  . I T . E E S )  GC TC 30 
ANGLE ( I , J )=ATAN (UY ( I , J ) / U Z  ( 1 , 0 )  ) * ( 1 8 0 . / 3 .  1415)
30 CONTINU E 
WHITE (6 , 40 )
40 FORMAT( ' 1 1, 1 0 X , ' Z-DIREC1ICNAI VELCCITY' , / / / )
CALL TPRIHT ( J J 1 , 1 1 1 , UZ, 6)
WRITE (8 , 4 0 )
CALL TPBINT (JO 1 , 1 1 1  , U Z ,  E)
WRITE (6 , 41 )
41 FORMAT( •  1 ' , 10X, 'Y-DIHEC1ICNAI  VELOCITY*, / / / )
CALL TPHINT ( O J 1 , 1 1 1 , UY, 6 )
WRITE( 8 , 4 1 )
CALL T P H I N T ( 0 J 1 , I I 1 , U Y , 8 )
WRITE (6 , 42 )
42 FORMAT( 1 1 ' , 1 0 X , 1RESUITA)T V E L C C I T Y ' , / / / )
CALL IPBINT ( 0 0 1 , 1 1 1 , UYZ,6)
WRITE ( 6 , 4 3 )
43 FORMAT( '1 ' , 1 0 X , ' DIRECTICN OF RESULTANT VELOCITY*, / / / )
CALL TPBINT ( 0 J 1 , I I 1 , A B G I E , 6 )
WRITE (6 ,  47)
47 FORMAT( • 1 * ,10X,*NET EICW IN Z D I RE C T I O N * , / / / )
DO 50 0 - 3 , JN2 
SUMZ*0.0 
Z - ( J - 2 )  *DZ
I F  (Z.GE.ZMAX) l T 0 i = I N 2  
IF(Z.GE.ZMAX) GO TO 53 
CALL YMAX (Y 1 3 , Z)
TANT2=( ( 2 . * 8 2 - Y 1 3 ) +Y1 3 ) /  ( (E2-Y13)  /CCS ( T ) ) **2 




R 1 3= T 0P - I T0 P  
53 IT0P 1* IT0 P* N1
I F  (ITOP . LT- 3) GO TO 52 
DO 51 I = 3 , ITOP
51 SUMZs SUMZ+UZ( I , J )
52 I F  (Z.LT.ZMAX) GO TO 54 











54 I F  ( IT OP .L T.  2) SUMZ-SORZ + UZ ( 2 ,  J ) / 2 . - E 1  3*COS (T) *VR*COSN13/2.
I F ( I T O P . L I . 2) GO IC 56 
SUMZ=SUMZ+UZ(IT0P1,J>*(S 1 + E 1 3 J / 2 . +
1UZ ( 2 , J ) / 2 . - B l 3 * C O S  (I)*VB*CCSN1 3 / 2 .
56 SUMZ=SUMZ*DY
WRITE( 6 , 6 1 )  SUHZ 
61 FORMAT ( 10X, G13.  6)
50  CONTINUE 
RETURN 
END
SUBROUTINE PBESBE ( P S I , U YZ, UZ, O Y , D Z , E Y , I I ,  J J , I N 2 ,  JN2 ,ZMAX)
THIS SUBROUTINE COMPETES THE PRESSURE GRADIENT IN 
Z-DIRECIION AS WEII AS IN Y-EIBECTION AT EACH HESH POINT.
DIMENSION PSI  (33 , 5 3) ,DYZ ( 3 3 , 3 3 )  , U Z ( 3 3 , 3 3 )  ,UY<33,33)  
COMMON/ELK/CESTHF,T, E22 
P I = 3 . 1 4 1 5 9 2 7  
1 1 1 = 1 1 -  1 
J J 1 = J J - 1  
ZHAX1=ZHAX+DZ 
ZR=PI /CCS (T) -  ZM AX 1 
N 1=1
DO 21 1 = 3 , IN2 
DO 21 J = 3 , J N 2  
J P1 = J + 1  
JK 1 = J - 1 
I P 1 = I + 1  
IM 1=1-  1 
Z= ( J - 2 )  +DZ 
Y= ( I - 2) *DY
I F ( Z . G T . Z R )  Z= EI/CCS (1) -Z 
I F(Z.GE.ZMAXI)  GO TO 20 
CALL ZZZ(Y,  Z16)
P 1 6 = Z - Z 16 
R 16=P16/DZ 
I F  (Z.GT.ZMAX) R13=5.
IF(Z.GT.ZMAX) GO TC 19 
CALL YMAX(Y1 3 , Z)
P 13=Y1 3-Y 
R13=P13/EY
19 I F ( R 1 3 . L T . N  1 . 0 R . R 1 6 . 1 1 . N 1 )  GC TC 21
20 P S I ( I , J ) =  ( U Z ( I P 1 , J ) - 2 . * U Z  ( 2 , J )  +UZ (IM1 , J )  ) / ( DY* *2 )
1+ (UZ ( I , J P l ) - 2 . * U Z  ( I  , J ) +UZ (I  ,  JM1) ) / ( D Z * * 2 )
UYZ ( I ,  J ) = < U Y ( I P 1 , J ) - 2 . * 0 Y  ( I ,  J)  +UY ( INI  , J )  ) / (DY* *2)
1+ (UY ( I ,  JP1)  -2 .*UY ( I ,  J)  +UY ( I ,  JM1) ) / ( D Z * * 2 )
21 CONTINUE 
WRITE <6 ,10)
10 FORMAT( ' 1’ ,  10X, 'PBESSCBE GRACIEKT IN Z-EIRECTION' , / / / )  
CALL TPBINT (UJ1 , 111  , E S I , 6 )
WRITE(6  , 25)
25 FORMAT( • 1 ' ,  10X, 'PBESSCBE GRADIENT IN Y-CIRECTION*, / / / )  
CALL T P B I N T ( J J 1 , 1 1 1 , UYZ,6)
RETURN
END
AgESflglX E r l
E x p e r i n e n t a l  D a t a  F o r  The M i d d l e  P a r t  o f  t h e  C h a n n e l
Bun # 1 :
Mode o f  D o t a t i o n :  
Nu n b e r  o f  P a r t i c l e s :  
T o t a l  D a t a  P o i n t s :
a l l  d a t a  p o i n t s  
c o - r o t a t i n g  
10 
9 2
P a r t i c l e
N u n b e r
Da t a
P o i n t
F r a c t i o n a l
H e i g h t *
D i n e n s i o n l e s s  v e l o c i t y * *




0 . 0 4 6 5
0 . 0 4 6 5
0 . 0 4 6 5
0 . 8 5 5
0 . 8 4 9
0 . 8 3 1 5




0 . 1 4 6 5  
0 . 1 4 6 5  
0 . 1 4 6 5
0 . 3 8 9
0 . 4 0 1
0 . 4 1 2




0 . 1 8 6  
0 .  186 
0 . 1 8 6
0 . 2 1 8
0 . 2 0 6
0 . 2 0 6






0 . 2 9 0
0 . 2 9 0
0 . 2 9 0
0 . 2 9 0
0 . 2 9 0
0 . 1 3 2 8
0 . 1 2 9
0 . 1 3 2 8
0 . 1 3 2 8
0 . 1 0 6
0 . 0 5 6 8
* F r a c t i o n a l  H e i g h t  i s  ( r - B 1 ) / ( B 2 - B l )



























- 0 . 0 8 4
0 . 1 4 0 5
256
6 0 . 4 0 3  - 0 . 1 2 3 9
7 0 . 4 0 3  - 0 . 1 1 7 8
8 0 . 4 0 3  - 0 . 1 3 5 7
9 0 . 4 0 3  - 0 . 1 3 5 7
10 0 . 4 0 3  - 0 . 1 2 3 9
11 0 . 4 0 3  - 0 . 1 3 5 7
12 0 - 4 0 3  - 0 . 1 1 7 8
13 0 . 4 0 3  - 0 . 1 1 1 9
14 0 . 4 0 3  - 0 . 1 3 0 0
15 0 . 4 0 3  - 0 . 1 3 2 6
16 0 . 4 0 3  - 0 . 1 4 4 6
17 0 . 4 0 3  - 0 . 1 3 2 6
18 0 . 4 0 3  - 0 . 1 0 9 0
1 0 . 4 5 0  - 0 . 1 8 8 9
2 0 . 4 5 0  - 0 . 1 7 7
3 0 . 4 5 0  - 0 . 1 6 6
4  0 . 4 S 0  - 0 . 1 6 6
5 0 . 4 5 0  - 0 . 1 6 8
6  0 . 4 5 0  - 0 . 1 8 6
7 0 . 4 5 0  - 0 . 1 8 0
8 0 . 4 5 0  - 0 . 1 7 7
9  0 . 4 5 0  - 0 . 1 8 6






0 .5 8 1
-0.323 -0.2925
-0.305



























- 0 . 3 0 0 8
- 0 . 3 1 3
- 0 . 3 1 0
- 0 . 3 0 0 0
- 0 . 3 1 0
- 0 . 2 8  - 0 . 2 6 9
- 0 . 2 8 9  
- 0 . 2 8 3  
- 0 . 2 9 2  
- 0 . 2 8 6
- 0 . 1 5 3 3  - 0 . 1 8 7 7
- 0 . 1 7 0
- 0 . 1 7 0
- 0 . 1 5 3 3
- 0 . 1 5 3 3
- 0 . 1 3 4 6
- 0 . 1 2 9 7
- 0 . 1 4 1 3
- 0 . 1 5 9 1
- 0 . 1 5 3 3
- 0 . 1 4 6 6
- 0 .  1533
- 0 .  1413
- 0 .  1466



























16 0 . 6 6 0  - 0 . 1 2 9 7
17 0 .8 6 0  - 0 .1 4 1 3
18 0 . 8 6 0  - 0 - 1 6 4 0
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Bun # 2 :  s u n a a r i z e d  d a t a  p o i n t s
Mode o f  R o t a t i o n :  c o - r o t a t i n g
Number o f  P a r t i c l e s :  9
T o t a l  D a t a  P o i n t s :  74
p a r t i c l e  D a t a  F r a c t i o n a l  D i n e n s i o n l e s s  V e l o c i t y
Nu ab e r  P o i n t s  H e i g h t
E x p e r i m e n t a l  N u m e r i c a l  
( a v e r a g e )
1 3 0 . 1 1 6 3 0 . 5 7 3 3 0 . 5 4
2 3 0 . 1 5 3 5 0 . 4 4 8 2 0 . 4 2
3 8 0 . 2 3 3 0 . 2 2 1 7 0 .  192
4 6 0 . 3 3 5 - 0 . 0 5 3 0 - 0 . 0 3 2
5 10 0 . 4 7 2 - 0 . 2 3 5 3 - 0 . 2 2 3
6 7 0 . 5 3 6 - 0 . 2 8 7 6 - 0 . 2 7 2
7 5 0 . 5 9 3 - 0 . 3 1 4 6 - 0 . 2 9 5
8 9 0 . 6 3 8 - 0 . 3 2 4 1 - 0 . 3 0 3
9 23 0 . 7 4 4 - 0 . 1 2 5 6 - 0 . 2 7 0
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Run # 3 :
Node o f  R o t a t i o n : 
N u n b e r  o f  P a r t i c l e s :  
T o t a l  Da t a  P o i n t s :
s u n n a c i z e d  d a t a  p o i n t s  
c o u n t e r - r o t a t i n g  
8
58
P a r t i c l e
N u n b e r
Da t a  
P o i n t s
F r a c t i o n a l
H e i g h t
D i n e n s i o n l e s s  V e l o c i t y
E x p e r i m e n t a l
( a v e r a g e )
N u m e r i c a l
1 3 0 . 0 7 0  0 . 6 6 1  0 . 7 0 9
2 5 0 . 1 5 1  0 . 4 5 9  0 . 4 2 5
3 11 0 . 4 3  - 0 . 1 9 3  - 0 . 1 7 6
4 9 0 . 4 7 0  - 0 . 2 5  - 0 . 2 2
5 6 0 . 5 0 0  - 0 . 2 0 2  - 0 . 2 4 6
6 6 0 . 6 5 1  - 0 . 1 7 9 5  - 0 . 3 0
7 13 0 . 8 1 5  - 0 . 0 7 9  - 0 . 2 3
8 5 0 . 9 3  - 0 . 1 4 3 6  - 0 . 1 0 4
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Sun # 4 :
Mode o f  R o t a t i o n :  
Nun ber  o f  P a r t i c l e s :  
T o t a l  D a t a  P o i n t s :
s u n n a r i z e d  d a t a  p o i n t s
c o u n t e r - r o t a t i n g
9
85
P a r t i c l e
N u n b e r
Data
P o i n t s
F r a c t i o n a l
H e i g h t
D i n e n s i o n l e s s  V e l o c i t y
E x p e r i m e n t a l
( a v e r a g e )



















0 .  142 
0 - 2 1 6  
0 . 3 8 8  
0 . 4 5 5  
0 . 4 7 9  
0 . 5 3 9  
0 . 6 1 8  
0 . 6 7 9  
0 . 9 4 2
0 . 5 1 2  
0 . 2 5 4  
■0 .132  
-0.  179 
■0.219 
- 0 . 2 7 6  
• 0 . 2 5 0  
-0.  298 
-0.  133
0 . 4 5 6
0 . 2 3 6
- 0 . 1 1 8
- 0 - 2 0 4
- 0 . 2 2 9
- 0 . 2 7 3 4
- 0 . 3 0 0
- 0 . 2 9 9
- 0 . 0 9 2
APPENDIX,  FZ 2
E x p e r i m e n t a l  Da t a  F o r  An End R e g i o n  o f  t h e  C h a n n e l
Mode o f  R o t a t i o n : 
P a r t i c l e :
T o t a l  D a t a  P o i n t s :  
P a r t i c l e  L o c a t i o n :
Da t a  A n g l e *  















5 8 . 8 5
5 3 . 9  
5 2 . 6
5 1 . 5
5 0 . 2 5
4 9 . 0 5  
4 7 . 6 5
4 6 . 5
4 4 . 9  
4 3 . 4  
4 1 . 8  
4 0 .  0 
3 8 .  1
3 6 . 2 5
TABLE-1
c o - r o t a t i n g
C
14
n o n - s t a g n a n t  r e g i o n
F r a c t i o n a l
H e i g h t
0 . 4 9  
0 . 4 8 6  
0 . 4 9  
0 . 5  
0 . 5  
0 . 5 1  
0 .  52 
0 . 5 4  
0 . 5 5 5  
0 . 5 7  
0 . 6 0  
0 . 6 2 5  
0 . 6 6 6  
0 . 6 9 5
D i m e n s i o n l e s s  V e l o c i t y * *
E x p e r i m e n t a l  N u m e r i c a l  
( a v e r a g e )
0 . 2 5 1
0 . 2 6 5
0 . 2 7 4
0 . 2 8
0 . 2 9
0 . 3 0
0 . 3 2
0 . 3 6 6
0 . 3 6 6
0 . 4 1
0 . 4 7 2
0 . 4 8 7
0 . 2 4 8
0 . 2 4 9
0 . 2 5 3
0 . 2 5 8
0 . 2 7
0 . 2 8 5
0 . 3 1
0 . 3 4 9
0 . 3 6
0 . 399
0 . 4 3
0 . 4 6 1
a n g l e  i s  m e a s u r e d  f r o m  t h e  s e c o n d  screw l a n d  a l o n g  t h e  c h a n n e l  
a b s o l u t e  v a l u e  o f  t h e  d i m e n s i o n l e s s  v e l o c i t y  i s  u s e d .
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T A B L E - 2
Mode o f  R o t a t i o n :  c o - r o t a t i n g
P a r t i c l e :  F
T o t a l  D a t a  P o i n t s :  18
P a r t i c l e  L o c a t i o n :  s t a g n a n t  r e g i o n
D a t a  A n g l e  F r a c t i o n a l  D i m e n s i o n l e s s  V e l o c i t y
P o i n t  d e g r e e  H e i g h t
E x p e r i m e n t a l  N u m e r i c a l  
( a v e r a g e )
1 4 7 . 3 0 . 3 2 2 5 0 .  1712 0 . 1 5 3
2 44 0 . 3 4 0 . 1 3 0 0 .  129
3 44 0 . 3 7 0 .  112 0 . 1 1 5
a 4 3 . 8 0 . 3 8 7 0 .  112 0 .  116
5 4 3 . 5 0 . 4 0 7 0 .  124 0 . 1 4 0
6 43 0 . 4 2 6 0 .  183 0 . 1 8 0
7 4 2 .  3 0 . 4 5 5 0 . 2 3 6 0 . 2 1 5
8 4 1 . 3 0 . 4 8 0 . 2 8 3 0 . 2 5 5
9 4 0 .  1 0 . 5 1 0 . 3 3 6 0 . 2 7 2
10 3 8 . 8 5 0 . 5 4 8 3 0 . 3 6 0 .  34
11 3 7 . 3 0 . 5 8 0 . 3 8 4 0 . 3 3 5
12 3 5 .  75 0 . 6 0 6 0 . 4 0 0 . 3 5 5
13 3 4 . 0 0 . 6 2 2 0 . 3 9 0 . 4 0
14 3 2 .  5 0 . 6 0 6 0 . 4 3 0 . 4 2
15 3 1 . 0 5 0 . 5 3 7 0 . 5 3 0 . 7 7
16 2 9 .  5 0 .447 0 . 5 3 0 . 6 1
17 2 8 .  55 0 . 3 6 0 . 4 3 6 0 . 5 9
18 2 8 . 0 0 . 2 8 6 0 . 3 3 0 . 3 2 5
26if
T A B L E - 3
Mode o f  R o t a t i o n :  
P a r t i c l e :
T o t a l  D a t a  P o i n t s :  
P a r t i c l e  L o c a t i o n :
c o u n t e r - r o t a t i n g
J
13
n o n - s t a g n a n t  r e g i o n
Dat a  An g l e  
P o i n t  d e g r e e
F r a c t i o n a l
H e i g h t
D i m e n s i o n l e s s  V e l o c i t y
E x p e r i m e n t a l  N u m e r i c a l  














4 3 . 9
4 3 . 2
4 2 . 5  
4 1 . 8
4 1 . 0
4 0 . 5
3 9 . 6
3 9 . 0  
3 8 .  6 
3 8 . 4
3 9 . 0
3 9 . 6
4 0 . 7
0 . 4 6  
0 . 4 4  
0 . 4 0  
0 . 3 7  
0 . 3 3 3  
0 . 2 9 5  
0 . 2 6  
0 . 2 3  
0 . 2 0  
0 . 1 7 2  
0 .  155 
0 . 1 3 7  
0 .  125
0 . 221 
0 . 2 4 6  
0 . 2 4 6  
0 . 2 5 3  
0 . 2 4 6  
0 . 2 1 5  
0 .  196 
0.  170 
0 .  145 
0 . 1 4 5  
0 .  196
0 . 3 9 4  
0 . 4 1  
0 . 4 1  
0 . 4 2  
0 . 3 8  
0 . 3 5 5  
0 . 2 8  
0 . 2 5  
0 .  146 
0 .  146 
0.  179
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T A B L E - U
Mode o f  R o t a t i o n :  c o u n t e r - r o t a t i n g
P a r t i c l e :  R
T o t a l  D a t a  P o i n t s :  8
P a r t i c l e  L o c a t i o n :  s t a g n a n t  r e g i o n
Dat a  A n g l e  F r a c t i o n a l  D i m e n s i o n l e s s  V e l o c i t y
P o i n t  d e g r e e  H e i g h t
E x p e r i m e n t a l  N u m e r i c a l  
( a v e r a g e )
1 3 5 . 2 0 . 4 9
2 3 4 .  25 0 . 4 3 0 . 4 3 6 0 . 4 6 5
3 3 2 . 8 0 . 3 6 5 0 . 4 8 7 0 . 5 2 5
3 1 . 0 0 . 3 1 0 . 4 8 0 . 5 0 5
5 2 9 . 1 5 0 . 2 7 0 . 4 8 0 . 6 0 5
6 2 7 . 2 0 . 2 4 0 . 4 6 1 0 . 5 6
7 25 0 . 2 1 7 5 0 . 4 0 4 0 . 4 3 5
8 2 1 . 5 0 . 2 0
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A PPEN DIX  G
C o m p l e m e n t a r y  P l a n e s  f o r  t h e Down C h a n n e l  V e l o c i t y  P r o f i l e
I n  c h a p t e r  IX a n  e x p r e s s i o n  f o r  t h e  dotrn c h a n n e l  
v e l o c i t y ,  V z s ,  w i t h  r e s p e c t  t o  t h e  s t a t i o n a r y  s e c o n d  s c r e w  
l a n d s  was d e v e l o p e d ,  a n d  i s  g i v e n  b y  e q u a t i o n  9 . 8 :
where  a i s  t h e  f r a c t i o n a l  h e i g h t  o f  a  p l a n e  o f  i n t e r e s t  
m e a s u r e d  f r o m  t h e  s c r e w  r o o t ;  Vb and  Vr a r e  t h e  l i n e a r  
s p e e d s  TTD^N and 7tD^N r e s p e c t i v e l y ;  a n d  Da  a r e  t h e  r o o t
a n d  b a r r e l  d i a m e t e r s  r e s p e c t i v e l y ;  and  N i s  t h e  a n g u l a r  
v e l o c i t y .
E q u a t i o n  9 . 8  c a n  be r e p r e s e n t e d  i n  d i m e n s i o n l e s s  f o r m
a s :
= a C a . - 3 A )  Vb s i * 6 h u ie  +  C i - * ) C 3 * - O V r / c o & 0
C.O& 0
S i m p l i f y i n g  f u r t h e r  y i e l d s :
where  c o n s t a n t s  p,  g ,  a n d  r  a r e :
sin& 'h& nG  ■+
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c o n s i d e r  a p a r t i c l e  i n  F i g  9 . 1 b  a t  a  f r a c t i o n a l  h e i g h t  
a f r o m  t h e  s c r e w  r o o t  s u c h  t h a t  a ^  i s  l e s s  t h a n  a ^  L e t  
a b e  t h e  f r a c t i o n a l  h e i g h t  o f  i t s  c o m p l e m e n t a r y  p l a n e  a s  
shown i n  t h e  same  f i g u r e .  S i n c e  t h e  n e t  f l o w  i n  t h e  down 
c h a n n e l  d i r e c t i o n  i s  z e r o  a n d  f o r  l a m i n a r  f l o w  t h e  
s t r e a m l i n e s  d o  n o t  c r o s s  e a c h  o t h e r ,  t h e  f l o w  r a t e  f rom t h e  
s c r e w  r o o t  t o  t h e  f r a c t i o n a l  l e v e l  a ^  m u s t  b e  e q u a l  t o  t h e  
f lo w r a t e  b e t w e e n  t h e  f r a c t i o n a l  l e v e l s  a ^ #  a n d  a^.; o r  
m a t h e m a t i c a l l y .
where W i s  t h e  c h a n n e l  w id th .  The s t r e a m l i n e  c o r r e s p o n d i n g  
th e  l e v e l  i s  t h e  same a s  f o r  t h e  screw r o o t ,  and
s e p a r a t e s  th e  lo w e r  r e g io n  from t h e  u p p e r .  Now, from
Th e  o n l y  unknown i n  e q u a t i o n  G-7 i s  t h e  f r a c t i o n a l
r a t e  from th e  screw r o o t  t o  t h e  l e v e l  a ^  t o  z e r o ;  or  
m a t h e m a t i c a l l y .
e q u a t i o n s  G-2  a n d  G - 6 ,  i t  c a n  be shown t h a t .




The r e s u l t i n g  i n t e g r a t i o n  can be shown t o  y i e l d :
S i m i l a r l y  e x p r e s s i o n s  f o r  a D and a 0  c a n  be o b t a i n d  t o  y i e l d :  
a  +  sink  — ( ( ^ -s 'n ^e )2^  s in k  -+■ I )
* 0  =  — ------------- ' ± Z -------------£ - C Q . „ k )3 (_ i +  X k  sin ^ b  )  
vr
„ 2. + J ! k s i n b  + + l )
3 * Vr    c & ~
3  £  I &i’rv<3> )Vr
T h u s ,  w i t h  a p  known,  t h e  c u b i c  e q u a t i o n  G-7 c a n  b e  s o l v e d
f o r  Aj i* '  C o n v e r s e l y ,  f o r  any  g i v e n  a ^ * ,  c a n  be
d e t e r m i n e d  u s i n g  t h e  s a me  e q u a t i o n .
F o r  a p a r t i c l e  a t  a f r a c t i o n a l  h e i g h t  a ^ ,  t h e  n e t  f l o w
f rom t h e  l e v e l  a p  t o  a  ^  mus t  b e  e q u a t e d  t o  t h a t  f rom t h e
f r a c t i o n a l  h e i g h t  a  * t o  t h e  b a r r e l  s u r f a c e ,  o r ,
I
J" vzsda - _ ( vzsda C6- t )
a p  <
a n d  t h e  r e s u l t i n g  c u b i c  e q u a t i o n  i n  a ^ *  i n  t h i s  c a s e
b e c o m e s :
= ( > 4 u  +  ^ u V r 4 „  +  f’ + t + r ) -  0 > * ? + 1 * + ^ )
C G - i o )
The e q u a t i o n  G-10 c a n  a l s o  be u s e d  t o  d e t e r m i n e  a ^  i f  a^* i s  
g i v e n .
